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Abstract

In [6] , Nada S. and Hamouda E. defined the folding number, F (G),
to be the order of the set of all folding maps of G into itself. Also they
introduced a formula to compute the folding number of Pn, a path with
n edges. In this paper, the concept of based folding of a based graph is
introduced and the number of based folding F�(Pn, v) is given.
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1 Introduction

The study of a graph folding has a long and distinguished history, with close
connections to important industrial applications. Linkage (planar graphs) fold-
ing has applications in robotics and hydraulic tube bending. Paper folding has
applications in sheet metal bending, packaging, and air-bag folding[2] . Fol-
lowing the great Soviet geometer A. Pogorelov[8] , M. El Naschie used the
folding to solve difficult problems related to shell structures in civil engineer-
ing [7] .The meter stick can be regarded as a physical model of the path Pn.
After folding the meter stick, it becomes a physical model for the complete
graph K2. On the basis of this observation, the authors in[3] defined the fold-
ing of a graph. Also they defined the folding number of a graph G by the
order of the smallest complete graph obtainable from G by a series of foldings.
David R. Wood[9] showed in unpublished work that the folding number of a
graph G equals the chromatic number of G. In [6], nada S. and Hamouda E.
introduced a new concept of the folding number of a graph G and computed
the number of folding maps f : Pn −→ Pn, where Pn is a path with n edges.
In this paper, the concept of based folding of a based graph is introduced and
the number of based folding F�(Pn, v) is given.
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2 Folding of Pn

We consider undirected finite graphs that are simple, i.e., have no loops and
no multiple edges. A graph is denoted G = (V, E), where V is the set of
vertices and E is the set of edges. A path of order n, denoted by Pn is the
graph with n + 1 vertices, say V = {v0, v1, ..., vn} and n edges, say E =
{[v0, v1], [v1, v2], , [vn−1, vn]}.we follow[1] for graph theoretical terminology and
notations not defined here.

Definition 2.1 Folding of a graph G = (V, E) into itself is a continuous
function f : G −→ G such that, for each v ∈ V , f(v) ∈ V and for each e ∈ E,
f(e) ∈ E[5].

Example 2.2 1. Let G be a simple graph as in Fig. 1. Let f : G −→ G
be a folding map defined as follows: f : v1 → v4; [v1, v2] → [v2, v4],
[v1, v3] → [v3, v4], where any omitted vertex (edge) will be mapped onto
itself.

2. A complete graph G has no non-trivial folding [5].

3. Any tree T can be subjected to a series of folding until we obtain an edge,
i.e. the limit of folding of T is an edge [5].

In [6] , nada S. and Hamouda E. defined the folding number, F (G), to be the
order of the set of all folding maps of G into itself. Also they introduced the
following formula to compute the folding number of Pn, a path with n edges

Theorem 2.3

F (Pn) =

{
n + 1, if n is odd,

n + 2, if n is even.

For example, P1 can be folded into itself by the two trivial folding maps f0, f1 :
P1 −→ P1, where f0(vi) = vi and f1(vi) = v1−i, i.e. F (P1) = 2.

3 Based folding of Pn

A based graph (G, v) is a graph G together with a specified vertex v ∈ V .
A map of pointed graphs f : (G, v) −→ (G, u) is a map of graphs such that
f(v) = u. The based folding of a based graph (G, v) into itself is a folding
f : (G, v) −→ (G, u) such that f(v) = v. the folding number of (Pn, v) is
denoted by F�(Pn, v). In the following theorems we introduce a formula to
compute F�(Pn, v) and show it depends on the vertex v. in the first one we
consider the case where v is a terminal vertex.
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Theorem 3.1

F�(Pn, v) =

{
n+1

2
, if n is odd,

n
2

+ 1, if n is even.

Proof. Assume that V (Pn) = {v0, v1, ..., vn} and choose v = v0. We use the
induction on the number of edges n. When n = 1, F�(P1, v0) = 1 since there
is only the trivial folding map f0 : (P1, v0) −→ (P1, v0),so that f0(vi) = vi, i =
0, 1. Now we consider n = 2, 3. See Fig.2.For n = 2, there are two folding
maps: the trivial map and also P2 can be folded onto P1 by the folding map
f2 shown in Fig. 2. Consider the case n = 3, we have two folding maps: The
trivial map f0(vi) = vi and P3 can be folded onto P2 by the folding map f3

shown in Fig. 2. This implies that F�(P3, v0) = 2. Now we proceed to the
general case and assume n is even. It follows from the induction hypothesis
that

F�(Pn−1, v0) =
(n − 1) + 1

2
=

n

2
.

Let Pn be obtained from Pn−1 by adding an edge. Since n is even, then Pn

has the symmetric vertex vn
2

(i.e. the number of edges before vn
2

equals the
number of edges after). So we can fold Pn onto Pn

2
by defining an additional

map. Thus

F�(Pn, v0) =
n

2
+ 1.

Assume n is odd, it is clear that Pn without symmetric vertices (i.e. there is
no additional folding maps) therefore,

F�(Pn, v0) = F�(Pn−1, v0) =
n − 1

2
+ 1 =

n + 1

2
.

This completes the proof. �
Let V = {v0, v1, ..., vn} be the vertex set of Pn. consider the map σ : V −→ V
defined by σ(vi) = vn−i. it is not hard to notice that F�(Pn, v0) = F�(Pn, vn),
in general F�(Pn, vi) = F�(Pn, vσ(i)). The following theorem generalizes the
result of theorem 3.1.

Theorem 3.2 For n � 2 and i = 1, 2, � � �, n
2

(
n−1

2

)
if n is even (odd) .Then

F�(Pn, vi) =

{
n+1

2
+ i, if n is odd,

n
2

+ i + 1, if n is even.

Proof. In case n = 2, then i = 1, there are three folding maps: the trivial
map f0 : (P2, v1) −→ (P2, v1), so that f0(vi) = vi, i = 0, 1, 2. P2 can be
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folded onto P1 by the folding maps f2 and f3 shown in Fig.3. This means that
F�(P2, v1) = 3, and the result is true.Consider the case n = 3, i = 1, we have
the folding maps: the trivial one and P3 can be folded onto P2 by the folding
maps f1 and f2 shown in Fig.4. This implies that F�(P3, v1) = 3. It remains
to show that the result is true for Pn. assume n is even, it follows by induction
hypothesis that

F�(Pn−1, vi) =
n

2
+ i

. Let Pn be obtained from Pn−1 by adding an edge. Since n is even, then Pn

has the symmetric vertex vn
2

and so we can fold Pn onto Pn
2

by defining an
additional folding map. Therefore,

F�(Pn, vi) =
n

2
+ i + 1

. Similarly, if n is odd, it follows that

F�(Pn−1, vi) =
n + 1

2
+ i

. Because Pn without symmetric vertices, it is obvious that

F�(Pn, vi) =
n + 1

2
+ i

So, the result is true for every n. This completes the proof. �
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