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Abstract 
 

Pearson’s test and likelihood ratio test are two of the classical tests 
frequently used for testing the equality of r distributions using the data in the 
contingency tables. Presently we suggest an alternative test for testing the equality 
of distributions. It is found that the alternative test has, in general, more 
satisfactory levels of the acceptance probabilities under the null hypothesis, and 
comparable powers under the alternative hypotheses. 
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1. Introduction 
 

The analysis of contingency table has been developed over a long period, 
the beginning of which is clearly marked by Pearson (1900)’s influential article at 
the turn of the century. Many important figures in the history of statistics, 
including Barlett (1935), Cochran (1954), Fisher (1922), Neyman (1949) and 
others, made important contributions to the contingency table literature. 
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An example of contingency table data is the sample of N observations 

which are classified with respect to two qualitative variables ( 1v  and 2v ), one 
having r categories and the other having c categories. Let ijn  be the number of 

observations which belong to the thi  category of the first variable and the thj  
category of the second variable. Table 1 shows the general form of a two-

dimensional cr ×  contingency table. In the table, ∑
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Table 1 General form of a two-dimensional contingency table 

Columns ( )2v  
      1   2 K   c    Total 
   1 11n  12n  K  cn1       .1n  

Rows ( )1v  2 21n  22n  K  cn2       .2n  
   M   M   M   M    M         M  
   r 1rn  2rn  K  rcn       .rn  

 Total      1.n  2.n  K  cn.    Nn =..  
 

 When variable 1 is not random, the jth entry in the thi  row of Table 1 may 
be considered as the number of observations that belong to the thj  category of 2v
when the level of 1v  is fixed at the thi  category. 
 Let Ρ=Ρij (observation ∈  jth category of 12 | vv  is fixed at the ith category) 

and ( ) riicii ,,2,1,,,, 21 KK =ΡΡΡ= Τ
iΡ . The null hypothesis of equality of r 

independent distributions may then be denoted as r21 ΡΡΡ ===Η L:0 . 
  The classical test for this hypothesis of equality of distributions is the chi-
square test (based on Pearson’s statistic) for homogeneity:  

( ) ( )∑∑
= =

ΡΡ−=
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ˆˆ
  

where .ˆ
. Nn jj =Ρ    

In the Pearson’s test for homogeneity, we would reject 0Η  if 

( )( )
2

11, −−> crCT αχ , where ( )( )
2

11, −− crαχ  is the ( )%1100 α−  point of the chi-square 
distribution with ( )( )11 −− cr  degrees of freedom.

 Likelihood ratio criterion can also be used for testing this hypothesis of 
homogeneity. The likelihood ratio test statistic LT  is given by  
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( )∑∑
= =

Ε×=
r
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c
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ijijijL nnT

1 1
ln2   where ijΕ  is the expected frequency for the cell

( )ji, , and is given by jiij n Ρ=Ε ˆ
. .  

According to the general theory of the likelihood ratio tests, LT  has 
approximately a chi-square distribution with ( )( )11 −− cr  degrees of freedom 
when the null hypothesis is true. Therefore, we would reject the null hypothesis at 
the α  level when ( )( )

2
11, −−> crLT αχ . 

In this article, an alternative test is proposed for testing the hypothesis of 
homogeneity by using the c×r contingency tables. It is found that under the null 
hypothesis, the acceptance probabilities of the proposed test are closer to the 
target value than those of the Pearson’s test and likelihood ratio test. Furthermore 
in the case when the cell probabilities ( )o

ijΡ  are such that 
i. the null hypothesis is satisfied, and 

ii. the proposed test, Pearson’s test and the likelihood ratio test have 
approximately the same acceptance probabilities,  

the three tests are found to have comparable powers when the cell probabilities 
deviate from the null values ( )o

ijΡ .  
 
 
2. An Alternative Test for Homogeneity 
 
 First consider the statistic T, which is the sum of the squares of the 
differences in probabilities given by 
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where .
ˆ

iijij nn=Ρ
 
is the maximum likelihood estimate of  ijΡ . 

 Let us approximate T by εμ +≅T  where ( )TΕ=μ  and  

 
( )( )
( )( )⎪⎩

⎪
⎨
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=
<Ε+−Ε+Ε

≥Ε+−Ε+Ε
= ni ,,2,1,

0,21
0,21

3
2

321

3
2

21 K
λλλλ

λλλ
ε . (1) 

In Eq. (1), Ε has the standard normal distribution (we may write ( )1,0~ ΝΕ ) and 
( )321 ,, λλλ=λ  is a vector of parameters. The random variable ε  is said to have a 

quadratic-normal distribution with parameters 0 and λ  (see Pooi (2003)) and we 
may write ( )λ0,QN~ε . 

Let km  be the expected value of ( ) 4,3,2, =+ kkεμ , i.e. 

 ( )( )cjrim ij
k

k ,,2,1;,,2,1,| KK ==Ρ+Ε= εμ . 
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Next let ijn~  be the number of observations which belong to the thi category of the 

first variable and the thj  category of the second variable when the true value of 

ijΡ  is jΡ̂  where cjri ,,2,1;,,2,1 KK == . Furthermore let .
~~̂

iijij nn=Ρ ,  
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( )cjriTm jij ,,2,1;,,2,1,ˆ|~~
1 KK ==Ρ=ΡΕ= ,     

and 
 ( )( )cjrimTm jij

k
k ,,2,1;,,2,1,ˆ|~~

1 KK ==Ρ=Ρ−Ε= ,   k = 2, 3, 4.  
We find the value of the parameter vector λ such that 4,3,2, == kmm kk . 

Let us denote the answer for the vector λ by the vector λ~ , and the ( )%1100 α−  
point of the standard normal distribution by αΖ . The ( )%1100 α−  point of the 

distribution of T~  when jij Ρ=Ρ ˆ  is then given approximately by 

( )( )2~0.1~~~~
3

2
211 λλλmT +−Ζ+Ζ+= ααα . An alternative way of testing 0Η  at the 

nominal level α  is then given by the decision rule  
 “Reject 0Η  if αTT ~> ”.  
 
 
3. Comparison of the Alternative Test with the Pearson’s Test and 

the Likelihood Ratio Test 
 

Let jΡ  be a value of ijΡ  under 0Η . For a given value of ( )cΡΡΡ ,,, 21 K , the 
distribution of ( )icii nnn K21  is multinomial and is given by  

 ( ) ri
nnn

nnnn icii n
c

nn

icii

i
icii ,,2,1,

!!!
!,,, 21

21
21

21 KK
K

K =ΡΡΡ=Ρ  (2)  

where .ii nn = . By using the distribution in Eq. (2), we can find the probability  

( )( ) ( )( )ccrCC TA ΡΡΡ≤Ρ= −− ,,,| 21
2

11, Kαχ   
of the acceptance region of the Pearson’s test under 0Η  and the probability 
 ( )( ) ( )( )ccrLL TA ΡΡΡ≤Ρ= −− ,,,| 21

2
11, Kαχ    

of the acceptance region of the likelihood ratio test under 0Η . 
In computing CT  and LT , we may encounter the case when one or more of 

the ijn  are zero. If m of the ijn  in row i are zero, then we set each of them to be 
mδ  and decrease each of the nonzero ijn  by ( )mc −δ  where δ  is a chosen 

small value (for example, 510−=δ ). 
Similarly, we can also find the probability  

( )( )cTTA ΡΡΡ≤Ρ= ,,,|~
21 Kα  
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of the acceptance region of the of the alternative test under 0Η . We note that the 
value of T  can be computed even when some of the ijn  are zero. Thus the 
probability A can be computed even when some of the ijn  are zero.  

Consider the example in which 2=r , 3=c , 05.0=α  and 1021 == nn . 
The values of A, CA  and LA  are presented in Table 2. The columns in the table 
are indexed by the smallest value ( )*

1Ρ  among the values 1Ρ , 2Ρ  and 3Ρ , while the 
rows in the table are indexed by the next smallest value ( )*

2Ρ  among the values 

321  and , ΡΡΡ . For example if ( ) ( )2.0,7.0,1.0,, 321 =ΡΡΡ  then the smallest value is 
1.0*

1 =Ρ  and the next smallest value is 2.0*
2 =Ρ . The values of A, CA  and LA  

when ( ) ( )2.0,7.0,1.0,, 321 =ΡΡΡ  are then given respectively by the three numbers 
in the cell in the column indexed by 0.1 and in the row indexed by 0.2. 
 

Table 2 Probability of the acceptance region ( )05.0,10,3,2 21 ===== αnncr  
Smallest,  iΡ  

0 0.05 0.1 0.15 0.2 0.25 0.3 
Next smallest, iΡ  

 0.6403 0.8691      
0.05 0.9999 0.9985      

 0.9988 0.9884      
 0.8694 0.9393   0.9551#     

0.1 0.9989 0.9942 0.9866     
 0.9911 0.9709 0.9497     
    0.9405   0.9554# 0.9558   0.9533#    

0.15 0.9960 0.9883 0.9791 0.9715    
 0.9802 0.9559 0.9353 0.9226    
 0.9585 0.9566 0.9533 0.9504   0.9479#   

0.2 0.9924 0.9833 0.9741 0.9670 0.9624   
 0.9735 0.9488 0.9296 0.9177 0.9129   
 0.9620 0.9548 0.9505 0.9478 0.9462 0.9456#  

0.25 0.9896 0.9804 0.9717 0.9648   0.9599+ 0.9567+  
 0.9732 0.9489 0.9302 0.9183 0.9133 0.9135  
 0.9622 0.9524 0.9480 0.9461 0.9456 0.9458   0.9464# 

0.3 0.9881 0.9794 0.9710 0.9639 0.9584 0.9547   0.9527+ 
 0.9768 0.9528 0.9340 0.9216 0.9161 0.9157 0.9172 
 0.9611 0.9500 0.9462 0.9454 0.9457 0.9463 0.9467 

0.35 0.9875 0.9792 0.9709 0.9634 0.9575 0.9538 0.9521 
 0.9811 0.9575 0.9383 0.9251 0.9188 0.9175 0.9181 
 0.9597# 0.9480 0.9453 0.9452 0.9458   

0.4 0.9874 0.9793 0.9709 0.9631 0.9572   
 0.9843 0.9615 0.9416 0.9272 0.9198   
 0.9583 0.9469 0.9450     

0.45 0.9873 0.9794 0.9709     
 0.9859 0.9636 0.9428     
 0.9578       

0.5 0.9872       
 0.9864       

 
For each column in Table 2, we use the symbol “#” (or “+”) to indicate the 

minimum value of *
2Ρ  such that when *

1Ρ  assumes the value which corresponds to 
that given by the column, the acceptance probability of the alternative test (or 
Pearson’s test) is within 0.01 of the target value 0.95. For example the symbol “#” 
in the third column in Table 2 indicates that when 05.0*

1 =Ρ  and 15.0*
2 ≥Ρ , the 

acceptance probability of the alternative test is within 0.01 of the target value 0.95. 
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As for the Likelihood ratio test, the deviation of the acceptance probability 

from 0.95 may not be a monotonic decreasing function of *
2Ρ  when *

1Ρ  is fixed. 
Thus when *

1Ρ  is fixed, we do not use a symbol to indicate the minimum value of 
*
2Ρ  such that the acceptance probability of the likelihood ratio test is within 0.01 

of the target value 0.95. 
 
The locations of the symbols “#” and “+” in Table 2 show that when 

1021 == nn , the alternative test has much wider ranges of  *
1Ρ  and *

2Ρ  for which 
the acceptance probability is within 0.01 of the target value 0.95. 

 
The results for A, CA  and LA when 2021 == nn  and 30 are shown in 

Tables 3 and 4 respectively. These tables also show that the alternative test has a 
more satisfactory level of the acceptance probability than the other two tests. 
When ( ) ( )3,3, =cr  or ( )4,2 , the alternative test has also been shown to have a 
more satisfactory level of acceptance probability. 

 
 
Table 3 Probability of the acceptance region ( )05.0,20,3,2 21 ===== αnncr  

 
Smallest, iΡ  

0 0.05 0.1 0.15 0.2 0.25 0.3 
Next smallest, iΡ  

 0.8598  0.9570#      
0.05 0.9998 0.9918      

 0.9981 0.9653      
  0.9465# 0.9583 0.9568#     

0.1 0.9970 0.9807 0.9688     
 0.9882 0.9397 0.9132     
 0.9493 0.9540 0.9534 0.9522#    

0.15 0.9925 0.9746 0.9631 0.9568+    
 0.9802 0.9369 0.9133 0.9151    
 0.9497 0.9510 0.9512 0.9508   0.9499#   

0.2 0.9888 0.9713 0.9605 0.9541   0.9513+   
 0.9785 0.9404 0.9195 0.9221 0.9292   
 0.9486 0.9495 0.9497 0.9495 0.9494   0.9502#  

0.25 0.9863 0.9696 0.9592+ 0.9530 0.9503   0.9494+  
 0.9803 0.9432 0.9235 0.9264 0.9334 0.9374  
 0.9467 0.9485 0.9485 0.9489 0.9498 0.9513   0.9529# 

0.3 0.9853 0.9693 0.9589 0.9527 0.9502 0.9495   0.9496+ 
 0.9827 0.9451 0.9254 0.9284 0.9353 0.9391 0.9405 
 0.9477 0.9478 0.9479 0.9489 0.9503 0.9522 0.9535 

0.35 0.9849 0.9695 0.9587 0.9527 0.9504 0.9498 0.9498 
 0.9842 0.9466 0.9267 0.9294 0.9361 0.9396 0.9409 
 0.9518 0.9477 0.9479 0.9490 0.9505   

0.4 0.9843 0.9695 0.9584 0.9526 0.9505   
 0.9842 0.9482 0.9279 0.9301 0.9363   
 0.9559 0.9479 0.9480     

0.45 0.9836 0.9693 0.9583     
 0.9836 0.9494 0.9285     
 0.9575       

0.5 0.9833       
 0.9833       
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Table 4 Probability of the acceptance region ( )05.0,30,3,2 21 ===== αnncr  
Smallest, iΡ  

0 0.05 0.1 0.15 0.2 0.25 0.3 
Next smallest, iΡ  

 0.9256 0.9655      
0.05 0.9985 0.9790      

 0.9932 0.9372      
   0.9438#   0.9574#   0.9555#     

0.1 0.9914 0.9687   0.9587+     
 0.9827 0.9286 0.9232     
 0.9470 0.9526 0.9523    0.9509#    

0.15 0.9876 0.9659 0.9555    0.9522+    
 0.9840 0.9359 0.9301 0.9365    
 0.9510 0.9504 0.9505 0.9503   0.9503#   

0.2 0.9874 0.9646 0.9545 0.9512   0.9503+   
 0.9844 0.9392 0.9328 0.9391 0.9420   
 0.9509 0.9496 0.9501 0.9503 0.9498   0.9489#  

0.25 0.9872 0.9640 0.9541 0.9509 0.9501   0.9499+  
 0.9837 0.9398 0.9335 0.9401 0.9431 0.9441  
 0.9513 0.9494 0.9501 0.9499 0.9491 0.9480   0.9468# 

0.3 0.9867 0.9640 0.9539 0.9507 0.9499 0.9496   0.9493+ 
 0.9834 0.9395 0.9338 0.9408 0.9435 0.9443 0.9443 
 0.9523 0.9491 0.9497 0.9496 0.9488 0.9474 0.9463 

0.35 0.9868 0.9645 0.9539 0.9505 0.9498 0.9494 0.9491 
 0.9839 0.9395 0.9344 0.9413 0.9437 0.9441 0.9441 
 0.9512 0.9490 0.9496 0.9498 0.9488   

0.4 0.9870 0.9647 0.9539 0.9506 0.9497   
 0.9851 0.9401 0.9352 0.9417 0.9437   
 0.9490 0.9495 0.9498     

0.45 0.9867 0.9646 0.9539     
 0.9859 0.9406 0.9356     
 0.9481       

0.5 0.9864       
 0.9861       

 
 

 
4. Power of the Three Tests   

 
Consider again the situation where we want to test r21 ΡΡΡ ===Η L:0 . 

We compare the powers of the Pearson’s test, likelihood ratio test and alternative 
test for 0Η in the case when the three tests have approximately the same 
acceptance probabilities. 

First, we choose a value ( ) ( ) ( ) ( )( )o
c

ooo ΡΡΡ= ,,, 21 KP such that the acceptance 
probabilities A, CA  and LA  when ( )o

r ΡΡΡΡ ==== K21  are approximately equal. 
Next, let ( ) ( ) ( ) ( )( )v

ic
v

i
v

i
v

i ΡΡΡ= ,,, 21 KP   of which ( ) ( )
ij

o
j

v
ij δ+Ρ=Ρ  where 11 <<− ijδ , 

( ) 10 ≤Ρ≤ v
ij , ( ) 1

1

=Ρ∑
=

c

j

v
ij  and ri ,,2,1 K= . 

To obtain a value ( )v
iP , we may first keep generating the ijδ  independently 

from the uniform distribution over (-1,1) until the above conditions for ijδ  and 
( )v

ijΡ  are satisfied.  
We use the multinomial distribution (see Eq. (2)) to find the power of the 

alternative test  
 ( ) ( ) ( )( )v

r
vvTT ΡΡΡ ,,,|~

21 Kαβ >Ρ= , 
that of the Pearson’s test 
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 ( )( )

( ) ( ) ( )( )v
r

vv
crCC xT ΡΡΡ ,,, 21

2
11, K−−>Ρ= αβ  

and that of the likelihood ratio test 
 ( )( )

( ) ( ) ( )( )v
r

vv
crLL xT ΡΡΡ ,,, 21

2
11, K−−>Ρ= αβ  .      

 When 2=r , 3=c  and 3021 == nn , the results for Cββ ,  and Lβ  for a 
total 50 values of ( ) ( ) ( )v

r
vv ΡΡΡ ,,, 21 K  are obtained. The 50 computed powers of the 

Pearson’s test are arranged in an ascending order and the lth ordered value of Cβ  
is plotted against l in Fig. 1. The corresponding powers of the likelihood ratio test 
and alternative test are also plotted in the figure.  Fig. 1 shows that the powers of 
the alternative test are comparable to those of the Pearson’s test and likelihood 
ratio test.  
 

 
Fig 1  Power of the test ( ) ( )( )5.0,3.0,2.0,3,2,3021 ===== ocrnn Ρ  
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