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Abstract

This paper examines the implications of introducing a time delay
in the Solow-Swan model with variable saving ratio. We prove the
existence of a Hopf bifurcation in the model.
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1 Introduction

In [1] Asea and Zak considered a simple time-to-build model based on the
Solow-Swan growth model [10-11], where new capital is not produced instan-
taneously but it is produced and installed after T > 0 periods. They showed
that the steady state solution (equilibrium) of capital-labor ratio loses its sta-
bility property when the delay is above a certain critical value. Furthermore,
a Hopf bifurcation occurs. In this paper we present a modified version of their
model obtained by assuming the rate of saving to be non-constant but de-
pending on capital. The relationship between lags and cycles is then examined
and conditions on the asymptotic stability of the solution are derived. It is
proved that a Hopf bifurcation is generated at the positive equilibrium as the
delay increases. A final comment. Recently, some authors (see, e.g., Ferrara
and Guerrini [2-3], Guerrini [4-8]) have examined extension of the Solow-Swan
model. For future research, we aim to investigate the consequence of introduc-
ing a time lag in these models.
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2 The model

We consider the growth model developed by Solow [10] and Swan [11], whose
fundamental law of motion in continuous time is formulated as

.

kt = sf(kt) − (δ + n)kt,

where f(kt) is a neoclassical production function, kt is the individual’s capital
stock, δ > 0 denotes capital depreciation, n > 0 represents population growth
rate and s is the saving ratio. Contrary to the standard Solow-Swan model,
the rate of saving s is now assumed to be non-constant but depending on the
yield of capital. More precisely, the saving ratio is a function of the profit rate
ρ, i.e. s = s(ρ), with s′ > 0. For a competitive economy, ρ will be equal to the
marginal product of capital, i.e. ρ = f ′(kt). In addition, ∂s[f ′(kt)]/∂kt < 0,
implying that the saving rate falls with rising per capita capital. For conve-
nience, we assume a Cobb-Douglas production function, f(kt) = kα

t , α ∈ (0, 1),
and s(kα−1

t ) = kα−1
t . With these assumptions, the model becomes

.

kt = k2α−1
t − (δ + n)kt. (1)

There exists a unique positive steady state equilibrium defined by
.

kt = 0,
which leads to k∗ = (δ + n)1/(2α−2). Using Taylor’s expansion, we find the
linear approximation to (1) around k∗ :

.

kt = (2α − 2)(δ + n)(kt − k∗).

Since the coefficient of kt − k∗ is negative, if we start from below steady state,

the difference kt − k∗ will be negative and
.

kt will be positive. Consequently,
physical capital will accumulate and the economy will converge to steady state.
On the other hand, if we start from above steady state, the difference kt−k∗ will

be positive, so
.

kt will be negative, indicating that physical capital will diminish
while the economy converges to steady state. This analysis establishes that
the stock of capital will converge towards its steady state level k∗, no matter
whether its initial endowment of physical capital is above or below steady state
level, i.e. the model is globally stable.

3 The model with time delay

We now introduce a delay T ≥ 0 in the production function, so that the rate
of change in capital stock at moment T is a function of the productive capital
stock at t−T . As well, we allow for a time delay in capital depreciation, where,
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for simplicity, the same time lag is used. The resulting model is described in
terms of a delay differential equation:

.

kt = k2α−1
t−T − (δ + n)kt−T , (2)

for some initial function kt = φt, t ∈ [−T, 0]. Eq. (2) has exactly the same
equilibrium point of Eq. (1) since time delay does not change the equilibria of
the equation. To study the local stability of the positive equilibrium k∗, we use
the transformation zt = kt − k∗ and then we linearize the resulting equation
at 0. This yields

.
zt = −2(1 − α)(δ + n)zt−T (3)

whose characteristic equation is given by

λ + 2(1 − α)(δ + n)e−λT = 0. (4)

Theorem 3.1.

1. If 0 ≤ T < π/4(1 − α)(δ + n), the positive equilibrium k∗ of Eq. (2) is
asymptotically stable.

2. If T > π/4(1 − α)(δ + n), k∗ is unstable.

3. If T = π/4(1 − α)(δ + n), a Hopf bifurcation occurs at k∗.

Proof. Let λ = μ + iω be an eigenvalue of Eq. (4). Applying Euler’s formula,
and separating the real and imaginary parts in Eq. (4), we obtain

μ + 2(1 − α)(δ + n)e−μT cos ωT = 0, ω − 2(1 − α)(δ + n)e−μT sinωT = 0.
(5)

Suppose that 0 ≤ 2(1 − α)(δ + n)T < π/2. By contradiction, assume μ > 0.
Then e−aT < 1 and necessarily ω = 2(1 − α)(δ + n)e−μT sinωT < π/2T
in accordance with (5). When ω > 0, we obtain that cos(ωT ) > 0, which
yields, still from (5), μ < 0, i.e. a contradiction. Thus, we must have μ ≤ 0.
Since 2(1 − α)(δ + n)T < π/2, μ cannot be zero, so μ < 0 implying that all
characteristic roots have negative real parts. We can conclude that Eq. (3) is
asymptotically stable when 0 < 2(1−α)(δ +n)T < π/2, and consequently Eq.
(2) is locally asymptotically stable for 0 < 2(1 − α)(δ + n)T < π/2. Notice
that, when T = 0, Eq. (4) gives the eigenvalue λ = −2(1 − α)(δ + n) < 0,
which is a negative real number. Next, we seek conditions on T such that
Reλ = μ changes from negative to positive. By continuity, if λ changes from
−2(1 − α)(δ + n) (case T = 0) to a value such that μ > 0 when T increases,
this means that there must be some value of T , say T0, such that Reλ(T0) =



3566 L. Guerrini

μ(T0) = 0. In other words, Eq. (4) must have a pair of purely imaginary roots
±iω0, ω0 = ω(T0). If this is the case, we have cos ω0T = 0, yielding

ω0Tj =
π

2
+ 2jπ, j = 0, 1, 2, ....

Since ω0 = 2(1 − α)(δ + n), this becomes

Tj =
π

4(1 − α)(δ + n)
+

jπ

(1 − α)(δ + n)
, j = 0, 1, 2, ....

In conclusion, when

T = T0 =
π

4(1 − α)(δ + n)
,

Eq. (4) has a pair of purely imaginary roots ±2(1 − α)(δ + n)i, which are
simple, and all other roots have negative real parts. Let us consider the branch
of eigenvalues satisfying

μ(Tj) = 0, ω(Tj) = ω0, j = 0, 1, 2, ...

Differentiation of Eq. (4) gives

dλ

dT

∣
∣
∣
∣
T=Tj

= [2(1 − α)(δ + n)]2 > 0, j = 0, 1, 2, ....

Thus, all assumptions of Hopf Bifurcation Theorem for DDEs, Hale [9] are
fulfilled and Eq. (3) has a periodic solution, so that Eq. (2) undergoes a Hopf
bifurcation when T = T0. This ends our proof.
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