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Abstract 
 

Four data in a rectangular array are traditionally represented by  
the bilinear equation. A quadratic equation for this purpose was  
introduced several years ago. This paper illustrates a method for 
generating hyperbolic and circular sine-and-cosine equations for  
the four-point rectangular data design. The hyperbolic forms 
are presently preferred. The equations apply in many cases. 
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1. Introduction 
 
     Recent papers have introduced new equations for the four-point rect-
angular data array that is usually represented by the bilinear equation. Higher 
degree polynomials are potentially useful for the same purpose. Many of them 
derive from applications of operational calculus to geometry [1-3].  

 
 
     2. First trigonometric equation for the four-point rectangle 
  

 A simple method for the four-point data array uses Eq. (1). It applies four 
numerical data and their (x,y) coordinates to generate and solve four simul- 
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taneous equations. It applies the circular or the hyperbolic functions. The 
coordinate system is usually –1 .. 1 in the x- and y-directions. R represents an 
interpolated number. If A=sinh(1/4), B=sinh(3/4), C=sinh(7/4), D=sinh(9/4), 
the expanded form of the interpolating equation is Eq. (2).  

 
R = (P)sinh(Jx+Ky) + (Q)cosh(Jx+Ky)                                                          (1)                                          

 
 R= (1.60)cosh(0.250x)cosh(0.750y) + (1.89)cosh(0.250x)sinh(0.750y)  
         + (1.89)sinh(0.250x)cosh(0.750y) + (1.60)sinh(0.250x)sinh(0.750y)        (2) 
 
 
     3. Second trigonometric equation for the four-point rectangle 
  

A recent paper illustrates the generation of trigonometric equations for 
data in eight-point prismatic arrays as in Fig. 1 [4]. They apply the circular or 
the hyperbolic functions. The latter forms are regarded as more practical. That 
remark applies to both prismatic and rectangular data arrays.  

 
  Another, related paper illustrates methods for deriving quadratic and cubic 

equations for the four-point rectangle ABDC in Fig. 1 [5]. Let trial numbers at 
vertices A,B,C,D be u(1),u(3),u(7),u(9), respectively. At F,G,H,I they are 
assigned as u(1+inc),u(3+inc), u(7+inc),u(9+inc), respectively. The three-
letter notation “inc” represents an incrementing parameter. It is used instead of 
(t) to avoid confusion with the background term T in [4]. See also [5]. If the 
operation on the trial numbers is squaring them, then u(P)=P2.  

 
     The essence of method illustrated in [5] applies to forming trigonometric 
equations for four numerical data in a rectangular array [4]. However, the 
limiting process  inc→0  seldom works for trigonometric equations.    Perhaps  
future software will cure that problem. The artifice approach is presently 
preferred [5]. To begin, set the precision of the program to a high number such 
as 25 digits. Then assign (inc) as a small number such as (1/1018). Now find 
the numerical equation for the eight-point cube by solving 11 simultaneous 
equations [4]. In a many typical cases, the 11 equations render 32 solutions.  
 
     The problem of choosing the best solution is simplified by recognizing a 
constraint: an interpolating equation for ABDC must by a real function over 
the surface of ABDC. Usually, it must be both real and positive. Set z = (–1) 
globally in the program and then choose the coordinates of a typical point 
within ABDC, say x = 1/2, y = 1/3. Substitute these numbers, and each one of 
the 32 solutions of the 11 simultaneous equations, separately into Eq. (7) in  
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[4]. The result is 32 separate candidate equations. Evaluate all of them. In the 
hyperbolic-equation case where the trial data are A=sinh(1/4), B=sinh(3/4), 
C=sinh(7/4), D=sinh(9/4), the 32 candidate equations render eight real, 
positive numbers and twenty-four complex numbers as the interpolated values 
at the chosen point. The positive numbers are equal and they are about 2.31.  

 
 

     Choose a solution set that rendered 2.31 on substitution of the (x,y) values. 
Substitute that set into Eq. (7) in [4] and evaluate it in ten digit precision. This 
process yields the interpolation equation for the four-point rectangle using the 
trial data. It is abbreviated by Eq. (3). Verify that the equation reproduces the 
data. The analogous equation based on the circular functions is Eq. (4). If 10 
is added to the data the background terms change to +8.01. Sums of squares of 
deviations of the equations from typical test surfaces are listed in Table 1. A 
good test for choosing among the equations based on the circular functions is 
not presently known so the entries in the last column of Table 1 are indicative 
but not reliable. All such equations should interpolate with real numbers. 

 
 R = (3.40)cosh(0.211x)cosh(0.602y) + (2.45)cosh(0.211x)sinh(0.602y)  
 
             + (2.45)sinh(0.211x)cosh(0.602y) + (2.45)sinh(0.211x)sinh(0.602y)  
 
   – 1.99                                                                                                      (3)   
 
 R = (4.79)cos(0.205x)cos(0.494y) + (3.45)cos(0.205x)sin(0.494y) 
 
             + (3.45)sin(0.205x)cos(0.494y) + (3.45)sin(0.205x)sin(0.494y) 
 
             – 1.99                                                                                                      (4) 
 
 

     The present preferment for the hyperbolic forms derives from the absence 
of an easy, reliable discriminating test that identifies the best circular sine-
and-cosine equation [4].  That problem can sometimes be solved by evaluating  
the center point prediction of all 32 candidate equations. If the true center 
point is known, or if it can be estimated, then an approximate correspondence 
between the two predictions identifies the proper equation that applies the 
circular sine-and-cosine. Unfortunately, the center point is seldom known. 
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  Table 1. Approximate sums of squares of deviations from trial surfaces and  
        four equations that model them. Column 1 lists typical functions applied to  
        P = (5+x+3y) to generate the trial surfaces. Columns 2-5 list the sums of   
        squared deviations as rendered by the bilinear equation, Eq. (1), the hyper- 
        bolic, and the circular sine-and-cosine models, respectively.   
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Fig. 1. The eight-point cube. 
 

 

Function, P bilinear 
equation 

Equation 
(1) 

hyperbolic 
equation 

circular 
equation 

  P2   207 18.8  213 211 
  P3 47600      3680      3790   113000 
100/P  1400 149 33.0      4240 

(10)sin(10Po)   2.63         0       9.19     0.256 
    sinh(P/4)  0.639         0     0.0760      3.03 

2P/10    497         0 0     1350 
  (P)ln(P+1)    2.54      0.376 27.7      3.93 
    SQRT(P) 0.0487     0.00610     0.0941     0.506 
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