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Abstract 
 

Four data in a rectangular array are traditionally represented by  
the bilinear equation. A quadratic equation for this purpose was  
introduced several years ago. This paper illustrates a new method  
for generating quadratic equations for the four-point design. The  
two equations are not necessarily identical. The same method is  
used to generate cubic equations for the same array. 
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1. Introduction 
 
     The bilinear equation, Eq. (1), has traditionally been used to represent four 
numbers in a rectangular array. The array can be represented by the vertices of 
face ABDC of the prism in Fig. 1. As its name implies, the bilinear equation is 
exact on bilinear numbers. A quadratic equation for the same design is exact 
on bilinear numbers and their squares [1]. This paper introduces another 
method that renders quadratic equations for the four-point rectangular design. 
The two equations can be identical but often they are different.  
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R =  (A+B+C+D)/4 + (B+D–A–C)x/4 + (C+D–A–B)y/4 + (A+D–B–C)xy/4  
                                                                                                                      (1) 

 
     2. Quadratic equations for four data in a rectangular array 

  
     Operational methods render a quadratic equation for the four-point rectangle. 

Hereafter it is designated Equation (A) [1]. They also yield a quadratic equation 
for eight data in a rectangular prismatic array such as a cube. It is Eq. (10) in [2]. 
It applies to the eight-point design illustrated in Fig. 1.  

 
       Let u(P) represent an operation on a positive number P. For example, let it 

represent the operation of squaring its argument.  Substitute u(1), u(3), u(7), u(9) 
as A,B,C,D in Fig. 1, and in Eq. (10) in [2]. For F,G,H,I in Fig. 1, put u(1+t), 
u(3+t), u(7+t), and u(9+t), respectively, and make the same assignments in Eq. 
(10) in [2]. Both Fig. 1 and Eq. (10) in [2] now contain 1,9,49,81,(1+t)2,(3+t)2, 
(7+t)2,(9+t)2 for the letters A,B,C,D,F,G,H,I, respectively. Now put z = (–1) and 
find the limit of the expression as t→0. This limit is called Equation (B).  

 
      The preceding process of substitutions and letting t→0 renders Eq. (2). It 

factors to R = (5+x+3y)2 so it is exact on the four numbers at vertices A,B,C,D 
that lie on the bottom face of Fig. 1. The same data applied to Eq. (A) also render 
Eq. (2). In such cases, there is no advantage in the preceding process. R represents 
an interpolated number in the –1 .. 1 coordinate system that applies to Fig. 1.  
 
R = x2 + 6xy + 9y2 + 10x + 30y + 25                                                               (2) 

 
     Let u(P) represents P3. The quadratic equation for the four-point rectangle, Eq. 
(A), renders Eq. (3) [1]. The method that is based on the quadratic equation for 
the eight-point cube, the method that renders Eq. (B), yields Eq. (4). Both of these 
equations are quadratic expressions that represent a four-point rectangle with 
A=1, B=27, C=343, I=729. Thus, four data in a rectangular array can sometimes 
be represented by two distinct quadratic equations. All coefficients are rounded.   

 
R = 17.76x2 + 90xy + 114.0y2 + 103x + 261y + 143.2                                    (3) 
R = 15x2 + 90xy + 135y2 + 103x + 261y + 125                                               (4)  
 
 

     3. Cubic equation for four data in a rectangular array 
 
     A cubic equation for eight data in prismatic array, as in Fig. 1, was illustrated 
several years ago. It is Eq. (1) in [3]. It is now used to generate a cubic equation  
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for ABDC in Fig. 1. The linear-term coefficients can be written more succinctly 
as Eqs. (5)-(7) [3].  

 
      nxc = xc – y2x  – z2x – x3                                                                               (5) 
      nyc = yc – x2y – z2y – y3                                                                                (6) 
      nzc = zc – x2z – y2z – z3                                                                                 (7) 
 
            The cubic equation for the four-point rectangle is developed as described 

above for quadratic Eq. (B). Let u(P) = P3. Now assign A=u(1), B=u(3), C=u(7), 
D=u(9) and F=u(1+t), G=u(3+t), H=u(7+t), I=u(9+t) in Fig. 1. Apply the cubic 
equation in [3] to the preceding data and set z = –1 in the equation. Then take the 
limit of the expression as t→0. The result is a cubic equation for the four-point 
rectangle ABDC in Fig. 1. That equation is R = (5+x+3y)3. 

 
     Now let u(P) = P4. The interpolating equation for the four-point rectangle 
ABDC is Eq. (8). It has rounded coefficients. It is a cubic equation and it 
reproduces the original data: A=1,B=81,C=2401,D=6561 in Fig. 1.    

 
R = 23.13x3 + 175.9x2y + 445.6xy2 + 376.4y3 + 201.3x2 + 1020xy + 1292y2 +  
       591.2x + 1668y + 767.4                                                                               (8) 
 
 
Discussion 
 

The directions in the preceding paragraphs can be turned into a computer 
program.    However, a difficulty may arise when the program is asked to evaluate   
the limit of the substituted expression as t→0. In that case, apply the following 
artifice. Reset the precision of the calculations to 25 digits. Assign (t) as a small 
number such as 10–18. Then set z = –1 to focus on figure ABDC. Evaluate the 
substituted equation with a lower precision such as 10 digits. This artifice or a 
similar one applies in many cases. The proposed assignments are suggestions.  

 
     The first column in Table 1 lists functions that generate the reference surfaces. 
P is taken as (5+x+3y) for each function listed in the first column of Table 1. If 
the function is 100/P, then the reference surface is 100/(5+x+3y). The coordinate 
system is –1 .. 1 in both the x- and y-directions. The second in column lists sums 
of squares of deviations of the bilinear equation from the reference surfaces. The 
third and fourth columns list the analogous sums as obtained by the four-point 
quadratic equations (A) and (B).  See section 2. The fifth column lists sums of 
squares of deviations based on the cubic equation model for the four-point 
rectangle described in section 3. Table 1 compares four models for ABDC. 
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Quadratic and cubic equations for four-point rectangles are new. Second- and 

third-degree polynomial models of four-point rectangular surfaces can predict 
spurious curvature effects, including unwarranted inflections and extrema. This 
being recognized, they are potential improvements on the bilinear equation for 
four-point rectangular data arrays. One measure of the improvement is the sum-
of-squares-of-deviations test. Table 1 indicates that both four-point quadratic-
equation models exhibit lower sums than the bilinear-equation model. No method 
is known that predicts which quadratic equation will be the better choice for 
laboratory data. The four-point cubic-equation model typically renders even lower 
sums as illustrated by the table. Table 1 lists results obtained on monotonic-
increasing or monotonic-decreasing data. The illustrated methods do not require 
monotonic data. Preferred models are determined by laboratory experience.  

 
 
 

Table 1. Approximate sums of squares of deviations between trial surfaces and 
four-point equations that model them. Column 1 lists typical functions applied to 
P=(5+x+3y). Columns 2-5 list the sums of squared deviations as rendered by the 
bilinear-equation model, two quadratic-equation models, Eq. (A) and and Eq. (B), 
and one cubic-equation model, respectively. The results in the last two columns 
are derived by the artifice method. See the Discussion.    
 
 

    Function, P Bilinear Eq.    Eq. (A)   Eq. (B) Cubic Eq. 
   P2   207  0  0 0 
   P3 47600     1740     990 0 
100/P  1400 414     451     203 

  (10)sin(10Po)   2.63     0.0414 0.0414 0.0115 
sinh(P/4)  0.639     0.0326 0.0326 0.00592 
2P/10    497       115     115      47.6 

  (P)ln(P+1)    2.54     0.0803 0.117 0.0537 
SQRT(P) 0.0487     0.00356 0.00631 0.00319 
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Fig. 1. The eight-point cube. 
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