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Abstract

This paper develops the concept of relative efficiency measure in dy-
namic framework of DEA (data envelopment analysis). So far, a method
that is assigned to mention this concept has not been developed. There-
fore, this paper originally makes the use of an approach extending the
TDT (Thompson- Dharmapala- Thrall) measure into the dynamic DEA
framework (DDEA). This approach can provide maximum relative effi-
ciency measure at each period of an assessment window and then con-
sequently over on the assessment window entirely, for a DMU (decision
making unit) under evaluation.
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1 Introduction

Data envelopment analysis (DEA) proposed by Charnes et al. [1], is a manage-
rial approach that measures the relative efficiency of a DMU (decision making
unit) under evaluation. Dynamic DEA (DDEA) was originally to cope with
long time assessment point of view incorporating the concepts of quasi-fixed
inputs and investment activities. DDEA enables us to measure the efficiency
based upon the long time optimization in which the inter-connecting activities
such as investment activities are incorporated. This feature of DDEA dis-
criminates it from the separate time models such as Window analysis [5] and
Malmquist productivity index [6]. So far, many DDEA models have been de-
veloped in this area, e.g. Nemoto and Goto [7], Sueyoshi and Sekitani [8], Tone
et al. [3]. Despite of developing several methods in DDEA, relative efficiency
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measure of a DMU after assessing during an assessment window has not been
mentioned yet. Therefore, in this paper a method is developed to measure
relative efficiency measure in DDEA area. The rest of this paper unfolds as
follows. In Section 2, we present a description on DDEA. In Section 3 main
results and an illustrative example are exhibited. Finally, Section 4 concludes
the paper.

2 The DDEA

As mentioned earlier, we use DDEA structure based on Nemoto and Goto’s
proposal to reach a definition of relative efficiency measure (hereafter DRE).
Therefore, we deal with n DMUs (j=1,2,...,n) examined in T periods (t=1,2,...,T).
In the period t, each DMUj uses two different groups inputs kt−1,j ∈ R

l
+ (as

a vector of quasi-fixed inputs ) and xt,j ∈ R
m
+ (as a vector of variable inputs)

to produce two different groups of outputs yt,j ∈ R
s
+ (as a vector of goods)

and kt,j (as a vector of quasi-fixed inputs used in the next period). Then the
production possibility set in the period t is as follows:

φCRS
t = (1){

(xt, kt−1, yt, kt) ∈ R
m+l
+ × R

s+l
+ |Xtλt ≤ xt, Kt−1λt ≤ kt−1, Ytλt ≥ yt, Ktλt ≥ kt, λt ≥ 0

}
,

where λt ∈ R
n
+ is a vector of weights to connect the DMUs in the period t, Xt =

[xt,1, xt,2, ..., xt,n], Kt−1 = [kt−1,1, kt−1,2, ..., kt−1,n] and Yt = [yt,1, yt,2, ..., yt,n] are
as matrices of inputs, quasi-fixed inputs and outputs, respectively. Let DMUp

be under evaluation which uses (xt, kt−1) to produce (yt, kt) for t=1,2,...,T.

3 Main results

3.1 Development

In DEA literature the TDT measure [2] used as relative efficiency measure
(RE) of a DMUp from the ”ratio of ratios” model as follows:

max
u,v

∑s
r=1 uryr,p∑m
i=1 vixi,p

/

∑s
r=1 uryr,k∑
i=1 vixi,k

(2)

where

∑s
r=1 uryr,k∑m
i=1 vixi,k

= maximumj=1,2,...,n

{∑s
r=1 uryr,j∑m
i=1 vixi,j

}

The model (2) is a maximin model in DEA literature that can be seen as a
non-normalized DEA model maximizing the relative efficiency of a DMUp.
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3.2 Relative efficiency in DDEA (DER)

In this section we extend the TDT measure into DDEA framework. Firstly,
suppose that a DMUp is examined through an assessment window comprising
T periods, i.e. W = {1, 2, ..., T}. To this end, assume that the DMUp uses
(xt,p, kt−1,p) to produce (yt,p, kt,p) in the period t. In order to achieve the
relative efficiency of the DMUp over whole T periods, we use the assumptions
and descriptions developed by Fare and Grosskopf [4]. Then we may extend
model (2) into a truly DDEA framework by allowing for intertemporal resource
allocation. Therefore, for DMUj , j = 1, ..., n, assume that kt,j = kt

t,j + kt+1
t,j

where kt,j is as all quasi-fixed inputs vector produced in the period t which is
divided into two different vectors that one is a quasi-fixed inputs vector kt

t,j

consumed in the same period as it is provided in, i.e. period t, and another
is a quasi-fixed inputs vector kt+1

t,j provided in the period t and consumed in
the next period t+1 as investment or intermediate output seen as a link sent
into the next period. Therefore, by these assumptions the model (2) can be
extended into DDEA framework as follows:

θ∗p = max
ut,vt,αt,βt

1

T

T∑
t=1

uτ
t yt,p + βτ

t kt
t,p

vτ
t xt,p + ατ

t k
t
t−1,p

/
uτ

t yt,h + βτ
t kt

t,h

vτ
t xt,h + ατ

t k
t
t−1,h

(3)

where
uτ

t yt,h + βτ
t kt

t,h

vτ
t xt,h + ατ

t k
t
t−1,h

= max
j=1,2,...,n

uτ
t yt,j + uτ

t k
t
t,j

vτ
t xt,j + ατ

t k
t
t−1,j

s.t. kt,j = kt
t,j + kt+1

t,j , j = 1, ..., n, t = 1, ..., T − 1.

ut ∈ R
s
+, vt ∈ R

m
+ , αt, βt ∈ R

l
+.

where ut, vt, αt, βt are as weight vectors.
As seen in the following theorem, the model (3) can be reduced into an equiv-
alent fractional form as Eq. (4) based on normalizing the maximum of ratios
over j located as the denominator of (3) by unity. In other words, the optimal
objective value of (4) can be interpreted as a ratio of ratios because of the fact
that is proven in the following theorem. That fact is that at least one of the
ratios (4-1) must achieve the maximal allowable values of unity. This causes
that the optimal value of those objectives (3) and (4) is to be as the same
which caused an equivalence between those of the models (3) and (4). Based
statements mentioned, the equivalent form of the model (3) can be shown as
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follows:

θ∗p = max
ut,vt,αt,βt

1

T

T∑
t=1

uτ
t yt,p + βτ

t kt
t,p

vτ
t xt,p + ατ

t k
t
t−1,p

(4)

s.t.
uτ

t yt,j + βτ
t kt

t,j

vτ
t xt,j + ατ

t k
t
t−1,j

≤ 1, j = 1, 2, ..., n, t = 1, ..., T, (4 − 1),

kt,j = kt
t,j + kt+1

t,j , j = 1, ..., n, t = 1, ..., T − 1, (4 − 2),

ut ∈ R
s
+, vt ∈ R

m
+ , αt, βt ∈ R

l
+, (4 − 3).

The following theorem shows that the model (4) same as the model (3) max-
imizes the relative efficiency measure. In other words, these two models are
equivalent from the equality of their optimal objective values point of view.

Theorem 3.1. The models (4) maximizes the relative efficiency like the model
(3).

Proof. To prove it is sufficient to show that in each period, at least one of
the efficiency constraints (4-1) satisfies as equality in all optimal solutions. As
a contradiction, suppose that in one period, e.g. t, each efficiency constraint
needs to slack to satisfy as equality in some optimal solutions, i.e. it is to

be ∀j,
uτ∗

t
yt,j+βτ∗

t
kt

t,j

vτ∗
t

xt,j+ατ∗
t

kt
t−1,j

< 1. Consequently, for each index j, there exists a

s∗j > 1 such that
(uτ∗

t
yt,j+βτ∗

t
kt

t,j
)s∗j

vτ∗
t

xt,j+ατ∗
t k

t
t−1,j

= 1. If γt := minj=1,2,...,n

{
s∗j |s∗j > 1

}
, then

∀j,
(uτ∗

t
yt,j+βτ∗

t
kt

t,j
)γt

vτ∗
t

xt,j+ατ∗
t

kt
t−1,j

≤ 1. Then (γtu
∗
t
, v∗

t
, α∗

t
, γtβ

∗
t
) is a feasible solution to

model (4). Let in the period t, the optimal objective value is θ∗
t,p

, and the

objective value with the feasible solution (γtu
∗
t
, v∗

t
, α∗

t
, γtβ

∗
t
) is γtθt,p. Therefore,

we have γtθt,p > θ∗
t,p

and this contradiction completes the proof.

Using the Charnes-Cooper transformation makes a further simplifying, and
the model (4) can be reduced into a linear form like the model (5) as follows:

θ∗p = max
ut,vt,αt,βt

1

T

T∑
t=1

(uτ
t yt,p + βτ

t kt
t,p), (5)

s.t. vτ
t xt,p + ατ

t k
t
t−1,p = 1, (5 − 1),

uτ
t yt,j + βτ

t kt
t,j − vτ

t xt,j − ατ
t k

t
t−1,j ≤ 0, j = 1, 2, ..., n, t = 1, ..., T, (5 − 2),

kt,j = kt
t,j + kt+1

t,j , j = 1, ..., n, t = 1, ..., T − 1, (5 − 3),

ut ∈ R
s
+, vt ∈ R

m
+ , αt, βt ∈ R

l
+, (5 − 4).
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The model (5) is easier from calculating point of view.
Definition. The θ∗p is defined as dynamic relative efficiency measure or sym-
bolically DERp measure of DMUp.

Theorem 3.2. The DERj measure satisfies in the 0 < DERj ≤ 1 for each
DMUj.

Proof. The proof is straightforward.

4 Conclusions

In this paper relative efficiency measure in dynamic framework of DEA was
developed. Also, investment activities were discussed in details.
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