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Abstract

In this paper we consider a problem with mixed boundary conditions
for biharmonic equation, which is a generalization of a model of crack
problems in the plane theory of elasticity. An iterative method for re-
ducing the problem to sequence of mixed problems for Poisson equation
is proposed and investigated. For numerical solution of the latter prob-
lems, we use a domain decomposition method developed by ourselves in
recent years. The fast convergence of the iterative method is established
theoretically and illustrated on many numerical experiments.
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1 Introduction

The solution of fourth order differential equations by their reduction to BVP
for the second order equations, with the aim of using available efficient algo-
rithms for the latter ones attracts attention from many researchers. Namely,
for the biharmonic equation with the Dirichlet boundary condition, there is
intensively developed the iterative method, which leads the problem to two
problems for the Poisson equation at each iteration. In 1992, Abramov and
Ulijanova (see [1]) proposed an iterative method for Dirichlet problem for the
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biharmonic type equation, but the convergence of the method is not proved.
In our previous work [3, 4, 5] with the help of boundary or mixed boundary-
domain operators appropriately introduced, we constructed iterative methods
for biharmonic and biharmonic type equations with mixed boundary condi-
tions. It leads to the solution of a sequence of problems for the Poisson equa-
tion with weakly mixed boundary conditions, which are easily solved by a
program package, constructed recently [20].

In this paper, we developed an iterative method for a boundary value prob-
lem with mixed boundary conditions for biharmonic equation model of an
elastic crack plane problem, namely, we consider the following problem

∆2u = f in Ω,

u = g0 on Γ1,

∂u

∂ν
= g1 on ∂Ω = Γ1 ∪ Γ2,

∂∆u

∂ν
= g2 on Γ2,

(1.1)

where Ω is the rectangle (−L,L)×(0, 1), and Γ1 = SA∪SC , Γ2 = SB∪SD∪SE,
SA, SB, SC , SD and SE are parts of the boundary ∂Ω as shown in Figure 1, ∆
is the Laplace operator, f and gi (i = 0, 2 ) are functions given in Ω and
on parts of the boundary Γ, respectively. This problem with zero right hand

Figure 1: Biharmonic problem with mixed boundary conditions

side in the equation and with special boundary conditions is one of two two-
dimentional model fracture problems, studied by Li et al. [14]. In [12] Elliotis,
Georgios and Xenophontos solved approximately this model problem by the
singular function boundary integral method (SFBIM) but, as was noted there,
the theoretical analysis of the convergence of the method is currently under
investigation.
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In the present work for the problem in general setting (1.1) we propose an
iterative method which reduces it to a sequence of problems for the Poisson
equation with mixed Dirichlet-Neumann boundary conditions, and then we
solve the problems with mixed boundary conditions on each iterative step by
domain decomposition method. The convergence of the iterative method is
established theoretically and illustrated on many numerical experiments.

2 Iterative method on continuous level

2.1 Description of method

First, we assume that the problem (1.1) has a unique solution and it is suffi-
ciently smooth.

As usual, we set
∆u = v in Ω, v |Γ1= ϕ.

Then the problem (1.1) is reduced to the problem

∆v = f in Ω,

v = ϕ on Γ1,

∂v

∂ν
= g2 on Γ2,

(2.1)

∆u = v in Ω,

u = g0 on Γ1,

∂u

∂ν
= g1 on Γ2,

(2.2)

where ϕ as u is unknown function but it is related to u by the third condition
in (1.1) on Γ1, i. e., by the relation

∂u

∂ν
= g1 on Γ1. (2.3)

Now we consider the following iterative process for finding ϕ and simulta-
neously for finding u:

(i) Given ϕ(0) ∈ L2(Γ1), for example, ϕ(0) = 0 on Γ1;

(ii) Knowing ϕ(k) on Γ1 (k = 0, 1, ...), solve consecutively two problems

∆v(k) = f in Ω,

v(k) = ϕ(k) on Γ1,

∂v(k)

∂ν
= g2 on Γ2,

(2.4)
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∆u(k) = v(k) in Ω,

u(k) = g0 on Γ1,

∂u(k)

∂ν
= g1 on Γ2;

(2.5)

(iii) Compute the new approximation

ϕ(k+1) = ϕ(k) − τ
(∂u(k)

∂ν

∣∣∣
Γ1

− g1

)
, (2.6)

where τ is an iterative parameter to be chosen later.

2.2 Investigation of convergence

In order to investigate the convergence of the iterative process (2.4)-(2.6) firstly
we rewrite (2.6) in the canonical form of two-layer iterative scheme [18]:

ϕ(k+1) − ϕ(k)

τ
+
∂u(k)

∂ν
− g1 = 0 on Γ1. (2.7)

Next, we introduce the operator B defined on boundary functions ϕ by the
formula

Bϕ =
∂u

∂ν
on Γ1, (2.8)

where u is found from the problems:

∆v = 0 in Ω,

v = ϕ on Γ1,

∂v

∂ν
= 0 on Γ2,

(2.9)

∆u = v in Ω,

u = 0 on Γ1,

∂u

∂ν
= 0 on Γ2.

(2.10)

The properties of the operator B will be investigated in the sequel. Now, let
us return to the problem (2.1)- (2.2). We represent their solution in the form

u = u1 + u2; v = v1 + v2, (2.11)
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where u1, v1 satisfy the problems (2.9)-(2.10) and u2, v2 are the solutions of the
problems

∆v2 = f in Ω,

v2 = 0 on Γ1,

∂v2

∂ν
= g2 on Γ2,

(2.12)

∆u2 = v2 in Ω,

u2 = g0 on Γ1,

∂u2

∂ν
= g1 on Γ2.

(2.13)

According to the definition of the operator B we have

Bϕ =
∂u1

∂ν
on Γ1. (2.14)

Since the function u found from Problems (2.1)-(2.2) should satisfy the relation
(2.3), taking into account the representation (2.11) we obtain the equation

Bϕ = F, (2.15)

where

F = g1 −
∂u2

∂ν
on Γ1. (2.16)

Thus, we have reduced the original problem (1.1) to the operator equation
(2.15), whose right hand side F is completely defined by the data f, g0, g1, g2.

Proposition 2.1. The iterative process (2.4)- (2.6) is the realization of the
two-layer iterative scheme

ϕ(k+1) − ϕ(k)

τ
+Bϕ(k) = F, (k = 0, 1, ...) (2.17)

for the operator equation (2.14).

Proof. Indeed, if in (2.4), (2.5) we put

u(k) = u
(k)
1 + u2, v(k) = v

(k)
1 + v2, (2.18)

where u2, v2 are the solutions of Problems (2.12)-(2.13) then we get

∆v
(k)
1 = 0 in Ω,

v
(k)
1 = ϕ(k) on Γ1,

∂v
(k)
1

∂ν
= 0 on Γ2,

(2.19)
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∆u
(k)
1 = v

(k)
1 in Ω,

u
(k)
1 = 0 on Γ1,

∂u
(k)
1

∂ν
= 0 on Γ2.

(2.20)

From here we see that

Bϕ(k) =
∂u

(k)
1

∂ν
on Γ1.

Therefore, taking into account the first relation in (2.18) and the above equal-
ity, from (2.6) we obtain (2.17). Thus, the proposition is proved.

Proposition 2.1 enables us to lead the investigation of convergence of the
iterative process (2.4)-(2.6) to the study of the iterative scheme (2.17). For
this reason we need some properties of the operator B.

Proposition 2.2. The operator B defined by (2.8)-(2.10) is linear, symmetric,
positive and compact operator in the space L2(Γ1).

Proof. The linearity of B is obvious. To establish the other properties of B
we consider the inner product (Bϕ, ϕ̄) for two arbitrary functions ϕ and ϕ̄
in L2(Γ1). Recall that the operator B acting on ϕ is defined by (2.8)-(2.10).
Denote now by v̄ and ū the solutions of (2.9) and (2.10), where instead of ϕ
there stands ϕ̄.

We have

(Bϕ, ϕ̄) =

∫
Γ1

∂u

∂ν
ϕ̄ dΓ =

∫
Γ

∂u

∂ν
v̄ dΓ, (2.21)

since
∂u

∂ν
= 0 on Γ \ Γ1. Next, in view of v = ∆u, using the Green formula we

have ∫
Ω

vv̄dx =

∫
Ω

∆uv̄dx =

∫
Γ

∂u

∂ν
v̄dΓ−

∫
Ω

∇u∇v̄dx. (2.22)

From (2.21) and (2.22) it follows

(Bϕ, ϕ̄) =

∫
Ω

vv̄dx+

∫
Ω

∇u∇v̄dx. (2.23)

To calculate the second integral in (2.23) we observe that on one hand∫
Ω

∆v̄udx = 0,

because ∆v̄ = 0 in Ω, and on other hand∫
Ω

∆v̄udx =

∫
Γ

∂v̄

∂ν
udΓ−

∫
Ω

∇v̄∇udx = 0.
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Therefore, we have ∫
Ω

∇v̄∇udx =

∫
Γ

∂v̄

∂ν
udΓ.

Further, due to the fact that
∂v̄

∂ν
= 0 on Γ2 and u = 0 on Γ1 the integral in the

right hand side is equal to zero. Consequently,∫
Ω

∇v̄∇udx = 0,

and finally, from (2.23) we obtain

(Bϕ, ϕ̄) =

∫
Ω

vv̄dx = (Bϕ̄, ϕ). (2.24)

It means that the operator B is symmetric. Besides, we have

(Bϕ,ϕ) =

∫
Ω

v2dx ≥ 0.

If (Bϕ,ϕ) = 0 then v = 0 almost everywhere in Ω, hence ϕ = v|Γ1 = 0. Thus,
B is positive operator.
Now, we prove the compactness of the operator B. In order to do this sup-
pose that ϕ ∈ Hs(Γ1) with s ≥ 0. Then Problem (2.9) has a unique so-
lution v ∈ Hs+1/2(Ω), and consequently, Problem (2.10) has a unique so-

lution u ∈ Hs+5/2(Ω). It implies that
∂u

∂ν

∣∣
Γ1
∈ Hs+1(Γ1). So, the oper-

ator B maps Hs(Γ1) into Hs+1(Γ1). Due to the compactness of embed-
ding Hs+1(Γ1) ⊂ Hs(Γ1) [15] we conclude that B is a compact operator in
H = L2(Γ1).

Thus, the proof of the proposition is complete.

Theorem 2.3. The iterative process (2.4)-(2.6) or alternatively, the itera-
tive scheme (2.17) is convergent if

0 < τ <
2

||B||
. (2.25)

Proof. This theorem follows from Lemma A1 in Appendix A of [8] due to
the properties of symmetry, positivity and compactness of the operator B
established by Proposition 2.2.

The determination or estimation of ||B|| is a difficult problem, but in Sec-
tion 3 by experimental way we can find a interval of τ , for which the iterative
process has good convergence.
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3 On numerical realization and numerical re-

sults of the iterative method

From the previous section we see that for realizing the iterative method it is
required to solve consecutively two mixed BVPs (2.4)-(2.5). These BVPs are
strongly mixed in the sense that the transmission of the Dirichlet and Neu-
mann boundary conditions occurs at an inner point, namely at the middle of
the bottom side of the rectangle. For solving these problems we use a do-
main decomposition method proposed in [6] which reduces the strongly mixed
problem to a sequence of weakly mixed problems in subdomains in the sense
that on each side of subdomains there is given boundary condition of only one
type, either Dirichlet or Neumann type, then we solve the problems with mixed
boundary conditions on each iteration of the iterative process (2.4)-(2.6) by
domain decomposition method for finding ϕ and simultaneously for finding u.

We performed some experiments in MATLAB for testing the convergence
of the iterative process (2.4)-(2.6). In the examples considered below the com-
putational domain is covered by the uniform grid. The mixed BVP for the
Poisson equation (2.4), (2.5) are discretized by difference scheme of second or-
der approximation. After that the obtained system of difference equations are
solved by the method of complete reduction [19]. For computing the normal
derivative in (2.6) we also use a formula of second order error. We perform
iterative process (2.4)-(2.6) until ‖ u(k+1)−u(k) ‖∞≤ ε, where ε is a given accu-
racy taken of the same order as O(h2), h being the step size of the grid. Below
we report the results of using the above DDM for the numerical realization of
the iterative process (2.4)-(2.6).

Example 1. First we test the convergence of the iterative process (2.4)-
(2.6) for the case, where the exact solutions u(x, y) of the problem (1.1) are
known in the domain Ω = [−1, 1] × [0, 1]. We calculate corresponding right
hand side function f(x, y) and boundary conditions and then carry out the
iterative (2.4)-(2.6) until ||u(k) − u||∞ ≤ ε. The following functions are taken
as the exact solutions of the problem

u1(x, y) = sin x sin y; u2(x, y) = x2 + y2; u3(x, y) = ex sin y + ey sinx.

The results of computation on the uniform grid of 129× 65 nodes are given in
Table 1, where Ki, i = 1, 3 is the number of iterations for achieving the exact
solution ui(x, y) with the accuracy ε = 10−4.

For the functions ui(x, y) we see that the iterative process (2.4)-(2.6) has
good convergence for the iterative parameter τ ∈ [1.4; 1.6].
Example 2. We test the convergence of the iterative process (2.4)-(2.6) for the
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Table 1: Convergence of the iterative process in Example 1

τ K1 K2 K3

1.3 14 31 21
1.4 13 29 16
1.5 13 26 16
1.6 13 24 17
1.7 20 24 23

Table 2: Convergence of the iterative process in Example 2

τ K1 K2

1.4 14 39
1.5 14 38
1.6 13 36
1.7 12 35
1.8 16 40

case, where are given arbitrary data functions f, g0, g1, g2 and the exact solution
of the problem (1.1) is unknown. We perform the iterative process (2.4)-(2.6)
until ||u(k) − u(k−1)||∞ ≤ ε. Below we report the results on convergence of the
process for two collections of data functions

(i)

f = 0, g0 = sinx sin y

g1 = − sinx sin y + log(x+ y + 2), g2 = ex sin y + ey sinx.

(ii)

f = 0, g0 = x2 + y2 + 5,

g1 = sinx sin y + log(x+ y + 2), g2 = ex1+x2 .

The results of computation on the uniform grid of 129 × 65 nodes are
in Table 2, where Ki, i = 1, 2 is the number of iterations for achieving
the accuracy ε = 10−4 for collection (i), (ii). From Table 2 we see that, as
in Example 1, the iterative process (2.4)-(2.6) has good convergence for the
iterative parameter τ ∈ [1.4; 1.7].

From the above numerical experiments we see that the proposed iterative
process (2.4)-(2.6) for solving boundary value problem (1.1) always converges
with suitable choice of the iterative parameter τ .
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4 Application to a biharmonic problem with

crack singularities

Now we apply the proposed iterative method to a biharmonic problem with
crack singularities as depicted in Fig.2 (see [12]), where u is the Airy stress
function. The conditions ∂u

∂y
= 0, ∂3u

∂y3
= 0 on the parts SB and SD lead to

the conditions ∂u
∂y

= 0, ∂∆u
∂y

= 0, and the conditions ∂u
∂x

= 0, ∂3u
∂x3 = 0 on the

part SE lead to ∂u
∂x

= 0, ∂∆u
∂x

= 0. Therefore, the problem has the form of
(1.1). We test the convergence of the iterative method with some values of
the iterative parameter τ for the crack problem on the grid 129× 65 with the
given accuracy 10−4. The results of convergence of the method is reported in
Table 3. From the table we see that the iterative process (2.4)-(2.6) with the
parameter τ = 1.7 converges most fast after 14 iterations. The graph of the
obtained approximate solution is shown in Figure 3.

Using the obtained approximate solution of the model crack problem we

Figure 2: Model biharmonic problems with crack singularities

compute the second derivative ∂2u
∂y2

on the boundary y = 0, which characterizes
the stress along the crack. The graph of this derivative versa the derivative
computed by SFBIM with the first 15 coefficients in the asymptotic expansion
of the Airy stress function near the crack tip in[12] is given in Figure 4. From
the Figure 4 we see that the stresses along the crack obtained by our method
and the SFBIM almost are the same.
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Table 3: Convergence of the iterative scheme for the crack problem

τ K
1.4 16
1.5 15
1.6 15
1.7 14
1.8 21

5 Concluding remarks

In this paper we proposed an iterative method for solving a boundary value
problem with mixed boundary conditions for biharmonic equation model crack
plane elasticity problems, which in a particular case, is the biharmonic prob-
lems with crack singularities. The method reduces the fourth order problem to
a sequence of problems for the Poisson equation with weakly mixed boundary
conditions, which are easily solved by an available program package. Applying
the method to biharmonic problems with crack singularities we obtained the
stresse along the crack like to that computed by the SFBIM. Our method has
the advantage in that it can give high accuracy and is easily and fastly realized
on computer. Besides, it can be easily adapted for solving other biharmonic
problems with arbitrary right hand side and complex boundary conditions in
domains of complicated geometry, while the SFBIM is applied only to the case
when the local asymptotic solution is known.
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