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Abstract
We study how global error in Runge-Kutta solutions can affect the process

of event location. The error in the location of an event is found to dependent on
both the global error and whatever tolerance is placed on the event condition.
Also, global error can result in a failure to identify the event, or even the
false identification of an event. Our work suggests that controlling the global
error will improve the chances of correct identification and location of an event.
Consequently, we have proposed that the Runge-Kutta solution could be found
using the RKQ algorithm, which offers the possibility of stepwise global error
control.
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1 Introduction

Event location refers to the process whereby the point at which the solution
to an initial-value problem (IVP) exhibits a certain character is determined.
For example, when modelling the motion of a projectile, we may wish to know
when the projectile attains its maximum height or when it strikes the ground.
Since most physically meaningful IVPs are nonlinear, we usually seek numer-
ical solution solutions; the methods of choice are typically Runge-Kutta (RK)
methods. However, the accumulation of global error in an RK method can
complicate the identification and location of an event. In this paper, we seek
to study the effect of global error on event location in RK methods. Based on
our analysis, we will identify the importance of controlling global error and we
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will suggest the use of the RKQ algorithm to achieve such control.

2 Relevant Concepts

An n-dimensional IVP has the form

y′ ≡

⎡
⎢⎣

y′
1
...
y′

n

⎤
⎥⎦ = F (x,y) ≡

⎡
⎢⎣

f1 (x, y1, . . . , yn)
...

fn (x, y1, . . . , yn)

⎤
⎥⎦ , (1)

wherein y and F have been implicitly defined.
Let yi ≡ (y1,i, . . . , yn,i)

t denote the exact solution to (1) at node xi, and let
wi ≡ (w1,i, . . . , wn,i)

t denote the approximate RK solution at the same node
(superscript t indicates transpose). We have

wi = yi + Δi = (y1,i + Δ1,i, . . . , yn,i + Δn,i)
t ,

where Δi ≡ (Δ1,i, . . . , Δn,i)
t is the global error in wi.

An event at (xe,y (xe)) is defined by a scalar function G (x,y (x)) , such
that

G (xe,y (xe)) = 0. (2)

The value of xe for which (2) is satisfied is the location of the event [1]. The
idea is to carry out RK integration of (1) until a solution (xi,wi) is found that
satisfies (2). Of course, it is highly unlikely that we will find such a precise
solution, and so we impose the condition

|G (xi,wi)| � μ

where μ > 0 is a user-defined tolerance on G. Additionally, we also search
for the case where G changes sign over two adjacent nodes xi and xi+1. This
suggests that the event is located somewhere between xi and xi+1, and a refined
search on [xi, xi+1] can be implemented.

3 Analysis

Assume that the RK solution (Xi,Wi) is such that G (Xi,Wi) = ε, where
|ε| � μ. Assume also that G (xe,y (xe)) = 0, so that xe denotes the true
location of the event. We have

G (Xi,Wi) = G (xe + δx,y (xe + δx) + Δ (xe + δx)) .



Event location and global error in Runge-Kutta methods 3165

In this expression, δx ≡ Xi − xe, and Δ (xe + δx) is the global error in Wi. A
Taylor expansion gives

G (Xi,Wi) = ε = G

(
xe + δx,y (xe) + δx

dy

dx
+ . . . + Δ (Xi)

)

= G (xe,y (xe)) + δx
∂G

∂x
+

∂G

∂y

[
δx

dy

dx
+ Δ (Xi)

]
+ . . .(3)

where the row vector ∂G/∂y ≡ Gy ≡ (∂G/∂y1,∂G/∂y2, . . . ,∂G/∂yn) . Hence,
with Gx ≡ ∂G/∂x and using (2),

δx ≈ ε − GyΔ (Xi)

Gx + Gyy′ , (4)

ignoring higher-order terms. It is understood that the derivatives are evaluated
at (xe,y (xe)) . The quantity δx is the difference between the approximate
location Xi of the event and the true location xe.

4 Discussion

Several points must be made:

1. We see that δx depends on both ε and Δ (Xi) . If Δ (Xi) → 0, then
δx ∝ ε, and if ε → 0, then δx = O (Δ (Xi)) . In the first case, δx is
limited by the value of ε, and in the second case δx is proportional to
the global error. Now consider the scenario in which the global error is
controlled as the RK integration proceeds, and assume that the tolerance
μ > 0 is imposed on the global error, in addition to G. This gives

|δx| � μ (1 +
∑ |Gy|)

|Gx + Gyy′| ,

where

∑
|Gy| ≡

n∑
j=1

∣∣∣∣∂G

∂yj

∣∣∣∣ ,

so that the magnitude of δx is correlated with the global error control
- the tighter the control, the smaller δx will be, meaning that Xi is a
better approximation to the event location.

2. From (3) we have

|G (Xi,Wi)| = |G (xe,y (xe)) + GyΔ (Xi) + . . . .|
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We write the expression in this form to emphasize the presence of the
global error Δ (Xi) . It is clear that the value of Δ (Xi) could be such
that |G (Xi,Wi)| > μ, even though the event does exist. In other words,
the global error will cause the event to be missed. Conversely, Δ (Xi)
could be such that |G (Xi,Wi)| � μ, even though the event does not
actually exist. In this case, the global error causes the false detection of
an event.

3. If we seek a subinterval on which G changes sign, we should be mindful
that the global error Δ (Xi) can also be such that the sign of G is unreli-
able. This could result in the identification of an incorrect subinterval, a
false detection, or a miss. Again, it is the global error present in w that
is the cause of these problems.

4. In our opinion, there is no doubt that controlling the global error is
paramount in the successful detection and location of events. The smaller
the global error, the less problematic it is, and the more certain we can
be that the events do exist and are precisely located. In this regard,
then, we must make mention of the RKrvQz algorithm as an attempt
at controlling global error in a stepwise manner [2],[3],[4]. This is an
algorithm recently developed by us, that uses three RK methods of orders
r, v and z (with r < v � z) to estimate and control both local and
global error, as the RK integration proceeds. The local error is controlled
through a local extrapolation mechanism [5], while the global error is
controlled via high-order quenching. The algorithm does rely on the
RKz solution being accurate enough to serve as an estimator of global
error; if this is not true, then RKrvQz is not likely to be successful. The
reader is referred to our previous work for more detail.

5. There is a caveat to the previous point: in principle, we can only identify
and locate events with perfect accuracy if the global error is zero. This,
of course, is never the case when a numerical method is employed. The
best we can do is to keep the global error small at all times, and thereby
increase our chances of accurate event location, but we must accept that
perfect event location is unattainable.

5 Conclusion

We have analyzed the effect of global error in Runge-Kutta solutions on the
process of event location. We have found that the error in the location of
an event is dependent on both the global error and the tolerance placed on
the event condition. If the same tolerance is applied to the global error, then
the location error is proportional to that tolerance. Furthermore, global error
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can result in false identification of an event, or failure to identify the event at
all. It is clear that controlling the global error can significantly improve the
chances of correct identification and location of an event and, hence, we have
suggested that it might be feasible to find the Runge-Kutta solution using the
RKQ algorithm.
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