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Abstract

In this note we present some numerical experiments for illustrating
the convergence of an iterative method for solving a boundary value
problem for triharmonic equation, where a sequence of boundary value
problems for the Poisson equation is solved at iterations. These results
of computation confirm the theoretical conclusion in [2].
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1 Introduction

In recent years Dang has developed an iterative method for solving high or-
der partial differential equations. The idea of the method is to reduce high
order problems to a sequence of second order problems for which there are
many available efficient algorithms. The method is successsfully applied to
many fourth order problems, among them it is worthy to mention the Neu-
mann problem for biharmonic type equation [1] and the biharmonic problems
with complicated mixed boundary conditions arising in nanophysics [3] and in
fracture mechanics [4]. In these works the convergence of the iterative method
is proved and many numerical experiments confirm its efficiency. Besides the
fourth order problems, in [2] Dang considered the following triharmonic prob-
lem

∆3u = f(x), x ∈ Ω, (1)

u|Γ = g0,
∂u

∂ν

∣∣∣∣
Γ

= g1, ∆u|Γ = g2, (2)
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where ∆ is the Laplace operator, Ω is a bounded domain in Rn(n ≥ 2), Γ
is the sufficiently smooth boundary of Ω. The solvability and smoothness
of the solution of problem (1)-(2) follows from the general theory of elliptic
problems (see [5]), namely, if f ∈ Hs(Ω), g0 ∈ Hs+11/2(Γ), g1 ∈ Hs+9/2(Γ)
and g2 ∈ Hs+7/2(Γ) then there exists a unique solution u ∈ Hs+6(Ω). Here ,
as usual, Hs(Ω) is Sobolev space.

The problem (1), (2) often arises in mechanics (see e.g. [8]) and in geo-
metric design (see e.g. [7], [9]). In [2] an iterative method, which reduces the
triharmonic problem to a sequence of boundary value problems (BVPs) for
Poisson equation, is proposed and theoretically investigated. The convergence
of the iterative process is proved at continuous level by means of the operator
equation theory but there is no results of numerical experiments for testing
the method and choosing the iterative parameter. Therefore, the problem of
numerical realization of the method and verification of its convergence for con-
firming the effectiveness of the method is needed. It is a reason that in this
short paper we provide the results of several numerical experiments as a some
completion to the work [2].

2 Recalling the iterative method for the tri-

harmonic equation

In [2] Dang considers the following iterative method for (1), (2):

i)Given a starting approximation w
(0)
0 ∈ H1/2(Γ), for example, w

(0)
0 = 0.

ii)Knowing w
(k)
0 , (k = 0, 1, ..., ) solve successively three problems

∆w(k) = f, x ∈ Ω, w(k)|Γ = w
(k)
0 ,

∆v(k) = w(k), x ∈ Ω, v(k)|Γ = g2,

∆u(k) = v(k), x ∈ Ω, u(k)|Γ = g0,

(3)

iii) Compute the new approximation of w0

w
(k+1)
0 = w

(k)
0 − τ

(
∂u(k)

∂ν
− g1

)
, x ∈ Γ, (4)

where τ is an iterative parameter to be chosen.

It is proved that the iterative method converges if

0 < τ <
2

‖B‖
.
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where B is an boundary operator defined by the formula

Bw0 = −∂u
∂ν

∣∣∣∣
Γ

, (5)

u being found from the sequence of problems

∆w = 0, x ∈ Ω, w|Γ = w0,

∆v = w, x ∈ Ω, v|Γ = 0,

∆u = v, x ∈ Ω, u|Γ = 0.

(6)

This operator B is shown to be symmetric, positive and compact operator
in the space L2(Γ), and the determination or estimate of its norm is a diffi-
cult problem. Therefore, below in numerical examples we choose the iterative
parameter τ by experimental way.

3 Numerical realization of the iterative method

We performed some experiments in MATLAB for testing the convergence of
the iterative process (3)-(4). In the examples considered below the computa-
tional domain is a rectangle covered by uniform grid. The problems for Poisson
equation (3) are discretized by difference schemes of second order approxima-
tion and the obtained systems of difference equations are solved by the method
of complete reduction [6]. For computing the normal derivative in (4) we use
a formula of second order error. We perform iterative process (3)-(4) until
‖u(k+1) − u(k)‖∞ ≤ ε, where ε is a given accuracy.

Experiment 1. Fisrt we test the convergence of the iterative process
(3)-(4) for the case, where the exact solutions u(x, y) are known. We take a
square [0, 1] × [0, 1] and stepsizes h1 = h2 = h = 1/64. For consistency with
the accuracy of the difference scheme and the formula of numerical normal
derivative we take ε = max{h2

1, h
2
2} = 2.4414e− 4. The results of computation

are given in Table 1, where K is the number of iterations, error=‖u(k) − u‖∞.
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Table 1: Convergence of the iterative scheme in Experiment 1 on grid 65 x 65

u1 = ex sin y + ey sinx u2 = sinx sin y
τ

K error K error

60 0 8.0335e-6 3 3.0733e-4

70 0 8.5591e-6 2 3.2045e-4

80 0 9.0909e-6 2 2.7897e-4

90 0 9.6226e-6 1 3.0697e-4

100 0 1.0163e-5 2 2.4161e-4

110 0 1.0706e-5 2 2.1702e-4

120 0 1.1248e-5 3 1.8258e-4

130 0 1.1791e-5 4 1.0798e-4

140 0 1.2338e-5 5 1.1388e-4

Looking at Table 1 it appears that the result of computation for the function
u = ex. sin y+sinx.ey is surprising. But this result is completely right because
for the function we have ∆u = 0. Hence, g2 = 0 , and f = ∆3u = 0.
This implies that the solutions of the first two problems in (3), for k = 0

(with w
(0)
0 = 0) are w(0) = 0, v(0) = 0 and therefore, the solution of the

last problem there ∆u(0) = v(0), x ∈ Ω, u(0)|Γ = (ex sin y + sinxey)|Γ is
u(0) = ex sin y + sin xey. So, immediately we achieve the exact solution of the
problem, and hence, K=0.

Table 2: Convergence of the iterative scheme in Experiment 1 on grid 65 x 65

u1 = ex−y u2 = x4 + y4

τ
K error K error

60 4 6.8893e-4 7 0.0011

70 4 5.7482e-4 5 0.0011

80 3 5.9950e-4 4 0.0011

90 2 6.5432e-4 2 0.0012

100 2 6.0797e-4 3 0.0011

110 3 4.6758e-4 4 0.0011

120 4 3.4259e-4 6 0.0011

130 6 1.9688e-4 8 0.0010

140 7 1.4991e-4 11 8.5006e-4
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From Tables 1 and 2 we see that the best value of the iterative parameter
τ is 90.

Experiment 2. Now fixing τ = 90 and the given accuracy ε = 10−4 we test
the convergence rate of the iterative process for different examples on the grids
with stepsizes 1/64, 1/128, 1/256, 1/512 . The results of experiment show that
the number of iterations for each function in Experiment 1 remains unchanged.

Experiment 3. We now use the proposed iterative method for finding an
approximate solution of the problem (1), (2) for some particular cases:

Case 1. f = 1000 sin(πx) sin(πy), g0 = g1 = g2 = 0.

Case 2. f = 20(x2 + y2), g0 = 0, g1 = 0, g2 = 0.8.

For the chosen τ = 90 on the uniform grid with the stepsize 1/64 for
achieving ‖u(k+1) − u(k)‖∞ ≤ 10−4 in Case 1 the number of iterations needed
is K = 3 and in Case 2 K = 2. The approximate solutions in these cases are
depicted in Figures 1 and 2.

Figure 1: The graph of the approximate solution in Case 1
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Figure 2: The graph of the approximate solution in Case 2

4 Concluding remarks

The above numerical experiments show the fast convergence of the iterative
method (3), (4) with the choice of the iterative parameter τ = 90. This fact
confirms that the method for reducing triharmonic problems to a sequence
of second order problems with the aim of the use of available algorithms for
the latter ones is effective. We think that the question of finding the optimal
iterative parameter and extension of the method to other six order problems
are to be studied.
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