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Abstract

In this paper Lagrange functions together with the quadrature rule
are used for numerically solving second kind integro differential equation
of the second order. The main problem is reduced to nonlinear system of
algebraic equations. Some numerical examples is dedicated for showing
efficiency and validity of the method.
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1 Introduction

Integro differential equations have been of great interest by several authors.
In literature, numerical techniques are used for approximating solution of such
equations like Haar wavelets, lagrange functions, Taylor polynomials, Cheby-
shev polynomials, sine-cosine wavelets, Tau method, Adomian decomposition
method, hybrid Legendre and block pulse functions and so on.(for further de-
tails see [1-8]) In this study, we use Lagrange functions and Simpson quadrature
rule for solving Fredholm integro differential equation of the form

y(x) +
∫ 1

0
k(x, t)y′′(t)dt = g(x),

y(0) = α,

y′(0) = β,

(1)

where, k ∈ L2[0, 1)2, g ∈ L2[0, 1) are known functions and y(x) is the unknown
function.
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2 Function Approximation

Lagrange interpolation of the function y(x) is given by

y(x) '
n∑

j=0

yjLj(x), (2)

with yj = y(xj) and

Lj(x) =
n∏

i=0,i6=j

(
x− xi

xj − xi

).

Also, Lj(xi) = δji where δji is the Kronecker delta. Similarly, k(x, t) ∈ L2[a, b]2

may be approximated as:

k(x, t) '
n∑

i=0

n∑
j=0

Li(x)kijLj(t),

where, kij = k(xi, tj).
We may approximate y′′(x) by Lagrange functions, y′(x) and y(x) will be
obtained through integration over [0, x]

y′′(x) =
n∑

j=0

yjLj(x), (3)

hence,

y′(x) = β +
n∑

j=0

yj

∫ x

0

Lj(t)dt, (4)

so,

y(x) = α + βx +
n∑

j=0

yj

∫ x

0

∫ x

0

Lj(t)dtdx

= α + βx +
n∑

j=0

yj

∫ x

0

(x− t)Lj(t)dt, (5)

evaluating (5) at the same points of lagrange interpolation xi, i = 0, 1, ..., n
gives

y(xi) = α + βxi +
n∑

j=0

yj

∫ xi

0

(xi − t)Lj(t)dt. (6)

In order to use the quadrature rule for Eq. (6), we transfer the interval [0, xi]
into [0, 1] by transformation

y =
t

xi

,
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so, Eq. (6) may then be restated as

y(xi) = α + βxi +
n∑

j=0

yj

∫ 1

0

(xi − xiy)Lj(xiy)xidy

= α + βxi + (xi)
2

n∑
j=0

yj

∫ 1

0

(1− y)Lj(xiy)dy. (7)

Also, we approximate the integral of f on [a, b] as:

∫ b

a

f(y)dy ≈
k∑

r=0

wrf(yr). (8)

In this work we consider Simpson quadrature rules with k = n. Therefore, Eq.
(7) may be approximated as

y(xi) = α + βxi + (xi)
2

n∑
j=0

yj

n∑
r=0

wr(1− yr)Lj(xiyr). (9)

Now for approximating the integral part of Eq. (1) we may proceed as follows:∫ 1

0

k(xi, t)y
′′(t)dt =

n∑
j=0

yj

∫ 1

0

k(xi, t)Lj(t)dt

=
n∑

j=0

yj

n∑
r=0

wrk(xi, tr)Lj(tr)

=
n∑

j=0

yjwjkij. (10)

Evaluating Eq. (1) at points xi, i = 0, 1, ..., n and substituting (9)-(10) gives

α + βxi + (xi)
2

n∑
j=0

yj

n∑
r=0

wr(1− yr)Lj(xiyr) +
n∑

j=0

yjwjkij = g(xi). (11)

System (11) including n + 1 nonlinear equations which can be solved by usual
iterative method such as Newton’s method which gives approximated values of
yj, j = 0, 1, ..., n therefore, we can approximate function y(x) at every x ∈ [0, 1]
using

y(x) = α + βx + (x)2

n∑
j=0

yj

n∑
r=0

wr(1− yr)Lj(xyr).



346 A. Shahsavaran

3 Illustrative examples

Now for implementing the described method for solving second kind Fredholm
integro differential equation, we choose three numerical examples, for which
the exact solution is known for comparison with the approximate solution.

Example 1. 
y(x) +

∫ 1

0
ex−ty′′(t)dt = 2ex,

y(0) = 1,

y′(0) = 1,

with the exact solution y(x) = ex.

Example 2.


y(x) +

∫ 1

0
(2 + t2)y′′(t)dt = e−x − 7

e
+ 4,

y(0) = 1,

y′(0) = −1

with the exact solution y(x) = e−x.

Example 3. 
y(x) +

∫ 1

0
ex+ty′′(t)dt = e−x + ex,

y(0) = 1,

y′(0) = −1

with the exact solution y(x) = e−x.

Table 1 shows the computed error |e| = |yexact(x)−yn(x)| for the examples 1-3
with Simpson’s quadrature rule and n=6. The computations associated with
the examples were performed using Maple 9.

Table 1
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t Example 1 Example 2 Example 3
0.0 0.0 0.0 0.0
0.1 2× 10−6 1× 10−6 5× 10−6

0.2 1× 10−6 9× 10−7 3× 10−6

0.3 1× 10−6 8× 10−7 2× 10−6

0.4 1× 10−5 1× 10−6 4× 10−6

0.5 2× 10−5 1× 10−7 5× 10−8

0.6 8× 10−5 2× 10−6 6× 10−6

0.7 1× 10−4 2× 10−6 6× 10−6

0.8 2× 10−4 1× 10−6 1× 10−5

0.9 6× 10−3 2× 10−5 5× 10−5

1.0 2× 10−3 4× 10−7 1× 10−5

4 Conclusion

The aim of presented work is to develop an efficient method for solving special
type of second kind Fredholm integro differential equation which convert the
main problem to solve nonlinear system of algebraic equations which may
easily be solved by Newton’s iterative method. The benefits of the method is
simplicity for execution and more accuracy may be obtained by increasing n
(the number of Lagrange functions or quadrature nodes), furthermore, we can
increase accuracy of the method by using more precise quadrature rules.
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