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Abstract 

 

In the history of DEA, there are two fundamental “Radial” and “Non-radial” 

approaches for the efficiency measurement. Each approach has its own 

advantageous and shortcomings. Avkiran et al. (2008) provided a unified 

framework, named Connected-SBM, for linking these approaches. In the present 

paper, first, based on the directional distance function we develop the Directional 

Slack-Based Measures (DSBM) of efficiency under Generalized Returns to Scale
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(GRS) which has many attractive properties. Secondly, employing the DSBM, we 

develop a generalized form of the Connected-SBM model, so-called 

Connected-DSBM. Our proposed model is more flexible than the 

Connected-SBM model. In addition, the Connected-SBM and many of the 

well-known DEA models, e.g., the CCR, BCC, ERM and SBM models, are 

derived from it. 

 

Keywords: DEA, Technical Efficiency, Directional Distance Function, 

Directional Slack-Based Measure of Efficiency, Bridging Radial and Non-radial 

Measures. 

 

1 Introduction 
 

   Data Envelopment Analysis (DEA), originally developed by Charnes et al. 

(1978) and subsequently extended by Banker et al. (1984), is a non-parametric 

linear programming-based method to evaluate the relative efficiency of a set of 

homogeneous decision making units (DMUs). Numerous applications in recent 

years have been accompanied by new extensions, modifications and developments 

in concept and methodology of DEA (See Seiford 1997 and Emrouznejad 2008). 

   Generally speaking, the previous research have been proposed based on the 

two fundamental “Radial” and “Non-radial” approaches for measuring the 

efficiency. The idea of radial projection dates back to Debreu (1951) and Farrell 

(1957). Meanwhile, the idea of non-radial projection dates back to Koopmans 

(1951) and Russell (1985). 

   The radial measures (e.g., the CCR model: Charnes et al. 1978) mainly deals 

with the proportional improvement in inputs and outputs and suffer from the 

following shortcomings: 

 Due to the proportional improving in these models, they can not be 

employed for cases with inputs such as labors, materials and capital. 

 They omit the non-zero input and output slacks and therefore fail to 

account for the non-radial excesses and shortfalls. Thus, 

 They do not necessarily lead to an efficient target in DEA. 

 They do not allow any flexibility for a DM to choose a reference unit for 

an inefficient unit. 

 They are „„value free‟‟, i.e., efficiency evaluation is based on the data 

available without taking into account the decision-maker‟s (DM‟s) 

preference information. 

Despite their weaknesses, the radial measures have a number of desirable features, 

e.g., the radial efficiency measure has a clear economic interpretation regardless 

of the prices. 

   The non-radial measures incorporate slacks into consideration. In the history 

of DEA, there are several different types of non-radial models for technical 

efficiency-based performance evaluation. Charnes et al. (1985) first proposed an 

additive model as a non-radial model. Cooper et al. (1999) also proposed a 

non-radial measure, referred to as „„Range-Adjusted Measure (RAM)”, which is  
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an extension of the additive model (Cooper et al., 2000, 2001). Pastor et al. (1999) 

derived an Enhanced Russell Measure (ERM) that incorporated the analytical 

feature of Russell measure into the framework of the SBM. Tone (2001) proposed 

the slacks-based measure (SBM) of efficiency which maximizes input and output 

slacks. Although in the non-radial measures the optimal efficiency value accounts 

for the non-radial slacks, the projected DMU may lose the proportionality in the 

original. Therefore, they may suffer from the following shortcomings: 

 If the loss of the original proportionality is inappropriate for the analysis, 

then this becomes a shortcoming for non-radial. 

 When we evaluate efficiency change over time, the non-zero pattern of 

slacks at time period t may significantly differ from that of time period t 

+1. Thus, we will be unable to tell which pattern is reasonable. 

 Another shortcoming of the non-radial LP-based measures, e.g. the SBM 

model, is that the optimal slacks tend to exhibit a sharp contrast in taking 

positive and zero values. (See Appendix A of Avkiran et al. 2008). 

   In an effort to overcome the above mentioned shortcomings of the radial and 

non-radial models, Avkiran et al. (2008) introduced the „Connected-SBM‟ model 

which includes two scalar parameters. They stated that an appropriate choice of 

these parameters, by relocating the analysis anywhere between the radial and 

non-radial models, could overcome the key shortcoming in the two approaches. 

   In this paper, first, based on the directional distance function we develop the 

Directional Slack-Based Measures (DSBM) of efficiency under Generalized 

Returns to Scale (GRS) which has many attractive properties. Secondly, 

employing DSBM, we develop a generalized form of the Connected-SBM model, 

so-called Connected-DSBM. In should be noted that our proposed model is more 

flexible than the Connected-SBM model. In addition, this model and many 

well-known DEA models, e.g., the CCR, BCC, ERM and SBM models, are 

derived from it. 

   The reminder of this paper is organized as follows. In the subsequent section, 

at first, a brief review of the directional distance function is provided. Then, the 

Directional Slack-Based Measure (DSBM) of efficiency is introduced and a 

detailed discussion about the properties and features of this measure is provided. 

Section 3 introduces the Connected Directional Slack-Based Measure 

(Connected-DSBM) of efficiency. An illustrative example is provided in Section 

4. Finally, the last section summarizes the results and concludes the paper 

summary. 

 

2 Radial and Non-Radial Directional Distance Functions 
 

   Throughout this paper, we deal with n  DMUs with m  inputs  1,...,i m  

and s  outputs  1,...,r s . The input and output vectors of 
jDMU   1,...,j n , 

are  1 ,...,
T

j j mjx x x  and  1 ,...,
T

j j sjy y y  where 0jx  , 0jx  , 0jy   

and 0jy  .The Production Possibility Set (PPS), T, is the set of all feasible input  



Fig. 1 Directional Distance Function 
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and output vectors and it is defined as follows: 

   , :     .T x y x can produce y  (1) 

   The directional distance function, recently introduced by Chambers et al. 

(1996; 1998), is a version of Luenberger‟s shortage function (Luenberger 1992; 

1995), which generalizes the traditional Shephard distance function (Shephard 

1970) and and is well-suited to the task of providing a measure of technical 

efficiency in the full input-output space. This function projects a given 

input-output vector,  ,x y , radially from itself to the frontier of PPS, T , in a 

pre-assigned direction vector  ,g g g     m s

     , and is defined as: 

     , ; , , .TD x y g g Max x g y g T         


 (2) 

This distance function simultaneously seeks to expand outputs and contract inputs 

(See Fig.1). 

 
 

   Under the standard assumptions of Inclusion of observations, convexity, 

general returns to scale (GRS)
2
 and free disposability of inputs and outputs, the 

unique non-empty PPS spanned by n  observed DMUs,  jDMU = ,j jx y , 

1, 2, ...,j n , is as follows: 

   , ,  ,  L 1 ,  0 .GT x y x X y Y U          (3) 

where   0 1L L   and   1U U  are upper and lower bound for the sum of 

j . Notice that 0,  L U    corresponds to the PPS with Constant Returns to 

Scale, 
CT , (Charnes et al. 1978) and 1L U   corresponds to the PPS with 

Variable Returns to Scale, 
VT , (Banker et al. 1984). Now, the DEA formulation 

for the directional distance function in relation to (3) becomes 

                

*
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2
 For more details about GRS see Cooper et al. (2007) pp. 150-152. 
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 (4) 

   Although   is, in principle, unrestricted in sign, its optimal value will never 

be lover than zero, i.e. * 0  . Moreover, if the direction vector  ,g g g    

has been selected such that 

   1,  1,..., ,ij i
i

Max x g j n    (5) 

, e.g., one can apply the following direction vectors: 

 ,  ,  ,    , ,i io r rog x g y for all i r    (6) 

    ,  ,    , ,ii ij r rjr
j j

g x Max x g y Max y for all i r      (7) 

then * 1   and *1   can be interpreted as an efficiency measure. 

   As mentioned earlier, the model (4) fails to take account the existence of the 

non-zero slacks. To overcoming this problem, we develop the directional 

slack-based measure (DSBM) of efficiency, in relation to 
GT , as follows: 
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            0 , 0,   ,  .i r for all i r   

 (8) 

where the direction vector  ,g g g   satisfies in (5). Here, 
i
  and 

r
  

represent the rates of contraction and expansion in the thi  input and thr  output 

of 
oDMU  which has been projected onto the efficient frontier of 

GT  in the 

direction g . Furthermore, the objective functions of (8) jointly maximizes the 

values of 
i
   1,...,i m  and 

r
   1,...,r s . Obviously, 1oe  . In addition, 

since 0io i ix g    , according to (5), we have 0 1oe   and , therefore, 
oe  

can be interpreted as an efficiency measure. The optimal value of (8), 
oe , is the 

efficiency score of 
oDMU  and based on it, we determine a DMU as being DSBM 

-efficient as follows: 

Definition1. DMUo
is said to be DSBM-efficient if and only if 1  . 

This condition is equivalent to * * 0i r    , for all ,i r  in each optimal solution 

of (8), i.e., there is no input inefficiency (waste) and no output inefficiency 

(shortfall) in all inputs and outputs in any optimal solution. 
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Remark1. The CCR model is a special case of the model (4) and the ERM 

(Pastor et al. 1999) and the SBM (Tone 2001) models are special cases of the 

model (8) and can be easily derived by assigning the direction vector (6). 

Further, DMUo
 is DSBM-efficient if and only if it is ERM-efficient. 

   By selecting a suitable direction vector, the DSBM model will have many 

attractive properties that we outline them as follows: 

(P1). Computational aspect 

This model is a fractional programming problem. However, it can be solved 

utilizing Charnes–Cooper transformation (Charnes and Cooper 1962) in the 

similar way as the SBM model. 

(P2). Completeness 

This measure is „complete‟, in that it is, in contrast with oriented measures, 

a non-oriented measure and considers all inefficiencies associated with the 

non-zero slacks that may be identified by the model. 

(P3). Unit invariance 

By selecting a direction vector such that the thi  component of 

ig   1,...,i m  and thr  component of 
rg   1,...,r s  have the same units 

of measurement as the thi  input and thr  output, respectively, this model 

will be unit invariant, e.g., the vectors (6) and (7) satisfy this condition. 

(P4). Incorporating Decision Maker‟s (DM‟s) preference information 

In some practical cases, if the DM does not equally prefer the efficient units, 

then it is necessary to incorporate the DM‟s judgments or a priori 

knowledge into the consideration. 

According to the preference orders of inputs/outputs given by DM, we can 

flexibly modify vector g . Indeed, the values of the modified direction 

vector g  ‟s components describe the relative importance of inputs/outputs 

given by DM. Let the non-zero weights, 
iw , 1,...,i m  and 

rv , 1,...,r s , 

are associated with the priorities given by DM to the inputs and outputs, 

respectively such that the larger the 
iw  (

rv ), the more important the thi  

input ( thr  output) is. After incorporating these weights in (9), the 

coefficient of variables 
i
  and 

r
 , in the objective function will be 

iw  

and 
rv , respectively. Therefore, the components of modified direction 

vector, g  , should be 
i i ig g    and 

r r rg g   , where 1/i iw   and 

1/r rv  . This shows that if an input (output) has a larger importance, it 

should be attached a larger weight or equivalently small direction‟s 

component. By considering (5), we must have 1i  , 1,...,i m ,  

equivalently 1iw  , 1,...,r s
3
. 

(P5). Monotonicity 

 

                                                 

3  If the given weights do not satisfy in these conditions, the normalized (dividing by 

 : 1,...,iMax w i m ) form of them will satisfy in these conditions. 
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The measure is strongly monotone decreasing in each 
i
  and 

r
 . 

 

3 Connected Directional Slack-Based Measure 
 

   Similar the approach presented in Avkiran et al. (2008), we develop a 

unification of radial and non-radial directional measures as follows: 
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                      0,  0,  0 , 0,   ,  .i r for all i r         

 (9) 

 

where 0 1L U    , 0 1L U    ,  I 0,1  and  ,g g g   satisfies in (5). 

In this model, using independent non-negative variables    and    together 

with parameters , ,L L U    and U  , we are able to control the proportionality of 

slacks (inefficiencies). In fact, correspond to the magnitude which ,  L L   are 

close to ,  U U  , the variables 
i
 , 1,...,i m , and 

r
 , 1,...,r s , tend to be 

uniform. Specifically, if 1L U    and 1L U   , then we have a full 

proportional model. Also, if 0 L U    or 0 L U   , then as the parameters 

L  and U   ( L  and U  ) simultaneously decrease and increase, respectively, 

i.e. simultaneously and L U    ( and L U   ), the original proportionality 

of inputs (outputs) decreases accordingly and the model tend to be 

non-proportional. It should be noted that the variables    and    play a 

developed role in comparison with the role of variable f  in the Connected-SBM. 

Moreover, here, the Parameter I  is employed as a controller of the 

proportionality rate between inputs and outputs. If 1I  , then we will have the 

same rate of proportional reduction and increment in inputs and outputs,  

respectively; otherwise, if 0I  , then the rate of proportional reduction in inputs 

may be differ from the rate of increment in outputs. 

 

Comparison with the Connected-SBM: Our approach is a useful generalization of 

the Connected-SBM; and it can be derived readily from (9) by setting, 0,L   
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U   , 0L L I    , 0 ,U U  . A major difference between the two 

approach is that, in contrast with the Connected-SBM which utilizes a dependent 

variable on slacks, ( f is the average of normalized slacks) as a restriction factor of 

themselves, our approach employs two independent variables,    and   , as the 

restriction factors in input and output slacks whereby the flexibility of model 

increases. 

   Below we summarize some properties and observations of the proposed 

Connected-DSBM that can be verify with ease: 

 If 0, 0, 1L L U U I        , then the Connected-DSBM model 

reduces to a revised fractional form of the model (4) where its objective 

function is 
1

1








 and its constraints is the model (4)‟s constraints. 

 If 0L L I    and 0, 0U U   , then the Connected-DSBM model 

reduces to the model (8). 

 The radial input- or output-oriented CCR and BCC (Banker et al. 1984) 

models and the non-radial input-/output-/non-oriented ERM and SBM 

models under GRS are special cases of (9). 

 Extension: Although we apply a common lower bounds associated with all 

inputs/outputs, one can use individual lower bounds /i iL U   and /r rL U   

associated with inputs and outputs. If an input/output allows only small 

variations in proportion, one can set  and /  and i i r rL U L U     close to each 

other, and vice versa. Thus, this extension allows more flexibility to the 

model. 

 

4 Illustrative Example 
 

   This section presents a numerical example in order to provide an illustration of 

the proposed method. By this example we show that the Connected-SBM is a 

special case of the Connected-DSBM. 

Example1. Consider three DMUs A, B and C with two inputs and one output as 

defined by Tab. 1. These data originally has been reported by Avkiran et al. 

(2008).  

 

DMU x1 x2 y 

A 3 10 1 

B 4 1 1 

C 4 25 1 

Tab. 1 DMUs’ data (extracted from Avkiran et al. 2008) 

 

Consider the model (9) in the case of 0L  , U   , 0I  , 1L U   , 

 ,o og x y  . The results of evaluating the unit C using this model, with different  

values of L  and U  , have been reported in Tab. 2. 
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 Non-Radial   Radial 

L
- 

0 0.133 0.75 0.75 1 

U
- 

1 1.2 1.8 1.128 1 

*  0.52 0.54 0.57 0.69 0.75 

*

1x  4.00 3.63 3.00 3.00 3.00 

*

2x  1.00 4.30 10.00 15.60 18.75 

Tab. 2 The results of example 1 

As can be seen in Tab. 2, by allocating different values for the parameters L  

and U  , and evaluating unit C by Connected-DSBM, we are able to provide the 

same reported results in the example of Avkiran et al. (2008), however, the 

corresponding values of the parameters in the two approach are different from each 

other. Thus, the Connected-DSBM model is a generalized form of the 

Connected-SBM model. 

 

5 Conclusions 
 

   In this paper, we have proposed a generalized form of the Connected-SBM 

model which was developed by Avkiran et al. (2008) to link the two fundamental 

radial and non-radial efficiency measurement approaches. In the proposed method, 

at first, by employing the directional distance function, we developed a 

formalization of a complete efficiency index, named DSBM which has many 

attractive properties. Then, applying the idea of bridging radial and non-radial 

measures, we extended the DSBM model and proposed a generalization of the 

Connected-SBM model, named Connected-DSBM. As noted earlier, our proposed 

model is more flexible than the Connected-SBM model. In addition, 

Connected-SBM and many well-known DEA models, e.g, the CCR, BCC, ERM 

and SBM models, are derived from it. 
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