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Abstract

The Hosoya index of a graph G, Z(G), is defined as the total number
of its matchings, while the Merrifield-Simmons index, i(G), is the total
number of independent sets of G. In this paper, first we calculate the
Hosoya index of a special group of trees called caterpillars and then find
a lower bound for i(G). Finally, we gain a relation between Merrifield-
Simmons indices of two graph functions.
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1 Introduction

The Hosoya or Z-index and the Merrifield-Simmons or i-index of a graph G
are two prominent examples of topological indices which are of interest in
combinatorial chemistry. The Z-index was introduced by Hosoya in 1971 [6],
and it turned out to be applicable to several questions of molecular chemistry.
For example, the connections with physico-chemical properties such as boiling
point, entropy or heat of vaporization are well studied. Similar connections
are known for the i-index, introduced by Merrifield and Simmons in 1989 [8].
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For detailed information on the chemical applications, we refer to [1, 3, 4, 5,
9].

Let G = (V, E) be a simple undirected graph on n vertices with the vertex
set V and the edge set E. A set X of the vertices of a graph G is called
independent if no two distinct vertices of X are adjacent. The size of a largest
independent set is called the independent number of G and denoted by α(G).
For instance, α(Kn) = 1 and α(C2k+1) = k. (A path on n vertices and a cycle
on n vertices are denoted by Pn and Cn, respectively.) A k-independent set of
G is a set of k-mutually independent vertices. The number of k-independent
sets of G is denoted by i(G, k). By definition, the empty vertex set is an inde-
pendent set, then i(G, 0) = 1 for any graph G. Furthermore, The Merrifield-
Simmons index of G, denoted by i(G), is defined as i(G) =

∑n
k=0 i(G, k); in

other words, i(G) is equal to the total number of independent sets of G.

Similarly, two edges of G are said to be independent if they are not adjacent
and a k-matching of G is a set of k mutually independent edges. While the
number of k-matchings of G is denoted by z(G, k) and for convenience we
regard the empty edge set as a matching, Then z(G, 0) = 1 for any graph G.

The Hosoya index of G, denoted by Z(G), is defined as Z(G) =
∑�n/2�

k=0 z(G, k).
Obviously, Z(G) is equal to the total number of matchings of G.

If E ′ ⊆ E and W ⊆ V , then G \ E ′ and G \ W denote the subgraphs of G
obtained by deleting the edges of E ′ and the vertices of W , respectively. For
the neighborhood of a vertex v in a graph G, the notation NG(v) is used which
is defined as NG(v) = {u|(u, v) ∈ E(G)}. Furthermore, by a caterpillar we
mean a tree such that by deleting all leaves we obtain a path which is called
the spine of the caterpillar.

A k-vertex coloring of G is an assignment of k colors 1, 2, · · · , k to the
vertices of G; the coloring is proper if no two distinct adjacent vertices have
the same color. Thus a proper k-vertex coloring of a loopless graph G is a
partition (V1, V2, · · · , Vk) of V into k (possible empty) independent sets. G is
k-vertex-colorable if G has a proper k-vertex coloring. Furthermore, we use
deg(v) to denote the degree of the vertex v.

The Cartesian product G × H of two graphs G and H has the vertex set
V (G) × V (H) and (u, v)(x, y) is an edge of G × H if u = x and vy ∈ E(H)
or v = y and ux ∈ E(H). Similarly, The lexicographic product G ◦ H of
two graphs G and H has the vertex set V (G ◦ H) = V (G) × V (H) and two
vertices (u, x) and (v, y) of G ◦ H are adjacent whenever uv ∈ E(G), or u = v
and xy ∈ E(H). It is also known as composition or substitution. The strong
product G�H of G and H has the vertex set V (G�H) = V (G) × V (H) and
two distinct vertices (u, v) and (x, y) of G�H are adjacent with respect to the
strong product if
u = x and vy ∈ E(H), or
ux ∈ E(G) and v = y, or
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ux ∈ E(G) and vy ∈ E(H).
Occasionally one also encounters the names strong direct product or symmetric
composition for the strong product.

2 Main Results

The following basic results are useful [2]:

Lemma 2.1 (i) If v is a vertex of G, then:

Z(G) = Z(G \ {v}) +
∑

x∈NG(v)

Z(G \ {v, x}).

(ii) If uv is an edge of G, then:

Z(G) = Z(G \ uv) + Z(G \ {u, v}).
(iii) If G is a graph with components G1, G2, · · · , Gk then:

Z(G) =
k∏

i=1

Z(Gi).

With respect to the definition, it is clear that for determining a caterpillar,
the number of vertices of the spine (called main vertices) and the number of
leaves of each main vertex (called secondary vertices) should be known. We
use Tn to denote a caterpillar with n main vertices. Moreover, let us denote
the i’th main vertex by ui and the j’th secondary vertex of ui by vij . We
define a map f on the main vertices of Tn:

f : {u1, u2, ..., un} → N ∪ {0}

f(u1) = deg(u1)

f(un) = deg(un)

f(ui) = deg(ui) − 1 (i = 2, 3, ..., n − 1)

For convenience, instead of f(ui) (i = 1, 2, · · · , n), the notation fi

(i = 1, 2, · · · , n) will be used.
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Theorem 2.2 Let Tn be a caterpillar on n main vertices. With respect to
the above definition, we have :

(i) If n is an odd number, then Z(Tn) is equal to the sum of all possible
products of fis where i is in an increasing order and begins and ends with an
odd number; furthermore, it alternatively is odd and even.

(ii) If n is an even number, then Z(Tn) is equal to the sum of all possible
products of fis plus number one, in which i begins with an odd number and ends
with an even one; furthermore, it is in an increasing order and alternatively is
odd and even.

Proof 2.3 By applying the previous lemma on the edge un−1un, we have:

Z(Tn) = Z(Tn−1).fn + Z(Tn−2).

By using an induction , if we suppose that for any n < k, Z(Tn) represents
the rule of the theorem, then for n = k, we consider two cases:

(i) k is odd. (ii) k is even.
By considering the above formula, the conclusion will be justified.

The following is an example of the theorem:

Example 2.4 Z(T6) = 1+f1f2+f1f4+f1f6+f3f4+f3f6+f5f6+f1f2f3f4+
f1f2f3f6 + f1f2f5f6 + f1f4f5f6 + f3f4f5f6 + f1f2f3f4f5f6

Z(T7) = f1 +f3 +f5 +f7 +f1f2f3 +f1f2f5 +f1f2f7 +f1f4f5 +f1f4f7 +f1f6f7 +
f3f4f5 + f3f4f7 + f3f6f7 + f5f6f7 + f1f2f3f4f5 + f1f2f3f4f7 + f1f2f3f6f7 +
f1f2f5f6f7 + f1f4f5f6f7 + f3f4f5f6f7 + f1f2f3f4f5f6f7

Theorem 2.5 Let G be a k-vertex colorable graph of colors 1, 2, · · · , k with
a partition (V1, V2, · · · , Vk) of V . If |Vi| = ni for i = 1, 2, · · · , k, then:

i(G) ≥
k∑

i=1

2ni

Proof 2.6 With respect to the definition, we have:

i(G) ≥ [C(1, n1) + C(2, n1) + · · · + C(n1, n1)] + [C(1, n2) + C(2, n2) + · · · + C(n2, n2)]

+ · · ·+ [C(1, nk) + C(2, nk) + · · · + C(nk, nk)]

Theorem 2.7 .[7] For any graph G and H,

α(G�H) ≥ α(G ◦ H)
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Theorem 2.8 For any graph G anh H,

i(G�H)) ≥ i(G ◦ H)

It is clear that for a given graph G, if α(G) = c, then the size of each indepen-
dent set of G is a member of X = 1, 2, · · · , c. If the total number of indepen-
dent sets of size i(i ∈ X) is denoted by Ni, then it is clear that i(G) =

∑c
i=0 Ni.

Furthermore, by the definitions we have E(G�H) ⊆ E(G ◦H); then the proof
is obvious.
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