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Abstract 
 
To predict the diffusion of innovations quantitatively, a diffusion equation based on the 

analogy between physical systems is presented. Referring to physical systems of heat 
propagation, which are based on the concepts of heat transfer, convection, and radiation, 
we propose that patterns of innovation diffusion can be classified. To compute the 
diffusion distribution with respect to time and space, we consider a variety of concepts 
such as the adoption ratio, adoption capacity ratio, and innovation diffusivity. These 
concepts are formulated on the basis of a discussion and carefully performed 
comparison between concepts drawn from the extant social science literature (e.g., 
neighboring effects, hierarchical effects, etc.) and mathematical models used in natural 
sciences. The innovation diffusion equation is subsequently derived from these concepts. 
Lastly, as applications to the proposed analogy, we model two innovation diffusion 
processes. 
 
Keywords: Econophysics, Diffusion of innovation, Bass model, Diffusion equation, 
Finite element method, Innovation diffusion theory, Forecast, Adopter 
 

1. Introduction 
1.1 Innovation diffusion 
The diffusion of innovations is a field of research that focuses on the process by which 

innovations disperse into the society. An innovation is a new idea (concerning objects or 
products, behavioral patterns, concepts, etc.) generated by a person, a group, or an  
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organization. The diffusion of an innovation is the process by which this idea spreads 
between such entities via communication channels (mass media, word-of-mouth, etc.). 
In a fully rational and deterministic environment, a useful innovation should be adopted 
almost instantaneously. However, this does not happen in the real world. A person will 
adopt an innovation depending on various characteristics of the innovation. Rogers, who 
carried out a thorough study on the diffusion of innovations [28], pointed out the 
following: “Getting a new idea adopted, even when it has obvious advantage, is often 
very difficult.  
 

1.2 Previous work and existing models 
Many innovations require a long period of time, often of many years, from the time 

they become available to the time they are become widely adopted. Because time is 
required for innovations to be adopted by the members of a population and, depending 
on both internal and external factors, some innovations diffuse faster than others, one 
can reasonably define the concept of diffusion speed as a measure of how fast a 
particular innovation is adopted. Historically, such a concept was first defined in the 
context of the epidemic model presented by Bailey [5], as expressed by the equations 
below: 
 
( ) ( ) ( ){ }111 −−−= tGtaGtg  (1) 
( ) ( ) )(1 tgtGtG +−=  (2) 

 
Here, the variable g(t) denotes the fraction of potential adopters adopting the innovation 
at current time t, the variable G(t − 1) denotes the fraction obtained during the time 
period [0, t − 1], and the coefficient a is a constant indicating the diffusion speed. These 
parameters are summarized in Table 1. This model was successfully applied for 
modeling phenomena such as the spread of infectious diseases. However, such a model 
cannot be applied to the diffusion of innovations because it is incapable of capturing 
individuals’ will, or lack thereof, toward adopting an innovation. Such a model would 
presume that each individual who comes into contact with the innovation would 
automatically become an adopter. Although such an assumption is suitable for modeling 
phenomena such as the spread of diseases, a realistic model of innovation diffusion 
should somehow include factors related to cognition. A first step toward this end is the 
model proposed by Bass [6], in which adopters are split into innovators (who make the 
decision to adopt for personal reasons) and imitators (who make the decision to adopt 
according to the observed adoption trend). The Bass model is expressed by Eq. (3). 
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( ) ( )( ) ( )( )tFtqFptf −+= 1  (3) 
( ) ( ) )(1 tftFtF +−=   

 
where p and q denote the coefficients of innovation and imitation, respectively. The 

epidemic model can be obtained by setting p = 0 in Eq.(3), i.e., assuming that only 
imitation (contagion) plays a role in diffusion.  
Although both models presented above consider populations to be homogeneous and 

are only concerned with the time aspect of diffusion, in the real world, innovation 
diffusion phenomena are closely related to spatial and geographical data such as 
population and economic distributions (we direct the reader to ref. [30] for an extensive 
review on this subject). On the basis of both theoretical work and empirical data, 
Hägerstrand has shown that the spatial separation of people, which restricts the location 
of one’s contacts, results in the diffusion of innovations in an outward direction 
following a wave-like pattern [15, 17]. The fundamental ideas of the model can be used 
for a very simple deterministic migration formula. Following the notations used in the 
in original paper, the formula for estimating the number of migrations from parish (area) 
o/o to parish R during the period ti-tj was given as: 

 

R

RR
Roo P

IVkM =−/
  (4) 

 
where VR denotes the number of vacancies in area R (estimated by the total number of 

immigrants to R), IR, the number of existing private contacts between R and potential 
migrants of the parish o/o at time ti (estimated from the number of individuals living in 
R who originated from o/o); PR, the population of R; and k is a constant. The term 
“vacancies” is interpreted as the need for people from outside the region (e.g., for work). 
In employing Hagerstrand’s model, geographers and sociologists both failed to (1) 
identify more accurate estimates of VR and IR, (2) identify simpler approaches for the 
calculation of VR and IR, and (3) carry out additional empirical tests [15], thereby 
limiting the evaluation of its accuracy. This was partially due to the fact that, in the 
1960s, mathematical discretization procedures were not well advanced and, as a result, 
computations of the estimates of innovation diffusion were difficult to perform in a 
reasonable amount of time. Since then, various discretization methods and tools have 
been developed and implemented [10][12][25][34][36]. 
In the 1970s, Hayness proposed a continuum model, referred to as the Hayness model, 

which was based on the concepts proposed by Hägerstrand and Bass. This model is  
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based on the following equation, first presented by Haynes in 1976 [16][21]: 
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where k, x and y denote a diffusion constant and distances, respectively. In the Haynes 
model, the innovation diffusion phenomenon is analyzed by modeling the movement of 
individuals. The type of equations used by Haynes, resembling those employed in 
modeling various physical phenomena, conveys the implicit assumption of certain 
conditions of regularity. However, the interaction between adopters and non-adopters in 
the process of innovation diffusion does not usually satisfy these conditions, in which 
case the calculation will fail (see section 3.6 regarding the adoption ratio). In the case of 
a diffusion equation based on a physical analogy, after a sufficient amount of time has 
passed, the distribution of potential adopters becomes uniform in the entire domain 
except at the boundary regions. This is different than the Haynes model, where the 
wave-like patterns propagate out of the domain. Therefore, because of the difficulties in 
performing actual calculations, to the best of our knowledge, no calculation results 
based on this model have ever been published. 
 
1.3 The importance of modeling innovation diffusion in both space and time 
In order to evaluate the innovation diffusion quantitatively, several approaches, 

focusing on space and time, have been presented. With respect to time, the Bass model 
[6] has been proposed for predicting the number of accumulated adopters. As an 
example, by using actual sales data for products like color TVs or cable TV, one can 
used the Bass model to predict the number of sales outside of the measured range [6]. 
The diffusion of such products generates an S-shaped curve (the initial phase of growth 
is almost exponential; then, as saturation begins, the growth slows, and at maturity, the 
growth stops.) [13].  
With respect to space, one of the most representative studies, which is also one of first 

studies reported in this field, analyzed the adoption of hybrid corn [14]. In this study, the 
pattern of diffusion of hybrid corn was found to be the result of marked geographic 
differences. Some regions began to use hybrid corn considerably earlier than others, 
while other regions, once the shift began, made the transition significantly more rapidly. 
The study proved that spatial information was essential to describing the diffusion of 
innovations.  
Baring many similarities with the spatial diffusion of innovations, the spatial patterns  
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and processes of AIDS diffusion in four regions (Northeast, California, Florida, and 
Louisiana) of the United States for the period 1982–1990 has been described in refs. 
[9][22]. Many AIDS researchers have already pointed to the need for more detailed 
AIDS data, such as data by county, and a more detailed spatial analysis of the data. 
 
1.4 Previous difficulties in modeling diffusion as a spatial process 

Although the first publications regarding the spatial diffusion of innovations can be 
traced back several decades ago, we hypothesize two main reasons why an analogy with 
a physical system, like the one proposed in this study, has not been attempted before. 
The first reason is related to the fact that the usage of powerful discretization techniques, 
like the finite element method, was most likely limited to engineers, thus not widely 
known in the groups of innovation diffusion practitioners. The second is related to the 
rather limited computational power and computational tools available at the time, which 
would have made the simulation of real-would models almost impossible. 
1.5 What are the actual carriers of the innovation? 
In the field of diffusion research, it is considered that innovations diffuse in space. In 

social science, such innovations may be knowledge [11], linguistic patters [36], 
religious beliefs [20] and so on. In order to formulate a diffusion equation via an 
analogy with physical systems, a law of conservation is required. Formulating such a 
conservation law for abstract concepts like knowledge and ideas is problematic to say 
the least. To overcome this problem, we apply such laws not to these concepts directly 
but through their carriers, e.g. the adopters. As adopters are physical objects (people), 
formulating conservation can be done in an easy and natural way.  
1.6 Original ideas found in the proposed model 

The diffusion of an innovation is not the result of the physical movement of adopters 
from a region of high density of adoption to a region of low density but is usually the 
consequence of the interaction between the adopters and the non-adopters, resulting in 
the spatial movement of the innovation and not the adopters themselves. 

In the field of innovation diffusion, we consider that the three most distinctive spatial 
patterns of diffusion are the innovation wave, the hierarchical effect, and the 
neighborhood effect. First, a hierarchical effect is observed when an innovation spreads 
first to major cities, next to intermediate-size places, and later to small towns and rural 
areas [20]. In the field of natural sciences, by solving the diffusion equation, we observe 
that the potential for innovation flows from areas of high potential to areas of low 
potential. These properties of the diffusion equation are used to model innovation 
diffusion.  
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Second, a neighborhood effect (a contagious effect) is characterized in the field of 

social science [20]. Places near the origin are usually affected first. The farther one is 
from the point or points of origin, the later one will be affected. In the diffusion 
equation found in natural sciences, interactions only act on nearest neighbors. As such, 
as time passes, the innovation potential gradually diffuses in the domain. These 
characteristics lead to compatibilities between physical diffusion and the diffusion of 
innovations. 

Finally, if the interactions occur over a sharp zone or are propagated from a single 
point, the outward expansion of new adopters from the interaction with the old adopters 
produces the so-called innovation waves [16]. In the field of natural sciences, boundary 
conditions in the diffusion equation are required. By regarding these single points 
(innovation sources) as boundary conditions in the computational model, it is possible 
to generate the pseudo diffusion (the pseudo innovation waves) formulated on the basis 
of the diffusion equation in the field of natural science. 

 
1.7 Purpose of this study 
In this study, we continue our previous work on the derivation of an innovation 

diffusion equation via an analogy with the heat diffusion processes in a physical system 
[31][32][33]. Although the effectiveness of this method has been analyzed using 
specific examples, the relationship between the two views of the diffusion phenomenon, 
as seen from a social science versus a natural science perspective, has not been fully 
discussed.  
We seek to present the concept of innovation transfer in terms of the previously 

described three modes of innovation diffusion. With respect to the diffusion of 
innovations, the transfer medium is the set of potential adopters; people. Adopters will 
move in space for a variety of purposes, such as a daily commute, leisure activities, etc. 
These adopters generally return to a home point (Fig. 1). Considering the macro domain 
(see section 3.1), these movements become rather inconsequential and can thus be 
ignored. In other words, it is assumed that potential adopters are almost perfectly fitted 
to the unique domain. Therefore, the innovation transfer mode of diffusion is dominant. 
The energy of innovation diffusion, which drives the adoption of an innovation, is 
defined as the number of accumulated adopters. The unit of innovation diffusion energy 
is therefore the individual adopter. In regions having many adopters, the level of 
innovation diffusion energy becomes quite high. As such, the resultant speed of 
innovation diffusion in that region initially becomes faster than that exhibited in other 
areas. On the other hand, in regions having few adopters, the level of innovation  
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diffusion energy becomes rather low. As such, the speed of innovation diffusion in that 
region initially becomes slower than that exhibited in other areas. These concepts are 
based on the work of Hägerstrand: a person becomes more and more inclined to accept 
an innovation the more often he/she comes into contact with other individuals who have 
already accepted it [15]. 
As we will describe in greater detail later, by using these definitions, the innovation 

diffusion equation can be derived employing the law of conservation of energy, with 
respect to the number of adopters. That being said, true innovations will realistically be 
diffused via communication channels such as the spread of rumors amongst people, the 
dissemination of information by media outlets, etc. Unfortunately, if innovation 
diffusion energy is defined as the quantity of rumors and information being spread, it 
becomes rather difficult to quantify. This poses a problem in the formulation of a 
diffusion equation as quantifications are necessary. As such, we do not employ these 
definitions. There are two main concepts involved in the phenomenon of heat transfer 
(natural science): heat energy and the medium. For innovation diffusion (social science), 
the medium and innovation diffusion energy are defined as the adopter and the number 
of accumulated adopters, respectively. To summarize, the purpose of this paper to 
clarify the proposed analogy and to bring additional arguments regarding why such an 
analogy is useful in the field of innovation diffusion. 
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Fig. 1 Behavior under constant innovation diffusion energy 

 
 

Table 1 Variables 
t  Time 

g(t) Fraction at current time t 
G(t) Fraction obtained during time period [0, t-1] 

a A constant indicating the diffusion speed 
f(t) The number of a adopter 
F(t) The number of a accumulated adopter 

p The coefficients of innovation 
q The coefficients of imitation 

o/o Potential migrants of the parish 
R Area 
VR The number of vacancies in area R 
IR The number of existing private contacts between R and 

potential migrants of o/o at time ti 
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PR The population of R 
k A constant 
M The number of accumulated adopter 
G The number of potential adopter 
x Distance along x axis 
y Distance along y axis 
N The adoption ratio 
α The adopters’ rate of diffusivity 
u The adopter speed with respect to x axis 
v The adopter speed with respect to y axis 
λ Innovation diffusivity 
c Adopter capacity ratio 
ρ Density of number of potential adopters 
W Weight parameter 
A An area 
∝ Proportional 
ε ε is the property describing its ability to diffuse an innovation 
f Innovation flux 

 
 

2 Three innovation transfer modes 
 
  In this section, we define the three main ways by which an innovation can propagate 

among the members of a population. This is achieved through reference to an analogy 
with the phenomenon of heat propagation through some medium. The heat diffusion 
phenomenon can take place in three different modes [18]: heat transfer (when heat is 
transferred through a solid, a stationary liquid or a vaporous medium), heat convection 
(when heat is conveyed by the movement of particles in a liquid or a vaporous medium), 
and radiation (when heat is transferred between two disconnected media). All these 
modes play a role in heat propagation, albeit the proportional impact varies from case to 
case. In the following subsections, these three propagation modes are used to define the 
analogous modes of transfer in the context of the adoption of innovations. 
 

2.1  Innovation transfer ( expansion diffusion ) 
In general, the movement of members of a community, in their day-to-day life, is rather  
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limited. With some exceptions, we can assume each individual follows his/her daily 
routine (i.e. commuting to and from work and so on). Members of the community move 
and interact in a limited area, where the principal medium upon which an innovation 
can diffuse is the word of mouth (see Fig. 1). Seen from a macro perspective, this 
continuous back-and-forth movement and interaction closely resembles the movement 
and collision of molecules in a physical medium. By analogy with the diffusion 
(transfer) of heat through such medium, which is a direct result of this interaction, we 
call this type of innovation diffusion innovation transfer (or expansion diffusion [20]). 
The associated diffusion equation is defined as follows: 
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where N represents the adoption ratio (at point (x,y) and time t, see section 3.6), G 

represents the number of potential adopters (see section 3.4), p and q represent the 
innovation and imitation coefficients (according to the Bass model [6]) and α stands for 
the adopters` rate of diffusivity. Later, we will explain the method by which the equation 
parameters are obtained (see section 4). 
 

2.2  Innovation convection ( relocation diffusion ) 
In the phenomenon of heat diffusion, heat propagates from hot to cold areas, through 

some medium, such as water. As this occurs, although at the micro scale individual 
molecules move back-and-forth, seen from a macro perspective the water remains 
stationary. Heat convection is a different phenomenon by which heat propagates via a 
flow (e.g. of water). In the context of innovation diffusion, a social phenomenon similar 
to a flow is the movement of large number of adopters from an area to another (e.g. 
migration). For example, historically, during the 5th century, Germanic peoples began to 
migrate. Their culture (which can be viewed as a form of innovation) was conveyed to 
the new areas as a result of this migration. In other cases throughout history, some 
cultures have traditionally been nomadic rather than agricultural, settlement based [26]. 
In these contexts, the adopters have moved from place to place and, together with them, 
so did some of their customs, ideas, etc. This form of innovation diffusion is referred to 
as innovation convection (or relocation diffusion [20]). The mathematical formulation is 
as follows: 
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where N denotes the adoption ratio. The variables u and v represent the adopter speed 
(of movement) with respect to x axis and y axis, respectively [33]. 
 

2.3  Innovation radiation ( network effect ) 
In both innovation diffusion and innovation convection, the number of adopters 

increases with the number of nearest-neighbour interactions between adopters and 
non-adopters. In both the aforementioned cases, some medium (i.e., a set of adopters) is 
necessary in order for innovations to diffuse, however, there is another pattern of 
innovation diffusion in which the interaction is not limited solely to neighbouring 
individuals. With the onset of the 20th century, many adopters began to traverse 
different regions via relatively advanced transportation facilities, such as a high-speed 
rail and expressways. In the 21st century, using airplanes, one can travel to virtually any 
destination in a very short period of time, comparing to the time scale of one year (the 
typical timescale used when modelling the diffusion of innovations). It should also be 
noted that individuals are now capable of exchanging ideas without being physically 
present. For example, individuals now often obtain information through the Internet. 
Regardless of the unique distribution of adopters, the transfer of innovation is happens 
always from areas of high adoption to areas of low adoption. This form of innovation 
transfer is referred to as innovation radiation (or a network effect). The Bass model, 
incorporating this conception of the network, is presented as follows (see Ref [32]): 
 

( ) ( ) ( ) ( ) ( ) ( )

nji

G
1tM

G
1tM

W
G

1tM
G

1tMq
G

1tMptm
i

i

j

j
i

i

i

i

i
i

i

i
ii

,,,2,1,

11

L=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
−

−
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−

−
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−=  (8) 

 
where the parameter M represents the number of accumulated adopters with respect to 
time. The Bass model term (the first two terms in Eq.(8)) represents the internal factor. 
The internal factor from the Bass model is combined with an external factor (the last 
term in Eq.(8)), which reflects the impact of the number of accumulated adopters in city 
j on the accumulation in city i as the difference between nodes i and j. The value of this 
last term is dependent on the network structure (see Ref [35]). This structure is assumed  
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to resemble the VIP and rich clubs [23] in the complex network structure [35]. The 
weight parameter W is determined by the number of adopters moving between city i and 
city j. A small value for parameter W suggests that the number of adopters in city i is 
not affected by the number in city j. Therefore, the adoption ratio primarily depends on 
the internal factor of city i. On the other hand, a large value of W indicates that the 
number of adopters in city i is strongly affected by the number in city j. 
It is assumed that the structure of routes (links) between cities depends on the 

populations of those cities. In situations involving small populations, such as that of a 
village or town, only minimal innovation radiation occurs. This is due to a lack of 
available media for transmission (lack of opportunity for innovation to take place). The 
links (routes) of the complex network tend to be lower in number in this setting. This 
concept is based on the rich-club phenomenon. In addition, it is possible for the link 
(route) between two cites to be eliminated, even in the presence of large populations. 
For example, in 2010, JAL struggled due to financial difficulties. The existing airplane 
routes (links) between a given city of 10,000,000 people and a second city of 100,000 
people were discontinued by the airline when they failed to generate anticipated profit. 
In other words, a city with a large population will only be connected to another city of 
comparable population. These concepts are based on the VIP-club phenomenon [23]. 
The route structure is assumed to be the result of natural selection, according to the 
VIP- and rich-club phenomena. 
In general, while focusing on a macro area, the adoption ratio tends to become uniform 

in space. However, in some cases, this assumption may not hold since, by using modern 
means of transportation, adopters can move large distances in a very short amount of 
time. In this study, this phenomenon is modeled as innovation radiation (see section 6). 
 

3  Innovation diffusion equation: terms and definitions 
 
In this study, we treat the innovation transfer mode as described in section 2. Focused 

on the macro area, the adopters are assumed to be fixed in space. In this section and the 
following one, we attempt to formulate an equation on the basis of the physical analogy. 
After the concepts and quantities needed for formulating the equation are defined in this 
section, the diffusion equation is derived in section 4. 
 
3.1  Macro and Micro domains 
In this study, macro and micro refer to the considered scale of a domain. These 

domains are shown in Fig.2. In social science, discussion of the micro-domain refers to  
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the individual movement of adopters. The macro-domain refers to observation of the 
movements of entire adopter populations within a region. Our discussion is framed in 
the macro-domain. At this scale, the area of the domain is defined to be around several 
tens of thousands of square kilometers [31][32]. 

Macro domain

Micro domain

Mesh

Element

i=1

i=2

i=3

i=4 i=5

i=6

i=7

i=8

i=9i=10

i=11
i=12

i=13
i=14

i=15

i=16

i=17

i=18

i=19

i=20

i=21

i=22

i=23

i=24
i=25

i=26

i=27

i=28
i=29

i=30
i=31

i=32
i=33

i=34

i=35
i=36

i=37

i=38

i=39
i=40

Segmentation i

 
Fig. 2 Macro- and micro-domain segmentation and mesh 

3.2  Domain 
The term domain refers to a segmentation area, such as a prefecture or a state. In the 
computational model, a domain is referred to as the computing domain. We denote by A 
the area of the domain. 
 
3.3  Domain segmentation 
We model real space as a continuum. Although natural barriers (e.g., mountains, rivers, 

lakes) do exist, we make the assumption that, by using modern means of transportation, 
their impact in general can be ignored. To create a computational model, real space must 
first be discretized. In considering a macro-domain area, index (i) of the domain 
segmentation is formulated with respect to the number of states or prefectures [31][32]. 
If index (i) is formulated according to the number of elements in a mesh, innovation 
diffusion can be computed in detail. However, specific data regarding unique 
distributions is needed, which is somewhat impractical due to increased costs associated 
with obtaining it. By mesh we understand an unstructured grid consisting of triangles, 
quadrilaterals or other simple convex polygons. Computational meshes are created 
using specialized meshing software and form the base of any type of finite element 
computation. 
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3.4  Number of potential adopters 
The parameter G denotes the number of potential adopters. G is defined as a constant. 

The number of potential adopters reflects the total number of people that can (but may 
or may not) adopt an innovation. In the Bass model [6], G is defined as one parameter 
reflecting the fact that unique patterns of diffusion are not considered. We, on the other 
hand, allow G to be heterogeneous between domain segments (index i). 
 

),,2,1( niGi L=  (9) 
 

3.5  Density of number of potential adopters 
It is assumed that the set of potential adopters, Gi, lives within an area Ai. The density 

of potential adopters is therefore defined as follows: 
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This parameter is defined as a constant and is distributed over the computational 

domain according to the domain segmentation (index i). The index of parameter ρ will 
coincide with the indices of G and A. 
 
3.6  Adoption ratio 
In order to calculate the number of accumulated adopters by employing the relevant 
equations, the value of each variable in those equations must be continuous in the 
domain. However, this is usually not true for the number of potential adopters, as it 
depends on the population in the respective region of the domain. The number of 
adopters should therefore be substituted with a continuous average value. The level of 
saturation with respect to the diffusion of an innovation, after a given period of time, 
will vary between the nodes of the domain mesh (segmented domain). On the spatial 
distribution, this is often the result of differences in the number of the accumulated 
adopters between a region with a large population and a region with a small population. 
The diffusion equation is not capable of capturing this aspect of diffusion, with the 
exception of the defined boundary conditions. That is, the saturation values of different 
nodes over the computational domain equalize over time, according the diffusion 
equation. To overcome this problem, we introduce the concept of the adoption ratio, 
defined as follows: 
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where N and M denote the adoption ratio and the number of the accumulated adopters, 
respectively. The adoption ratio is distributed over space. After enough time has passed, 
the adoption ratio becomes N = 1 over the entire computational domain.  

This adoption ratio can only be applied in the macro area. The reason is as follows: 
The adoption ratio is intended to be similar to the distribution of temperature over a 
medium in the transfer of heat. In natural science, temperature is considered a macro (or 
statistical) value. When a microscale region is observed, a small set of molecules would 
be considered. In this context, the temperature becomes statistically unstable and has 
little meaning. In addition, it would be effectively impossible to observe the motion of 
numerous molecules, independently, using available measurement equipment. In the 
same way, in social science, the adoption ratio is a macro-scale (or statistical) value. In 
the micro-domain, in which only a few potential adopters are considered, this value 
similarly becomes statistically unstable and thus has little meaning. Therefore, to 
observe many adopters, the adoption ratio should be used in the macro area. 
As a result of the associated increase in computational costs, as observed with the 

agent model [8][27], the computation necessary to capture the movement of numerous 
independent adopters in real time may be very large. 
 
3.7  Adopter capacity ratio 
Parameters C and ΔN denote the adopter capacity ratio and the variation in the adoption 
ratio, respectively. The equation is presented as follows: 
 

( ) ( )tyxNGCtyxM ,,,, Δ⋅⋅=  (12) 
 

The variable C denotes the number of additional adopters required to increase the 
adoption ratio by 1% (N = 0.01) in a given region. From a social point of view, C 
denotes the capacity of a group to “absorb” an innovation and as such is related to the 
capacity of the group of understanding the benefits that can be derived from the 
adoption of that particular innovation. As an example, a computer-related innovation 
will propagate much faster in a group of technically skilled people. In this paper we 
make the assumption that this coefficient is strongly correlated with the size of the 
community, since the size of the population is usually the main factor which determines 
the building of culture centers, universities etc. in the community. Therefore:  
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domaintheinpopulationCi∝  (13) 
  
3.8  Innovation diffusivity 
The adopter capacity ratio reflects the population in a given area. Innovation diffusivity 
reflects the number of interactions between potential adopters and existing adopters. 
Here λ represents a parameter based on the analogy with thermal conductivity as found 
in natural sciences. This innovation diffusivity term λ is defined as follows: 

 

A
G

×∝ ελ  (14) 

 
where the symbol ∝ represents the proportionality relation. The parameter ε in the 
innovation diffusivity quantifies the ability of an innovation to diffuse. Innovation 
diffusivity is closely related to both the economics and the culture of a domain. 
Economic or cultural issues often have a large impact on the diffusion of an innovation. 
As an example of economic issues, cost may pose a significant barrier to adopting an 
innovation. If numerous wealthy people live in a given area, the variable ε tends to be 
higher in that area. This is due to the increased likelihood of purchase. If poorer people 
are more predominant in a given region, the variable ε will tend to be relatively low. As 
a second example pertaining to cultural issues, certain religious believes can put a 
barrier with respect to some innovation (e.g. of medial nature). A low level of 
innovation diffusivity implies an exclusionary domain with respect to new innovation. 
On the other hand, a high level of innovation diffusivity reflects a greater level of 
acceptance for innovation in a domain. 
 
4  Innovation diffusion equation 
 
4.1 Innovation flux 
The propensity to adopt an innovation increases in certain places due to external 

factors such as the presence of mass media. This increased propensity to adopt 
propagates from areas having high adopter ratios to neighbouring areas having low 
adopter ratios by way of various communication channels. This basic mechanism of 
diffusion from one domain to a neighbouring region is based on the concept of 
hierarchical effects and neighbourhood effects. Hierarchical effects occur when 
phenomena spread first to major urban centers, then to locations of intermediate 
population density, and finally to small towns and rural areas [20]). In this study,  



Space-time innovation diffusion                                        2543 
 
opinion leaders are held to be major cities. The reason for this is that, for innovations to 
diffuse, people that are capable of communicating the innovation must be present. In 
addition, sufficient variation in adopter ratios between areas must be present. Thus 
unpopulated areas are typically incapable of initiating innovation diffusion.  
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Fig. 3 A sample domain 

 
Modelling techniques are presented that only consider innovation diffusion (not 

considering both the innovation convection and the network effects). A sample local 
area is shown in Fig.3. The x axis corresponds to the longitudinal direction. N denotes 
the adopter ratio in each section of this local area. When N is distributed as in Fig. 3, the 
adopter ratio is propagated from the left side to the right side.  

  
We define the innovation flux (f) as follows: 
 

dx
dN

A
M=tf ∝⋅  (15) 

 

where M denotes the number of accumulated adopters that pass through the 
cross-sectional area A. The innovation flux f denotes the number of adopters that pass 
through the cross-sectional area A per unit area and unit time. In other words, in order to 
increase the adoption ratio of a region by 1%, via diffusion into an area of low adoption  
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from another area of high adoption, the innovation flux, f, reflects the number of 
adopters that must transfer between the two regions. When a large number of adopters 
pass through a cross-sectional area A per unit time (e.g., in a metropolis), the increase in 
the adoption ratio tends to be high. On the other hand, when this number is small (e.g., 
in a village), the increase in the adoption ratio tends to be low. 
The innovation flux is assumed to be continuous with respect to space and time, and 

proportional to the gradient of the adopter ratio (dN/dx) in a given section of the 
observed area. Using Eq.(13), we define the variable λ as a proportionality constant: 
 

dx
dNλ=f −  (16) 

 
The variable λ is referred to as the innovation diffusivity (see section 3.8). 
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Fig. 4 Derivation of innovation diffusion equation 

 
4.2 Derivation of the innovation diffusion equation 
The presence of spatial domains with both high and low rates of adoption enables the 

diffusion of innovations. To analyze this effect in space, diffusion equations based on 
Eq.(16) can be derived via analogy to a finite element domain. A rectangular domain 
(with width dx, height dy, and depth 1) is shown in Fig. 4. The volume of inbound 
adopters, from the left side of the domain, during time dt, is denoted by the variable Mw. 

 
dtdyf=M xw ⋅⋅⋅ 1  (17) 
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The variable fx denotes the innovation flux in direction x. The variable Me denotes the 

volume of outbound adopters leaving the domain from the right side, during time dt, 
and is defined as follows: 

 

( ) dtdydxf
x

+f=M xxe ⋅⎟
⎠
⎞

⎜
⎝
⎛

∂
∂  (18) 

 
The difference ΔMx between the volume of inbound and outbound adopters in the 
domain is calculated as follows: 

 

( )dxdydtf
x

=MM=ΔM xewx ∂
∂

−−  (19) 

 
By using the innovation flux from Eq.(16), Eq.(19), is calculated as follows: 

 

dxdydt
x
Nλ=ΔM x ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
2

2
 (20) 

 
The difference ΔMy in the direction y can also be derived in the same manner. 

 

dxdydt
y
Nλ=ΔM y ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
2

2
 (21) 

 
Summing ΔMx and ΔMy produces the total number of adopters in the domain. The 

adopter ratio (dN) is assumed to be a constant in the domain. By using c and ρ (see 
section 3), the number of adopters driving the rise in the adopter ratio dN for the domain 
is calculated as follows: 

 
ρcdxdydN  (22) 

 
The number of adopters resulting from Eq.(22) is equal to the sum of ΔMx and ΔMy.. 

This is in keeping with the law of conservation of energy. 
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dxdydt
y
N+

x
Nλ=ρcdxdydN ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

2

2

2

2

 (23) 

 
The above equation can be rewritten as follows: 
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We refer to the above equation as the innovation diffusion equation. This equation is 
employed as follows: 

 

ρc
λ=α  (25) 

 
where the variable α denotes the adopters' rate of diffusivity. 
  The speed of adoption depends on the specific state or prefecture. This is because the 
adoption ratio depends on the population of an area. The larger the population becomes, 
the larger the number of innovators. If the population becomes large, the city is assumed 
to be a cultural center, with a strong economy, and home to many influential people. 
Influence from the major city is a strong determinant of spread of an innovation 
throughout the region, through the social environment (hierarchical effect) [20]. On the 
basis of this, we finally obtain Eq.(6), by combining Eq.(24) with the Bass model (see 
section 2.1). 
 

5  Awareness (Example 1) 
 

The first step in adopting an innovation is knowing that it exists, which usually 
requires advertising. Knowing how this awareness diffuses with respect to space and 
time is important for deriving an efficient strategy. Such simulations can answer 
questions like: Which areas are necessary for advertisings? If the diffusion speed is too 
slow, how much cost is needed to increase it? 
In order to better show how the proposed innovation diffusion model can be applied, 

individuals’ awareness of others is considered. One of the authors participates in the 
research institute, JAXA. We consider people awareness of the existence of this  
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research institute. 
 

 
Fig. 5 Contour map of adoption ratio in Sagamihara City 

 
5.1  Computational model 
Pictures taken in the area around JAXA in Sagamihara city are shown in Fig. 5. The 2D 
computational domain is divided into square elements. While setting the boundary 
conditions, the computational domain where the JAXA building resides is assumed to 
have N = 1. In other words, everybody in the building knows of JAXA. The four lines 
making the outer boundary of the computational domain are assumed to have N = 0.01. 
In other words, one person in 100 is aware of JAXA, such as around Machida Station. 
In this case, the set of potential adopters, G, can be regarded to be the population of the 
domain. Parameter C is assumed to be 1. In order to rise from an adoption ratio of 0% to 
an adoption ratio of 100% (ΔN = 1.0), the entire population G must adopt. Using 
Eq.(12), we represent the above algebraically as follows: 
 

1
1
=

⋅
=

Δ⋅
=

G
G

NG
MC  (26) 
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The innovation diffusivity is calculated as λ = G/A. Therefore, α is equal to 1. To solve 
the innovation diffusion Eq.(24), a computational mesh, a simultaneous linear equation 
solver and visualization tools are required. As programming a custom application to 
achieve the above is unlikely to be a major consideration for economists who are 
interested only in economic phenomena, general software tools that implement these 
techniques were considered more appropriate. We employed ANSYS [3], ABAQUS [1], 
etc. as the software tools. However, these are commercial packages.  Free packages 
like CISS and ADVENTURE [4][2] are good alternatives. 
 

5.2 Contour map of the adoption ratio 
 The contour map of the adoption ratio with respect to the saturation is shown in Fig. 5. 
The adoption ratio is concentrically distributed from the center of JAXA. For example, 
in the JR fuchinobe station, 50 employees in 100 are aware of the JAXA. In Machida 
station, one person in 100 is aware of the JAXA. We can measure the pure value of λ 
(the standard λ), due to the fact that ε and λ (Eq.(14)) are uncorrelated (e.g. the process 
of knowing of JAXA is not related to a particular cost, religious belief, etc).  
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Fig.6 The network structure (for Tokyo) 

 

 



Space-time innovation diffusion                                        2549 
 
 
6  Diffusion of ADSL in Japan (Example 2) 
 
6.1 Japan Mesh  
A mesh representing Japan was made using CAD software (Adventure CAD). This 

mesh is shown in Fig.6. 3-node triangular elements are used. The number of nodes is 
21,352 while the number of elements is 67,398. Innovation sources were set as Dirichlet 
boundary conditions on nodes representing major cities. The population of major cities 
is shown in Table 2 [24]. The prefectural capitals are chosen to be innovation sources. 
The values shown in Fig.6 correspond to the ones in Table 2. The mainland is assumed 
to be connected to the islands Hokkaido, Shikoku and Kyushu by the Seikan tunnel, the 
Akashi Kaikyo Bridge and the Shimonoseki tunnel, respectively. 
 

6.2 The network structure 
The network connectivity based on the RICH-club phenomenon and the VIP-club 

phenomenon is shown in Fig.6 (e.g. for Tokyo). The white circles in Fig.6 show the 
prefectural capitals shown in Table 2. The curve in Fig.6 shows the connectivity 
between cities, as modeled by these phenomena. The network structure tends to be 
similar to JAL transport route in 2009 [19].  
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Fig.7 The time history (the year) with respect to the number of the accumulated adopters for the 

ADSL in Japan. 
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6.3 Results for existing model（Case1） 
 
The agreement between the diffusion predicted by the proposed mathematical model 
and the actual measured values is computed for the case of the diffusion of ADSL in 
Japan. In Case1, the simulation does not make use of network information [31]. The 
model considered here consists of the innovation transfer only (section 2.1). The 
coefficients of the innovation and the imitation are set to 0.000871 and 0.135097 based 
on literature [29], respectively. For ADSL, the possible number of household 
participations is estimated in G=3.5 (millions) by the Ministry of Internal Affairs and 
Communication in Japan [24]. The total population in Japan is 125 (million) [24]. The 
number of the accumulated adopters with respect to time is show in Fig.7. The red line 
shows data measured between years 2001–2004 [24] while the dashed line shows the 
calculated line in the Case1. In 2002 and 2003 the calculated values are almost in 
agreement with the measured ones. However, in 2004 a difference is observed. 
The adoption ratio distribution in the year 2004 is shown in Fig.8 (the measurement) 

and Fig.9 (the calculation), respectively. In Fig.9, the curve shows the contour line of 
the adoption ratio. With prefectural capitals at the center, the innovation is 
concentrically diffused from areas with high adoption ratio to the areas with low 
adoption ratio. In this model [31], the adoption ratio rapidly rises both in Tokyo and in 
its vicinity. On the other hand, the adoption ratio in the rural areas (Miyazaki etc.) 
becomes small comparing to the Tokyo region. Adopters can't be dispersed to such 
smaller areas and tend to be concentrated in Tokyo. Therefore, this model (the literature 
model) needs to be modified. 
 

6.4 Results for the proposed model (Case2) 
 

We improve the existing model (Case1) by adjusting the parameter in Eq.(8) to 
account for the difference in the numbers of potential adopters living in the considered 
regions and traffic of people between them. Under this conditions (Case2), the 
computed S curve is shown in Fig.7 marked by the continuous line. The special 
distribution in the adoption ratio is shown in Fig.10. The adoption ration rises 
homogeneously over the computational domain. The calculated distribution of the 
adoption ratio in Fig.10 is almost in agreement with the measured distribution in Fig.8. 
Therefore, this model (Case2) is qualitatively better than the one found in literature 
[31]. 
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Fig.8 The adoption ratio for the ADSL in Japan (the measurement of the year 2004)[24] 

The adoption ratio in 
Miyazaki : 0.6(%) 

The adoption ratio in 
Tokyo : 89.0(%) 

 

Fig.9 The adoption ratio for the ADSL in Japan (the calculation of the year 2004) 



2552                                                       K. Shinohara 
 

The adoption ratio in 
Miyazaki : 6.6(%) 

The adoption ratio in 
Tokyo : 25.0(%) 

 
Fig.10 The adoption ratio for the ADSL in Japan (the calculation of the year 2004) 

 

Table 2 Data for each prefecture [24] 

Index Number 

( i or j) 

Prefecture Population Area (km2) Population 

density  

Connected number (Index number) 

(See section 2.3) 

1 Hokkaido 5,630,000 83456 67.5 11,12,13,14,22,23,26,27,28.34,40 

2 Aomori 1,470,000 9607 153.0 14,27 

3 Iwate 1,400,000 15278 91.6 14,27 

4 Miyagi 2,350,000 7285 322.6 4,14,23,27 

5 Akita 1,160,000 11612 99.9 14,27 

6 Yamagata 1,220,000 9323 130.9 14,27 

7 Fukushima 2,110,000 13782 153.1 14,27 

8 Ibaraki 2,990,000 6095 490.6 11,12,14,23,27 

9 Tochigi 2,010,000 6408 313.7 11,14,23,27 

10 Gunma 2,020,000 6363 317.5 11,14,23,27 

11 Saitama 7,000,000 3797 1843.6 1,4,8,9,10,12,13,14,15,20,21,22,23,26,27,28,

34,40 

12 Chiba 6,010,000 5156 1165.5 1,8,11,13,14,23,27,28,40 

13 Tokyo 12,170,000 2187 5563.6 1,11,12,14,22,23,27,28,40 
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14 Kanagawa 8,640,000 2415 3576.4 1,2,3,4,5,6,7,8,8,10,11,12,13,15,16,17,18,19,

20,21,22,23,24,25,26,27,28,29,30,31,32,33,3

4,35,36,37,38,39,40,41,42,43,44,45,46 

15 Niigata 2,450,000 12583 194.7 11,14,27 

16 Toyama 1,120,000 4247 263.7 14,27 

17 Ishikawa 1,170,000 4185 279.6 14,27 

18 Fukui 820,000 4189 195.8 14,27 

19 Yamanashi 880,000 4465 197.1 14,27 

20 Nagano 2,190,000 13562 161.5 11,14,27 

21 Gifu 2,110,000 10621 198.7 11,14,27 

22 Shizuoka 3,770,000 7780 484.6 1,11,12,13,14,27,28 

23 Aichi 7,060,000 5677 1243.6 1,4,8,9,10,11,12,13,14,26,27,28,33,34,40 

24 Mie 1,860,000 5776 322.0 14,27 

25 Shiga 1,360,000 4017 338.6 14,27 

26 Kyoto 2,570,000 4613 557.1 11,14,23,27,28 

27 Osaka 8,650,000 1896 4562.2 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,

19,20,21,22,23,24,25,26,27,28,29,30,31,32,3

3,34,35,36,37,38,39,40,41,42,43,44,45,46 

28 Hyogo 5,570,000 8395 663.5 1,11,12,13,14,22,23,26,27,34,40 

29 Nara 1,430,000 3691 387.4 14,27 

30 Wakayama 1,070,000 4726 226.4 14,27 

31 Tottori 610,000 3507 173.9 14,27 

32 Shimane 750,000 6707 111.8 14,27 

33 Okayama 1,960,000 7113 275.6 14,27 

34 Hiroshima 2,870,000 8478 338.5 14,27,28 

35 Yamaguchi 1,500,000 6112 245.4 14,27 

36 Tokushima 820,000 4145 197.8 14,27 

37 Kagawa 1,030,000 1876 549.0 14,27 

38 Ehime 1,490,000 5677 262.5 14,27 

39 Kochi 800,000 7105 112.6 14,27 

40 Fukuoka 5,010,000 4976 1006.8 14,27,28 

41 Saga 870,000 2439 356.7 14,27 

42 Nagasaki 1,500,000 4095 366.3 14,27 

43 Kumamoto 1,860,000 7405 251.2 14,27 

44 Oita 1,220,000 6339 192.5 14,27 
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45 Miyazaki 1,170,000 7734 151.3 14,27 

46 Kagoshima 1,760,000 9187 191.6 14,27 

 Total 125,480,000 376082   

 
 
7.  Conclusion 
To quantitatively compute the adoption ratio with respect to time and space, an 

innovation diffusion equation was obtained using the analogy between physical systems. 
Considering and comparing various parameters that are used in the modeling of the heat 
diffusion phenomenon, relevant parameters for modeling of the diffusion of innovations 
were developed. The consistency between this computational model and the patterns of 
actual innovation diffusion, as defined in the social sciences, is also discussed. Finally, 
two applications of the proposed diffusion model were given: individuals’ awareness of 
the JAXA institution and the diffusion of ADSL in Japan.  
The features of the proposed model are as follows: 
 
1. Areas (prefecture capitals) with a high population density are assumed to be the 

innovation source. The Bass model is applied to these areas for the calculation of the 
number of the accumulated adopters. 
 
2. To model the phenomenon that innovations diffuse from the innovation source to the 

surrounding areas, a diffusion model that is based on a physical analogy was applied. 
The concept of the adoption rate was defined, and the mathematical model to diffuse the 
adoption rate around an area was constructed by means of the innovation diffusion 
equation. 
 
3. To account for the spatial heterogeneity of the innovation diffusion, innovation 

sources (prefecture capitals) are assumed to be connected on the basis of the concept of 
a complex network. 
 
By using the modeling techniques 1, 2, and 3, we showed that both the time and the 

spatial distribution of the calculated adoption ratio values qualitatively agreed with the 
measured ones. Using the proposed model, the diffusion of innovations can be modeled 
more accurately and in more detail than with models existing in literature [31].  

We consider that there are two main merits of the proposed method. First, by  
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predicting the diffusion, one can compute the supply and demand of a certain 
commodity in a particular market. The production capacity can be efficiently controlled 
by comparing the number of actual products with the computed results predicted on the 
basis of the diffusion speed. In case the diffusion of an innovation stagnates, the 
respective product line can be stopped. Then, by investing financial resources with 
respect to other innovations, chosen in response to the predicted future demands, 
significant profit can be obtained. The proposed method is applicable to concepts based 
on management strategy ”Selection and Concentration” presented by Jack Welch. 
Second, in a related field, by analyzing the speed at which epidemics spread, we can 
execute an effective restraint of the diffusion. By visualizing the spatial distribution, we 
can pinpoint the source of infection or the infection route. To suppress the spread of the 
epidemic, the movement of persons between cities can be suitably blocked. 
As future work we will investigate the ratio of the adopter capacity c and the 

innovation diffusivity λ in the innovation diffusion equation through a survey 
experiment. 
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