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Abstract

We study the effect of global error on the stability of a Lotka-Volterra
system, when solved using an explicit Runge-Kutta method. We find that the
accumulation of global error can severely affect the accuracy of the eigenvalues
of the Jacobian, to the extent that a weakly stiff system becomes very stiff and,
subsequently, unstable. Local error control can remedy this somewhat, but the
global inaccuracy remains. The only comprehensive solution is to control the
global error in a stepwise manner. We achieve this using the RKQ algorithm,
to yield a stable and globally accurate solution.
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1 Introduction

We seek to investigate the notion that the accumulation of global error in
a Runge-Kutta (RK) solution can result in a nonstiff or weakly stiff system
becoming unstable. We will use a Lotka-Volterra system to illustrate our point,
and we will use low-order explicit RK methods, since they will exaggerate the
phenomenon that we wish to exhibit. We intend to show that global error
corrupts the eigenvalues of the Jacobian of the system. Moreover, the only
suitable remedy, we believe, is to control the global error as the RK integration
proceeds. We will show how this can be achieved using the RKQ algorithm.
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2 Relevant Concepts

The Lotka-Volterra system [1] we consider is

[
u′

v′

]
=

[ −u + uv
−uv + 2v

]
(1)

and is an example of a predator-prey system.

If the Jacobian of system has eigenvalues λi that lie in the left half of the
complex plane, the system is said to be stiff ; the larger the magnitudes of
these eigenvalues, the greater the degree of stiffness. If an explicit RK method
is used to solve the system, the stepsize h must be chosen so that the product
hλi lies within the stability region of the RK method [1, 2, 3]. If not, the
solution diverges rapidly; such behaviour is termed unstable.

In this work, we will use the following RK methods: explicit Euler (RK1),
explicit trapezoidal (RK2), and Fehlberg’s eighth-order method (RK8) [2].

Local error control will be performed using local extrapolation [2] with RK1
and RK2, and will be denoted LE(RK12). Global error control will be per-
formed using the RK12Q8 algorithm. This algorithm carries out LE(RK12)
and computes RK8 simultaneously. When the global error in the LE(RK12)
solution exceeds a given tolerance, the LE(RK12) solution is simply replaced
with the much more accurate RK8 solution, and the integration continues.
Such a process is termed quenching and, if the RK8 solution is suitably accu-
rate over the interval of integration, will result in stepwise global error control.
RK12Q8 is a special case of the more general RKrvQz algorithm; the reader
is referred to our previous work for more detail [4, 5, 6].

3 Analysis

The Jacobian of (1) is

J ≡
[

v − 1 u
−v 2 − u

]
,

which has eigenvalues

λ1 =
1 + v − u

2
+

√
9 − 6v − 6u + v2 − 2uv + u2

2

λ2 =
1 + v − u

2
−

√
9 − 6v − 6u + v2 − 2uv + u2

2
.
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Now, assuming that global errors δu and δv exist in u and v, we have, with the
replacements u → u + δu, v → u + δv,

λ̃1 ≈ λ1 +

[
δA

4
√

A
+

δv − δu

2

]
(2)

λ̃2 ≈ λ2 −
[

δA

4
√

A
− δv − δu

2

]
, (3)

where

A ≡ 9 − 6v − 6u + v2 − 2uv + u2

δA ≡ −6 (δv + δu) + 2v (δv − δu) − 2u (δv − δu) (4)

and λ̃1, λ̃2 denote the numerical values of the eigenvalues, including errors.
Expressions (2) and (3) were obtained by expanding the square root up to first
order.

Now, assume that the global errors δu and δv are bounded such that

|δu| , |δv| � Δ.

This gives

∣∣∣∣ δA

4
√

A
± δv − δu

2

∣∣∣∣ � Δ

⎛
⎝1 +

12 + 4 (max |u| + max |v|)
4 min

∣∣∣√A
∣∣∣

⎞
⎠ , (5)

showing that the eigenvalue error is bounded proportionally by the global er-
ror. If the bound Δ is small, then the eigenvalue errors will be correspondingly
small. However, from (4), if the global errors δu and δv grow without bound
during the RK integration, then the eigenvalues will become increasingly in-
accurate. It should be clear that the possibility exists of the errors becoming
large enough to give eigenvalues with large, negative real parts, which could
then result in unstable behaviour.

4 Calculations

We solve (1) for t ∈ [0, 100] , with initial condition (u (0) , v (0)) = (2.725, 1)
using RK1, LE(RK12) and RK12Q8. For RK1, the stepsize was fixed at
h = 0.1. For the other two solutions, a tolerance of 10−2 was imposed on both
local and global error. We also compute very accurate solutions with RK8 -
use of Richardson extrapolation indicates a global error of ∼ 10−11 - which we
take as the exact solution. This enables us to compute global errors in the
other solutions. Of course, RK8 provides the quenching device in RK12Q8.
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The exact solution is periodic (T ≈ 4.5) ; the solution u oscillates between
1.417 and 2.725, and the solution v oscillates between 0.607 and 1.533. The
eigenvalues λ̃1, λ̃2 occasionally have negative real part; the scaled eigenvalues
hλ̃1, hλ̃2 never have magnitude greater than 0.18 when their real part is nega-
tive. Hence, the system is only weakly stiff, with all stiff eigenvalues hλ̃1, hλ̃2

well within the regions of stability of all the RK methods used here.
The LE(RK12) solution is stable, but inaccurate. Its global error in the

u component achieves a maximal value of 0.183; the global error in the v
component achieves a maximal value of 0.124, despite the tolerance on the
local error of 10−2 (which, we have confirmed, was achieved).

The RK1 solution is unstable. For the first few iterations, it has global
error ∼ 10−2. This error increases by two to three orders of magnitude up to
the 450th iteration (t ≈ 45) , at which point the solution rapidly diverges and
reaches overflow at iteration #462. It is this behaviour that we will discuss in
the next section.

5 Discussion

On the face of it, we would expect the RK1 solution to be stable, since the
stepsize used (h = 0.1) is small enough to ensure stability. However, there is
no error control present in RK1, so that we would expect global errors to grow
and, as per our earlier analysis, to compromise the eigenvalues of the Jacobian.

In Figure 1 we show Re
(
hλ̃2

)
for RK1. The development of stiff eigenvalues

with large magnitude is clear, and it is these eigenvalues that eventually result
in the unstable divergence of the solution. This effect is due entirely to the
unbounded accumulation of global error. In other words, global error causes
the system to move from being occasionally weakly stiff to being sufficiently
stiff to induce instability.

Using the exact solution, we estimate that the coefficient in (5) has the
value ∼ 4.7. If the global error is controlled such that, say, Δ � 10−2, we would
expect the eigenvalue error to be bounded by 4.7×10−2. This is precisely what
we observe for the eigenvalues in the RK12Q8 solution, where the maximal
error in the eigenvalues is 0.6× 10−2 and, consequently, the solution is stable.

The quantity Re
(
hλ̃2

)
for RK12Q8 is also shown in Figure 1. For RK12Q8,

the global error in the u component has a maximal value of 0.0099, and the
global error in the v component has a maximal value of 0.0088, both less than
the imposed tolerance.

For the LE(RK12) solution, the maximal eigenvalue error is 0.129, small
enough to ensure stability over the interval of integration, but larger than for
the RK12Q8 solution. The eigenvalue error accumulates in the LE solution
(consistent with its global error) and could eventually lead to instability.
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Figure 1: Re
(
hλ̃2

)
for the RK12Q8 solution (horizontal bold curve), and

the RK1 solution (spiked curve). The curve for the RK12Q8 solution has
small magnitude and is bounded; for the RK1 solution the emergence of large
magnitude negative real parts is apparent. The inset shows the curves on the
first part of the interval; the deviation between the two is clear.

Although our purposes have been served by the work presented thus far,
it is interesting to consider two other solution methods for this problem. The
first is the implicit Euler method which, with h = 0.1, yields a stable but
increasingly inaccurate solution (due to global error accumulation). The other
method involves stiffness detection and corresponding stepsize adjustment in
RK1. This, however, results in increasingly small stepsizes (again, due to
global error accumulation) and eventually the global error becomes very large,
due, we believe, to the development of a large norm in the Jacobian that only
serves to amplify error. It is not our intention to investigate these phenomena
here; nevertheless, they do demonstrate the need to control global error as the
integration proceeds, particularly when the Jacobian is solution dependent.

6 Conclusion

We have investigated the effect of global error in the Runge-Kutta solution
of a Lotka-Volterra system, with specific regard to the stiffness of the system.
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We have found that the accumulation of global error drives the system from
a weakly stiff state to a completely unstable state, consistent with theoretical
expectations. Local error control stabilizes the system (on the interval studied
here) but global inaccuracy persists in such a solution. The RKQ algorithm
achieves global error control and, consequently, the system remains weakly
stiff and stable. Although we have considered a specific system and used
particular Runge-Kutta methods, the effect is clearly demonstrated and it is
certainly possible that similar behaviour could occur in any system for which
the Jacobian is dependent on the numerical solution, and for any explicit
Runge-Kutta method. In our opinion, the only suitable remedy is to implement
some form of stepwise global error control, such as has been achieved here with
the RKQ algorithm. We note that for weakly stiff systems the use of explicit
Runge-Kutta methods may be preferable to computationally intensive implicit
methods, and so practitioners should be mindful of the phenomenon reported
here.
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