
Applied Mathematical Sciences, Vol. 6, 2012, no. 49, 2431 - 2444

Maximum Likelihood and Bayes Estimations

under Generalized Order Statistics from

Generalized Exponential Distribution

Saieed F. Ateya

Mathematics & Statistics Department
Faculty of Science, Taif University, Taif, Saudi Arabia

Permanent Address: Mathematics Department,
Faculty of Science, Assiut University, Assiut , Egypt

said f atya@yahoo.com

Abstract

In this paper, the parameters of a two-parameters generalized ex-
ponential distribution GE(α, τ) have been estimated based on a dou-
bly truncated sample of generalized order statistics using the maximum
likelihood and Bayes methods and then, a simulation study has been
carried out to compare these methods considering order statistics and
upper record values as special cases.
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1 INTRODUCTION

Gupta and Kundu[13] introduced a new distribution, called Generalized Ex-
ponential (GE) distribution. This distribution is very important when a
skewed distribution is needed. It has been studied extensively by Gupta and
Kundu [14-20], Raqab[37], Raqab and Ahsanullah[38], Raqab and Madi[39],
Jaheen[23], Kundu and Gupta[29], Kundu et al [28], Sarhan[40] and Zheng
[43]. Singh et al[41] study the estimation problem of the parameters of this
distribution under some symmetric and asymmetric loss functions using Lind-
ley’s method. Yarmohammadi[42] study the classical and Bayesian estimations
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on the generalized exponential distribution using censored data.
We can see that the generalized exponential distribution is a sub-model of
the exponentiated Weibull distribution introduced by Mudholkar and Srivas-
tava[32] and later studied by Mudholkar et al[33] and Mudholkar and Hut-
son[31].

Generalized order statistics (gos′s) concept was introduced by Kamps[25]
as a unified approach to several models of ordered random variables such as
upper order statistics, upper record values, sequential order statistics, ordering
via truncated distributions, censoring schemes, among others.

Kamps and Gather[26], Keseling[27], Cramer and Kamps[11], Ahsanul-
lah[5], Habibullah and Ahsanullah[21], Pawlas and Szynal[34], Raqab[36], Ah-
mad and Fawzy[4], AL-Hussaini and Ahmad[7,8], AL-Hussaini[6], Jaheen[22,24],
Ahmad[1,2] and Ateya and Ahmad[9] among others, utilized the gos′s in their
works. A random variable X is said to have a GE distribution with vector of
parameters θ = (α, τ) if its probability density function (pdf) is given by

f(x; θ) = α τ exp(−τ x)

(
1− exp(−τ x)

)α−1

,

x ≥ 0, (τ > 0, α > 0).

(1.1)

The reliability function (rf) and the hazard rate function (hrf) of this distri-
bution can be written, respectively as

R(x) = 1− wα, (1.2)

h(x) =
α τ (1− w) wα−1

(1− wα)
, (1.3)

where w = 1− e−τ x, x ≥ 0.
For a value xi of the random variable X, let





wi = 1− e−τ xi ,

εi(α, τ) = 1− wα
i ,

ηi(α, τ) =
wα−1

i (1−wi)

εi(α,τ)
.

(1.4)

So, (1.1), (1.2) and (1.3) can be written in the forms

f(xi; α, τ) = α τ εi(α, τ) ηi(α, τ), xi > 0, (τ, α > 0), (1.5)

R(xi) = εi(α, τ), (1.6)

h(xi) = α τ ηi(α, τ). (1.7)

In the next sections we will write εi, ηi instead of εi(α, τ), ηi(α, τ).
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2 MAXIMUM LIKELIHOOD ESTIMATION

Suppose that X1, X2, ..., Xn is a random sample of size n drawn from a popula-
tion whose distribution function (df), Fθ(x) and pdf ,fθ(x). Let X1:n,m,k, X2:n,m,k,
..., Xn:n,m,k be the corresponding gos′s, where m ≥ −1, k ≥ 1, see Kamps[25].
Based on doubly type II censored sample of gos′s Xs:n,m,k, Xs+1:n,m,k, ..., Xr:n,m,k,
0 < s < ... < r < n, the likelihood function of the parameters (α, τ) given
x = (xs:n,m,k, xs+1:n,m,k, ..., xr:n,m,k), which can be written for simplicity as
x = (xs, xs+1, ..., xr), can be written in the form, see Ahmad and Abu-Shal[3]

L(α, τ |x) ∝





[ ∏r
i=s[R(xi)]

mf(xi)

]
[R(xr)]

γr+1

×∑s−1
`=0 ω

(s)
` [R(xs)]

(m+1)(s−`−1), m 6= −1,

[ln R(xs)]
s−1[R(xr)]

k
∏r

i=s h(xi), m = −1,

(2.1)

where ω
(s)
` = (−1)`

(
s−1

`

)
and γr = k + (m + 1)(n− r).

Using Eqs. (1.4), (1.5), (1.6) and (1.7) in Eq. (2.1), we get

L(α, τ |x) ∝





(α τ)r−s+1[εr]
γr+1

[ ∏r
i=s εm+1

i ηi

]

×∑s−1
`=0 ω

(s)
` ε

(m+1)(s−`−1)
s , m 6= −1,

(α τ)r−s+1[ln(εs)]
s−1εk

r

∏r
i=s ηi. m = −1.

(2.2)

The logarithm of (2.2) is given by:

when m 6= −1

ln L(α, τ |x) = ln A + (r − s + 1)[ln α + ln τ ] + γr+1 ln εr

+
r∑

i=s

[
(m + 1) ln εi + ln ηi

]
+ (m + 1)(s− 1) ln εs + ln

[ s−1∑

`=0

ω
(s)
` ε−`(m+1)

s

]
,

(2.3)

when m = −1

ln L(α, τ |x) = ln B + (r − s + 1)[ln α + ln τ ] + (s− 1) ln ln εs + k ln εr +
r∑

i=s

ln ηi,

(2.4)

where A and B are constants.
Special cases:
Right censored sample of order statistics(Type II censoring):
In this case, m = 0, k = 1, s = 1, and the likelihood function can be obtained
from Eq.(2.2) in the form
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L(α, τ |x) ∝ αrτ r εn−r
r

r∏
i=1

εi ηi, (2.5)

and the log likelihood function can be written from Eq.(2.3) in the form

ln L(α, τ |x) = ln A + r[ln α + ln τ ] + (n− r) ln εr +
r∑

i=1

ln(wα−1
i − wα

i ).

(2.6)

Right censored sample of upper record values :
In this case, m = −1, k = 1, s = 1, and the likelihood function can be obtained
from Eq. (2.2) in the form

L(α, τ |x) ∝ αr τ rεr

r∏
i=1

ηi, (2.7)

and the log likelihood function can be written from Eq.(2.4) in the form

ln L(α, τ |x) = ln B + r[ln α + ln τ ] + ln εr +
r∑

i=1

ln ηi. (2.8)

2.1 Maximum Likelihood Estimation In Case of Order
Statistics

Differentiating the log likelihood function (2.6) with respect to α and τ then
setting to zero, we get





∂ ln L
∂α

= 0 = r/α− (n− r)

(
wα

r ln wr

εr

)
−∑r

i=1 ln wi,

∂ ln L
∂τ

= 0 = r/τ − (n− r)α xr ηr + (α− 1)
∑r

i=1
xi

wi
− α

∑r
i=1 xi.

(2.9)

Eqs. (2.9) represent two nonlinear equations which can be solved using some
iteration schemes, such as Newton-Raphson, to obtain the maximum likelihood
estimations (MLE ′s) of α and τ , denoted by α̂ and τ̂ , respectively.

2.2 Maximum Likelihood Estimation In Case of Upper
Record Values

Differentiating the log likelihood function (2.8) with respect to α and τ and
then setting to zero, we get

{
∂ ln L
∂α

= 0 = r/α− wα
r ln wr

εr
+

∑r
i=1

ln wi

εi
,

∂ ln L
∂τ

= 0 = r/τ − α xr ηr + (α− 1)
∑r

i=1
xi

wi
+ α

∑r
i=1 xi(ηi − 1).

(2.10)
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Eqs. (2.10) also represent two nonlinear equations which can be solved using
some iteration schemes, such as Newton-Raphson, to obtain the MLE ′s of α
and τ , denoted by α̂ and τ̂ , respectively.

3 BAYES ESTIMATION

Let u(θ) be a general function of the vector of parameters θ = (θ1, θ2, ..., θM).
Under the squared error loss function (SEL), L∗ = [û(θ)−u(θ)]2, the Bayes
estimate of u(θ) is given by

ûS(θ) = E(u(θ)| x) =

∫
...

∫
u(θ) π∗(θ|x) dθ1...dθM . (3.1)

The integrals are taken over the M-dimensional space.
The integrals can be computed using the Markov Chain Monte Carlo (MCMC),

method by generating a random sample [θi = (θi
1, ..., θ

i
M), i = 1, 2, ..., K] from

the posterior pdf π∗(θ| x) and then write (3.1) in the form,

ûS(θ) =

∑K
i=1 u(θi)

K
(3.2)

To generate from the posterior pdf π∗(θ| x), I have used Gibbs sampler and
Metropolis-Hastings techniques. For more details about the MCMC, see
Press[35].

3.1 Bayes Estimation of (α, τ ) In Case of Type II Cen-
soring

In this subsection the Bayes estimates (BE ′s) of α and τ are obtained based
on a right censored sample of upper order statistics, x = (x1, ..., xr).
To estimate α and τ we define a function u(α, τ) as

u(α, τ) = αδ1 τ δ2 . (3.3)

The Bayes estimate of u(α, τ) is obtained in two cases:

1. when δ1 = 1, δ2 = 0, which is equivalent to estimating α,

2. when δ2 = 1, δ1 = 0, which is equivalent to estimating τ .

Suppose that the prior belief of the experimenter is measured by a function
π(α, τ) given by

π(α, τ) = π1(τ | α) π2(α). (3.4)
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Suppose that π1(τ | α) is Gamma (c1, α), π2(α) is Gamma (c2, c3) with
respective densities

π1(τ | α) ∝ α c1 τ c1−1 exp(−τ α), α, τ > 0, (c1 > 0), (3.5)

π2(α) ∝ α c2−1 exp(−c3 α), α > 0, (c2, c3 > 0). (3.6)

It then follows, by substituting (3.6) and (3.7) in (3.5), that the prior pdf of
α and τ is given by

π(α, τ) ∝ αc1+c2−1 τ c1−1 exp[−α (τ + c3)], α, τ > 0, (c1, c2, c3 > 0), (3.7)

where c1, c2 and c3 are the prior parameters ( also known as hyperparameters).
From (2.5), the likelihood function can be written, for α, τ > 0, (c1, c2, c3 > 0),
in the form

L(α, τ | x) = A αr τ r

(
εr(α, τ)

)n−r r∏
i=1

εi(α, τ)ηi(α, τ),

which may be rewritten, from Eq. (1.4), in the form

L(α, τ | x) = A αr τ r

n−r∑
j=0

(
(−1)jwjα

r

)
× exp

[
(α− 1)

( r∑
i=1

ln wi

)
− τ

r∑
i=1

xi

]
.

(3.8)

Then, the posterior density function can be written in the form

π∗(α, τ | x) = A1 αr+c1+c2−1 τ r+c1−1

n−r∑
j=0

(
(−1)jwjα

r

)
×

exp

[
(α− 1)

( r∑
i=1

ln wi

)
− τ

r∑
i=1

xi − α(τ + c3)

]
, α, τ > 0, (c1, c2, c3 > 0).

(3.9)

By generating (α(1), τ (1)), (α(2), τ (2)), ..., (α(K), τ (K)) from the posterior (3.9)
and using the function u(α, τ) (3.3) in (3.2), I have got the BE ′s of the
considered parameters using MCMC.

3.2 Bayes Estimation of (α, τ ) In Case of Record Values

Based on a right censored sample of upper record values, x = (x1, ..., xr), the
likelihood function of the parameters α and τ given x can be written, from
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(2.7), in the form

L(α, τ |x) ∝ αrτ rεr

r∏
i=1

ηi. (3.10)

Then, by using the same prior density function in (3.7), the posterior density
function will be in the form

π∗(α, τ |x) ∝ αr+c1+c2−1 τ r+c1−1 exp

[
− α (τ + c3) +

r∑
i=1

ln ηi + ln εr

]
.

(3.11)

By generating (α(1), τ (1)), (α(2), τ (2)), ..., (α(K), τ (K)) from the posterior (3.11)
and using the function u(α, τ) (3.3) in (3.2), I have got the BE ′s of the
considered parameters using MCMC.

4 SIMULATION STUDY

In this section, I have showed the steps which followed to obtain the MLE ′s
and BE ′s of α and τ as follows:

1. For a given set of prior parameters, generate the parameters of the pop-
ulation of interest.

2. Making use of the generated population parameters, generate samples of
different sizes from the population distribution under study, n, (30, 40, 50)
and use different censored values r.

3. Solving the system of nonlinear equations (2.9), I have got the MLE ′s
of the parameters α and τ and making use of MCMC technique form
(3.2), I have computed the BE ′s of the same parameters.

4. Making use of the generated population parameters, generate samples of
upper record values of different sizes, n, (10, 15, 20) from the population
distribution under study and use different censored values r.

5. Solving the system of nonlinear equations (2.10), I have got the MLE ′s
of the parameters α and τ and making use of MCMC technique form
(3.2), I have computed the BE ′s of the same parameters.

6. Repeat steps 2− 5, N times, where N = 1000.

7. If θ̂j is an estimate of θ, based on sample j, j = 1, 2, ..., N, then the
average estimate over the N samples is given by

θ̂j = 1
N

∑N
j=1 θ̂j.
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8. The mean squared error, MSE, of θ̂ over the N samples is given by
MSE(θ̂) = 1

N

∑N
j=1(θ̂j − θ)2.

Using steps (7) and (8), compute ¯̂α, ¯̂τ,MSE(α̂) and MSE(τ̂).
In our study,
Table(1) displays the average estimates and the MSE ′s of the MLE ′s and
BE ′s using MCMC technique based on type II censored samples of different
sizes 30, 40, 50 and different censored values r, N =1000 repetitions,
Table(2)displays the average estimates and the MSE ′s of the MLE ′s and
BE ′s using MCMC technique based on right censored samples of different
sizes 10, 15, 20 of upper record values and N =1000 repetitions.
The given vector of hyperparameters is (c1 = 0.5, c2 = 1.5, c3 = 2.0) and the
generated population parameters are (α = 1.5, τ = 3.0).
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Table(1):Maximum likelihood and Bayes estimation using
MCMC technique in case of type II censored sample.
Prior Parameters (c1 = 0.5, c2 = 1.5, c3 = 2.0).
Generated Population Parameters (τ = 3.0, α = 1.5).

n r Method ¯̂τ ¯̂α
MSE(τ̂) MSE(α̂)

30 20 MCMC 2.7213 1.2793
0.8943 0.3104

ML 2.6901 1.1719
0.9206 0.3965

25 MCMC 2.7710 1.3209
0.7903 0.3011

ML 2.8151 1.2742
0.8343 0.3217

30 MCMC 2,8456 1.3722
0.7503 0.2772

ML 2.8803 1.3473
0.7808 0.2506

40 30 MCMC 2.8819 1.3902
0.6625 0.1691

ML 2.8507 1.3147
0.7228 0.1951

35 MCMC 2.8466 1.3966
0.5813 0.1091

ML 2.8951 1.4122
0.6914 0.1808

40 MCMC 2.8909 1.4677
0.4418 0.0909

ML 2.8208 1.4740
0.4513 0.0852

50 40 MCMC 2.8788 1.4431
0.4254 0.0809

ML 2.8561 1.4310
0.5017 0.0871

45 MCMC 2.9011 1.4803
0.4002 0.0701

ML 2.9091 1.4439
0.4314 0.0802

50 MCMC 3.1223 1.4712
0.4005 0.0873

ML 2.9705 1.5109
0.4218 0.0831
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Table(2): Maximum likelihood and Bayes estimation using

MCMC in case of right censored sample of upper record values.

Prior Parameters (c1 = 0.5, c2 = 1.5, c3 = 2.0).

Generated Population Parameters (τ = 3.0, α = 1.5).

n r Method ¯̂τ ¯̂α
MSE(τ̂) MSE(α̂)

10 5 MCMC 2.6502 1.3420
1.3918 0.6011

ML 2.7063 1.3814
1.4323 0.7810

7 MCMC 2.6901 1.4303
1.2992 0.5692

ML 2.6310 1.4261
1.3902 0.6223

10 MCMC 2.7113 1.4547
0.9011 0.5007

ML 2.6803 1.3891
0.9901 0.6062

15 8 MCMC 2.7177 1.4580
1.0581 0.5823

ML 2.7120 1.3613
1.0712 0.6482

12 MCMC 2.7533 1.4544
0.8910 0.4445

ML 2.7094 1.4012
0.9918 0.4933

15 MCMC 2.7247 1.4722
0.7934 0.3807

ML 2.7320 1.4621
0.9100 0.4655

20 10 MCMC 2.7123 1.4780
1.0053 0.4376

ML 2.6570 1.4208
1.1007 0.5019

15 MCMC 2.7524 1.4633
0.7832 0.3893

ML 2.7502 1.4473
0.9601 0.4419

20 MCMC 2.9231 1.4864
0.8390 0.3499

ML 2.8841 1.4601
0.8803 0.4015
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5 CONCLUDING REMARKS

In our study, observe the following:

1. In all cases, the MSE ′s of the BE ′s (against the proposed prior) are
smaller than the corresponding MSE ′s of the MLE ′s which means that
the BE ′s (against the proposed prior) are better than the MLE ′s,

2. For fixed sample size n, the MSE ′s of the parameters decrease by in-
creasing r,

3. In the Bayesian estimation, if the hyperparameters are unknown, they
can be estimated by using the empirical Bayes method ,see Maritz and
Lwin[30], or the hierarchical method, see Bernardo and Smith[10].
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