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Abstract

In this paper, reproducing kernel Hilbert space method is applied
to approximate the solution of two-point boundary value problems for
fourth-order integro-differential equations. The analytical solution is
represented in the form of series in the reproducing kernel space. The
n-term approximation is obtained and is proved to converge to the ana-
lytical solution. Moreover, the proposed method has an advantage that
it is possible to pick any point in the interval of integration and as well
the approximate solutions and its all derivatives up to order four will
be applicable. Numerical examples are given to demonstrate the com-
putation efficiency of the presented method. Results obtained by the
method indicate the method is simple and effective.
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1 Introduction

Mathematical modeling of real-life, physics, and engineering problems usu-
ally results in functional equations, for example, partial differential equations,
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integral and integro-differential equations (IDEs), stochastic differential equa-
tions and others. Many mathematical formulation of physical phenomena con-
tain IDEs, these equations arise in fluid dynamics, biological models and chem-
ical kinetics [15]. IDEs are usually difficult to solve analytically so it is required
to obtain an efficient approximate or numerical solution. Therefore, they have
been of great interest by several authors.

In literature, there exist numerical techniques such as Wavelet-Galerkin
method [2], Lagrange interpolation method [23], and Tau method [14] and semi
analytical-numerical techniques such as Adomian’s decomposition method [13,
26], Taylor polynomials [21], variational iteration method [25], homotopy per-
turbation method [28], and homotopy analysis method [24]. The boundary
value problems (BVPs) for higher-order IDEs have been investigated by Mor-
chalo [22] and Agarwal [1] among others. Agarwal [1] discussed the existence
and uniqueness of the solutions for these problems. In [1], no numerical method
was presented.

In this work, we apply reproducing kernel Hilbert space (RKHS) tech-
nique to develop a novel numerical method in the space W 5

2 [a, b] for obtaining
approximations to the solution and all its derivatives up to order four for
fourth-order IDEs [26]:

u(iv) (x) = f(x) + γu (x) +
x∫
a

h(x, t)G(u (t))dt, x, t ∈ [a, b] , (1)

subject to the boundary conditions

u (a) = α0, u
′ (a) = α1, u (b) = β0, u

′ (b) = β1, (2)

where a, b, γ and αi, βi, i = 0, 1 are real finite constants, u ∈ W 5
2 [a, b] is

an unknown function to be determined, f ∈ W 1
2 [a, b], h (x, t) is continuous

function on [a, b] × [a, b], G (y) is continuous term in W 1
2 [a, b] as y = y (x) ∈

W 5
2 [a, b], a ≤ x ≤ b, −∞ < y <∞ and is depending on the problem discussed,

and W 1
2 [a, b], W 5

2 [a, b] are reproducing kernel spaces.
Reproducing kernel theory has important application in numerical analy-

sis, differential equations, integral and IDEs, probability and statistics and so
on [3, 5, 6]. Recently, using the RKHS method, the authors in [3-12, 16-20,
27] discussed singular linear two-point BVP, singular nonlinear two-point pe-
riodic BVP, nonlinear system of BVPs, singular intergal equations, IDEs, and
nonlinear partial differential equations.

The rest of the paper is organized as follows: several reproducing kernel
spaces are described in section 2. In section 3, a linear operator, a complete
normal orthogonal system, and some essential results are introduced. Also, a
method for the existence of solutions for IDE (1) and (2) based on reproducing
kernel space is described. The numerical examples are presented in section 4.
This article ends in section 5 with some concluding remarks.
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2 Several reproducing kernel spaces

In this section, several reproducing kernels needed are constructed in order
to solve IDE (1) and (2) using RKHS method. Before the construction, we
utilize the reproducing kernel concept.

Definition 1. [9] Let E be a nonempty abstract set. A function K : E×E →
C is a reproducing kernel of the Hilbert space H if

1. for each t ∈ E, K (·, t) ∈ H.

2. for each t ∈ E and ϕ ∈ H, 〈ϕ,K (·, t)〉 = ϕ (t).

The last condition is called ”the reproducing property”: the value of the
function ϕ at the point t is reproducing by the inner product of ϕ with K (·, t).
A Hilbert space which possesses a reproducing kernel is called a RKHS [9].

Next, we first construct the space W 5
2 [a, b] in which every function satisfies

the boundary conditions (2) and then utilize the space W 1
2 [a, b].

Definition 2. [8] W 5
2 [a, b] = {u (x) | u(i), i = 0, 1, 2, 3, 4 are absolutely con-

tinuous real-valued functions on [a, b], u(5) ∈ L2 [a, b], and u (a) = u′ (a) =
u (b) = u′ (b) = 0}. The inner product and norm in W 5

2 [a, b] are given by

〈u, v〉W 5
2

=
2∑

i=0

u(i) (a) v(i) (a) +
1∑

i=0

u(i) (b) v(i) (b) +
b∫
a

u(5)(y)v(5)(y)dy (3)

and ||u||W 5
2

=
√

〈u, u〉W 5
2
, respectively, where u, v ∈W 5

2 [a, b].

Definition 3. [17] W 1
2 [a, b] = {u (x) | u is absolutely continuous real-valued

functions on [a, b] and u′ ∈ L2 [a, b]}. The inner product and norm in W 1
2 [a, b]

are given by 〈u, v〉W 1
2

=
∫ b

a
(u′v′ + uv) dy and ||u||W 1

2
=

√
〈u, u〉W 1

2
respectively,

where u, v ∈W 1
2 [a, b].

In [17], the authors have proved that the space W 1
2 [a, b] is a RKHS and its

reproducing kernel is

Rx (y) =
1

2 sinh (b− a)
[cosh (x+ y − b− a) + cosh (|x+ y| − b+ a)] .

The space W 5
2 [a, b] is called a RKHS if for each fixed x ∈ [a, b] and any

u (y) ∈ W 5
2 [a, b], there exist K (x, y) ∈ W 5

2 [a, b] (simply Kx (y)) and y ∈ [a, b]
such that 〈u (y) , Kx (y)〉W 5

2
= u (x). Next theorem formulate the reproducing

kernel Kx (y).
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Theorem 1. The space W 5
2 [a, b] is a RKHS and its reproducing kernel Kx (y)

is given by:

Kx (y) =

⎧⎪⎪⎨
⎪⎪⎩

9∑
i=0

pi(x)y
i, y ≤ x,

9∑
i=0

qi(x)y
i, y > x.

(4)

Proof. Let Kx (y) be the reproducing kernel function. By Eq. (3), we have

〈u (y) , Kx (y)〉W 5
2

=
2∑

i=0

u(i) (a)K
(i)
x (a) +

1∑
i=0

u(i) (b)K
(i)
x (b) +

4∑
i=0

(−1)4−i u(i) (y)

K
(9−i)
x (y)

∣∣b
a − ∫ b

a
u (y)K

(10)
x (y) dy. Since Kx (y) ∈ W 5

2 [a, b], it follows that

K
(i)
x (a) = K

(i)
x (b) = 0, i = 0, 1. Again, since u ∈ W 5

2 [a, b], one obtains

u(i) (a) = u(i) (b) = 0, i = 0, 1. If K
(2)
x (a) −K

(7)
x (a) = 0, K

(i)
x (a) = 0, i = 5, 6,

and K
(i)
x (b) = 0, i = 5, 6, 7, then 〈u (y) , Kx (y)〉W 5

2
=

∫ b

a
u (y) (−K(10)

x (y))dy.

Now, for each x ∈ [a, b], if Kx (y) also satisfies −K(10)
x (y) = δ (x− y), where δ

is the dirac-delta function, then 〈u (y) , Kx (y)〉W 5
2

= u (x). Obviously, Kx (y)

is the reproducing kernel of the space W 5
2 [a, b].

The characteristic equation of −K(10)
x (y) = δ (y − x) is λ10 = 0, and their

characteristic values are λ = 0 with 10 multiple roots. So, let

Kx (y) =

⎧⎪⎪⎨
⎪⎪⎩

9∑
i=0

pi(x)y
i, y ≤ x,

9∑
i=0

qi(x)y
i, y > x.

On the other hand, let Kx (y) satisfies K
(m)
x (x+ 0) = K

(m)
x (x− 0), m =

0, 1, ..., 8. Integrating −K(10)
x (y) = δ (x− y) from x − ε to x+ ε with respect

to y and let ε → 0, we have the jump degree of K
(9)
x (y) at y = x given by

K
(9)
x (x− 0) − K

(9)
x (x+ 0) = 1. Through the last descriptions the unknown

coefficient of Eq. (4) can be obtained. This completes the proof.

Without loss of generality, the two rulesK1x (y) =
9∑

i=0

pi (x) y
i andK2x (y) =

9∑
i=0

qi (x) y
i of the reproducing kernel Kx (y) in Eq. (4) are obtained at a = 0

and b = 1 in IDE (1) and (2) and are given as:

K1x (y) = K2y (x) =
1

362880
(−1 + x)2y2[5x3(8 − 15y)y + x6(19 − 12y)y + y7

+xy6(−9 + 2y) + 3x5y(−10 + 3y) + x7y(−4 + 3y) + 5x4y(1 + 6y)

+3x2
(
30240 − 60480y + 30240y2 + 12y5 − 6y6 + y7

)
].

We mention here that the kernel Kx (y) is symmetric, that is K1x (y) = K2y (x)
for each x and y.
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3 Numerical method and convergence analysis

In this section, the existence of the solution and an iterative method of
obtaining the solution of IDE (1) and (2) are developed in the RKHS W 5

2 [a, b].
To do this, we define a differential operator L : W 5

2 [a, b] → W 1
2 [a, b] such

that Lu (x) = u(4) (x) − γu (x). After homogenization of the boundary con-
ditions (2), the IDE (1) and (2) can be converted into the equivalent form as
follows:

Lu (x) = F (x, Tu(x)) , x ∈ [a, b] ,

u (a) = u′(a) = u (b) = u′(b) = 0,

where F (x, Tu(x)) = f (x) + Tu(x), Tu(x) =
∫ x

a
h(x, t)G(u (t))dt, u (x) ∈

W 5
2 [a, b], and F (x, Tu (x)) ∈ W 1

2 [a, b]. It is clear that L is a bounded linear
operator.

Now, we construct an orthogonal function system. Put ϕi (x) = Rxi
(x)

and ψi (x) = L∗
iϕ (x), where L∗ is the adjoint operator of L. In terms of

the properties of reproducing kernel Kx (y), one obtains 〈u (x) , ψi (x)〉W 5
2

=

〈Lu (x) , ϕi (x)〉W 1
2

= Lu(xi), i = 1, 2, .... The orthonormal system
{
ψ̄i (x)

}∞
i=1

of the space W 5
2 [a, b] can be derived from Gram-Schmidt orthogonalization

process of {ψi (x)}∞i=1 as follows: ψ̄i (x) =
i∑

k=1

βikψk (x), where βik are orthog-

onalization coefficients such that βii > 0, i = 1, 2, ....
Through the next theorem the subscript y by the operator L indicates that

the operator L applies to the function of y.

Theorem 2. If {xi}∞i=1 is dense on [a, b], then {ψi (x)}∞i=1 is a complete func-
tion system of W 5

2 [a, b] and ψi (x) = LyKx (y)|y=xi
.

Proof. Clearly, ψi (x) = L∗
iϕ (x) = 〈L∗

iϕ (y) , Kx (y)〉 = 〈ϕi (y) , LyKx (y)〉 =
LyKx (y)|y=xi

. Now, for each fixed u (x) ∈ W 5
2 [a, b], let 〈u (x) , ψi (x)〉 = 0,

i = 1, 2, ..., that is 〈u (x) , L∗ϕi (x)〉 = 〈Lu (·) , ϕi (·)〉 = Lu (xi) = 0. Note that
{xi}∞i=1 is dense on [a, b], therefore Lu (x) = 0. It follows that u (x) = 0 from
the existence of L−1. So, the proof of the Theorem is complete.

The structure of the next two theorems are as follows: firstly, we will
give the representation of the exact solution of IDE (1) and (2) in the space
W 5

2 [a, b]. After that, the convergence of approximate solution un (x) to the
analytic solution will be proved.

Theorem 3. If {xi}∞i=1 is dense on [a, b] and the solution of the IDE (1) and
(2) is unique, then this solution satisfies the form:

u (x) =
∞∑
i=1

i∑
k=1

βikF (xk, Tu(xk)) ψ̄i (x) . (5)
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Proof. From Theorem 2, it is easy to see that
{
ψ̄i (x)

}∞
i=1

is the complete or-
thonormal basis of the space W 5

2 [a, b]. Thus, u (x) can be expanded in the

Fourier series as u (x) =
∞∑
i=1

〈
u (x) , ψ̄i (x)

〉
ψ̄i (x). Since 〈v (x) , ϕi (x)〉 = v (xi)

for each v (x) ∈ W 1
2 [a, b]. Hence, we have u (x) =

∞∑
i=1

〈
u (x) , ψ̄i (x)

〉
ψ̄i (x) =

∞∑
i=1

i∑
k=1

βik 〈u (x) , ψk (x)〉 ψ̄i (x) =
∞∑
i=1

i∑
k=1

βik 〈u (x) , L∗ϕk (x)〉 ψ̄i (x) =
∞∑
i=1

i∑
k=1

βik 〈Lu (x) , ϕk (x)〉 ψ̄i (x) =
∞∑
i=1

i∑
k=1

βik 〈F (x, Tu(x)) , ϕk (x)〉 ψ̄i (x) =
∞∑
i=1

i∑
k=1

βik

F (xk, Tu(xk)) ψ̄i (x). The proof of the theorem is complete.

Remark 1. If IDE (1) and (2) is linear, then the analytical solution can be
obtained directly from Eq. (5). In the nonlinear case, the approximation so-
lution can be obtained using the following iterative method: according to Eq.
(5), the representation of the solution of IDE (1) and (2) can be denoted by

u (x) =
∞∑
i=1

Biψ̄i (x), where Bi =
i∑

k=1

βikF (xk, uk−1 (xk) , Tuk−1 (xk)). In fact,

Bi are unknown, we will approximate Bi using known Ai. For a numerical com-
putations, we define initial function u0(x1), put u0 (x1) = u (x1), and define
the n-term approximation to u (x) by:

un (x) =
n∑

i=1

Aiψ̄i (x) , (6)

where the coefficients Ai of ψ̄i (x), i = 1, 2, ..., n are given as:

Ai =
i∑

k=1

βikF (xk, Tuk−1 (xk)) . (7)

In the iteration process of Eq. (6), we can guarantee that the approximation
un (x) satisfies the boundary conditions (2).

Next, we will proof un (x) in the iterative formula (6) is converge to the
exact solution u (x) of IDE (1) and (2). The Lemma 1 through Lemma 5 are
collected for future use.

Lemma 1. If u (x) ∈W 5
2 [a, b], then there exists M > 0 such that ||u(x)||C ≤

M ||u(x)||W 5
2
.

Proof. For any x, y ∈ [a, b], we have u(i)(x) = 〈 u(y), K(i)
x (y) 〉W 5

2
, i = 0, 1, ..., 4.

By the expression of Kx(y), clearly, ‖ K(i)
x (y) ‖W 5

2
≤ Mi. Thus, | u(i)(x) | =

| 〈 u(y), K(i)
x (y) 〉W 5

2
| ≤ ‖ K(i)

x (y) ‖W 5
2
‖u(x)‖W 5

2
≤ Mi ‖u(x)‖W 5

2
, i = 0, 1, ..., 4.

Hence, ||u(x)||C ≤M ||u(x)||W 5
2
, where M = M0 +M1 + ...+M4.
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Lemma 2. If un (x)
‖·‖

W5
2−→ u (x), xn → y as n −→ ∞, and F (x,w) is con-

tinuous in [a, b] with respect to x,w for x ∈ [a, b] and w ∈ (−∞,∞), then
F (xn, Tun−1(xn)) → F (y, Tu (y)) as n→ ∞.

Proof. Firstly, we will prove that un (xn) −→ u (y) in the sense of ‖·‖W 5
2
. Since

|un (xn) − u (y)| = |un (xn) − un (y) + un (y) − u (x)| ≤ |un (xn) − un (y)| +
|un (y) − u (y)|.

By reproducing property ofKx (y) , we have | 〈un (x) , Kxn (x) −Ky (x)〉W 5
2
|

≤ ‖un (x)‖W 5
2
‖Kxn (x) −Ky (x)‖W 5

2
. From the symmetry of Kx (y) , it follows

that ‖Kxn (x) −Ky (x)‖W 5
2
→ 0 as n → ∞. Hence, |un (xn) − un (y)| → 0 as

soon as xn → y.
On the other hand, by Lemma 1, we know that un (x) is convergent uni-

formly to u (x). Thus, for any x, y ∈ [a, b] , it holds that |un (y) − u (y)|C → 0
as soon as ||un (y) − u (y)||W 5

2
→ 0 as n → ∞. Therefore, un (xn) −→ u (y) in

the sense of ‖·‖W 5
2

as xn → y and n→ ∞. Thus, by means of the continuation

of Tu(·), it is obtained that Tun (xn) −→ Tu (y) as n → ∞. Hence, by the
continuity of F , we have F (xn, Tun−1(xn)) → F (y, Tu (y)) as n→ ∞.

Lemma 3. {un}∞n=1 in Eq. (6) is monotone increasing in the sense of the
norm of W 5

2 [a, b] .

Proof. By Theorem 2,
{
ψi

}∞
i=1

is the complete orthonormal system in the space

W 5
2 [a, b] . Hence, we have ‖un‖2

W 5
2

= 〈
n∑

i=1

Aiψ̄i (x) ,
n∑

i=1

Aiψ̄i (x) 〉W 5
2

=
n∑

i=1

(Ai)
2.

Therefore, ‖un‖W 5
2

is monotone increasing.

Lemma 4. Lun (xj) = F (xj , Tuj−1 (xj)), j ≤ n.

Proof. The proof will be obtained by induction. If j ≤ n, then Lun (xj) =
n∑

i=1

AiLψ̄i (xj) =
n∑

i=1

Ai

〈
Lψ̄i (x) , ϕj (x)

〉
W 1

2
=

n∑
i=1

Ai

〈
ψ̄i (x) , ψj (x)

〉
W 5

2
. The or-

thogonality of
{
ψ̄i (x)

}∞
i=1

gives
j∑

l=1

βjlLun (xl) =
n∑

i=1

Ai 〈 ψ̄i (x) ,
j∑

l=1

βjlψl (x) 〉W 5
2

=
n∑

i=1

Ai

〈
ψ̄i (x) , ψ̄j (x)

〉
W 5

2
= Aj =

j∑
l=1

βjlF (xl, Tul−1 (xl)). Now, if j = 1, then

Lun (x1) = F (x1, Tu0 (x1)). Again, if j = 2, then β21Lun(x1) + β22Lun(x2) =
β21F (x1, Tu0 (x1)) + β22F (x2, Tu1 (x2)). So, Lun (x2) = F (x2, Tu1 (x2)). By
induction, we have Lun (xj) = F (xj , Tuj−1 (xj)).

Lemma 5. Lun (xj) = Lu (xj), j ≤ n.

Proof. From Lemma 1, un (x) converge uniformly to u (x). Let un (x) =
Pnu (x), where Pn is an orthogonal projector from the space W 5

2 [a, b] to Span
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{ψ1, ψ2, ..., ψn}. Thus, Lun (xj) =
〈
Lun (x) , ϕj (x)

〉
=

〈
un (x) , L∗

jϕ (x)
〉

=〈
Pnu (x) , ψj (x)

〉
=

〈
u (x) , Pnψj (x)

〉
=

〈
u (x) , ψj (x)

〉
=

〈
Lu (x) , ϕj (x)

〉
=

Lu (xj).

Theorem 4. If {xi}∞i=1 is dense on [a, b] and ||un||W 5
2

is bounded, then un (x)

in the iterative formula (6) convergent to the exact solution u (x) of IDE (1)

and (2) in the space W 5
2 [a, b] and u (x) =

∞∑
i=1

Aiψ̄i (x), where Ai is given by

Eq. (7).

Proof. First of all, we will prove the convergence of un (x). By Eq. (6), we have
un+1(x) = un(x)+An+1ψ̄n+1 (x). From the orthogonality of

{
ψ̄i (x)

}∞
i=1

, it fol-

lows that ||un+1||2W 5
2

= ||un||2W 5
2
+(An+1)

2 = ||un−1||2W 5
2
+(An)2+(An+1)

2 = ... =

||u0||2W 5
2
+

n+1∑
i=1

(Ai)
2. From Lemma 3, the sequence ||un||W 5

2
is monotone increas-

ing. Due to the condition that ||un||W 5
2

is bounded, ||un||W 5
2

is convergent as

n→ ∞. Then, there exists a constant c such that
∞∑
i=1

(Ai)
2 = c. It implies that

Ai =
i∑

k=1

βikF (xk, Tuk−1 (xk)) ∈ l2, i = 1, 2, .... Since (um − um−1)⊥(um−1 −
um−2)⊥...⊥(un+1 − un) it follows that if m > n, then ||um(x) − un(x)||2W 5

2
=

||um(x) − um−1(x) + ...+ un+1(x) − un(x)||2W 5
2

= ||um(x) − um−1(x)||2W 5
2

+ ...+

||un+1(x) − un(x)||2W 5
2

=
m∑

i=n+1

(Ai)
2. Consequently, as n,m → ∞, we have

||um(x) − un(x)||2W 5
2
→ 0 as

m∑
i=n+1

(Ai)
2 → 0. Considering the completeness of

the space W 5
2 [a, b], there exists a u (x) ∈ W 5

2 [a, b] such that un (x) → u(x) as
n→ ∞ in the sense of ||·||W 5

2
.

Secondly, we will prove that u (x) is the solutions of IDE (1) and (2). From
Lemmas 4 and 5, since {xi}∞i=1 is dense on [a, b], for any x ∈ [a, b], there
exists subsequence

{
xnj

}
, such that xnj

→ x as j → ∞. It is clear that
Lu

(
xnj

)
= F

(
xnj

, Tunj−1 (xk)
)
. Hence, let j → ∞, by lemma 2 and the

continuity of F , we have Lu (x) = F (x, Tu (x)). That is, u (x) satisfies IDE
(1). Since ψ̄i (x) ∈ W 5

2 [a, b], u (x) satisfies the boundary conditions (2). In

other words, u (x) is the solution of IDE (1) and (2), where u (x) =
∞∑
i=1

Aiψ̄i (x)

and Ai is given by Eq. (7).

The approximate solution uN
n (x) can be obtained by taking finitely many

terms in the series representation of un (x) and

uN
n (x) =

N∑
i=1

i∑
k=1

βikF (xk, Tun−1 (xk)) ψ̄i (x) .
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4 Numerical Examples

In order to have a clear overview of our method, two examples with known
exact solutions are studied to demonstrate the accuracy of the present method.
Results obtained by the method are compared with the analytical solution of
each example and are found to be in good agreement with each other. Through
this paper the numerical computation performed by using Mathematica 7.0
software package.

Example 1. Consider the linear Volterra IDE [26]:

u(iv) (x) = x(1 + ex) + 3ex + u(x) −
x∫
0

u(t)dt, 0 ≤ x, t ≤ 1,

subject to the boundary conditions

u (0) = 1, u′(0) = 1, u(1) = 1 + e, u′(1) = 2e.

The exact solution is u (x) = 1 + xex. Using RKHS method, we choose 11
points on [0, 1]. The numerical results at some selected gird points are given
in Table 1.

Table 1. Numerical results of u(x) for Example 1:
x Ex. solution App. solution Absolute error Relative error
0.1 1.11051709 1.11052113 4.04516 × 10−6 3.64259 × 10−6

0.2 1.24428055 1.24429167 1.11240 × 10−5 8.94015 × 10−6

0.3 1.40495764 1.40497589 1.82552 × 10−5 1.29934 × 10−5

0.4 1.59672987 1.59675335 2.34756 × 10−5 1.47023 × 10−5

0.5 1.82436063 1.82438610 2.54696 × 10−5 1.39608 × 10−5

0.6 2.09327128 2.09329494 2.36660 × 10−5 1.13057 × 10−5

0.7 2.40962689 2.40964525 1.83562 × 10−5 7.61789 × 10−6

0.8 2.78043274 2.78044356 1.08254 × 10−5 3.89344 × 10−6

0.9 3.21364280 3.21364628 3.48541 × 10−6 1.08457 × 10−6

Example 2. Consider the nonlinear Volterra IDE [26]:

u(iv) (x) = 1 +

x∫
0

e−tu2(t)dt, 0 ≤ x, t ≤ 1,

subject to the boundary conditions

u (0) = 1, u′(0) = 1, u(1) = e, u′(1) = e.

The exact solution is u (x) = ex. Using RKHS method, we choose 11 points on
[0, 1]. The numerical results at some selected gird points are given in Table 2.
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Table 2. Numerical results of u(x) for Example 2:
x Ex. solution App. solution Absolute error Relative error
0.1 1.10517091 1.10517103 1.14811 × 10−7 1.03885 × 10−7

0.2 1.22140275 1.22140264 1.12511 × 10−7 9.21163 × 10−8

0.3 1.34985880 1.34985816 6.45214 × 10−7 4.77986 × 10−7

0.4 1.49182469 1.49182340 1.28963 × 10−6 8.64466 × 10−7

0.5 1.64872127 1.64871945 1.81841 × 10−6 1.10292 × 10−6

0.6 1.82211880 1.82211677 2.02620 × 10−6 1.11200 × 10−6

0.7 2.01375270 2.01375091 1.79729 × 10−6 8.92507 × 10−7

0.8 2.22554092 2.22553975 1.17327 × 10−6 5.27185 × 10−7

0.9 2.45960311 2.45960270 4.08001 × 10−7 1.65881 × 10−7

As we mention, it is possible to pick any point in [0, 1] and as well the
approximate solutions and its all derivative up to order four will be applicable
using the same previous partition. Next, the absolute error of u(m) (x), m =
0, 1, ..., 4 for Example 2 at some selected gird points are given in Table 3.

Table 3. Absolute error of u(m) (x) for Example 2:
m x = 0.16 x = 0.48 x = 0.64 x = 0.96
0 2.38892 × 10−8 1.73257 × 10−6 1.98879 × 10−6 7.77328 × 10−8

1 2.70497 × 10−6 4.59697 × 10−6 1.84908 × 10−6 3.67133 × 10−6

2 3.72451 × 10−5 2.91777 × 10−5 4.55729 × 10−5 7.59487 × 10−5

3 1.38986 × 10−4 2.07264 × 10−4 2.27562 × 10−5 7.65190 × 10−4

4 1.21680 × 10−3 8.33908 × 10−4 1.13022 × 10−3 1.52652 × 10−3

5 Conclusions

In this paper, the RKHS method was employed to solve the IDE (1) and
(2). The numerical results show that the present method is an accurate and
reliable analytical technique for two-point BVPs of fourth-order IDEs.
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