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Abstract
In this paper, we study the Legendre wavelets for the solution of lin-

ear, nonlinear and singular Fredholm integral equations of second kind
using approximation technique. The properties of Legendre wavelets
together with the Gaussian integration method are used to reduce the
problem to the solution of algebraic equations. The main purpose of this
article is to discuss the theoretical analysis of Legendre wavelet approx-
imation method namely, the uniqueness of solution, the convergence
analysis for the solution of second kind Fredholm integral equations.
Illustrative examples have been discussed to demonstrate the validity
and applicability of the technique.
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1 Introduction

Integral equations of various types play an important role in many fields of
science and engineering. The most frequently investigated integral equations
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are Fredholm linear equation and its nonlinear counterparts [1,2,3,4]. In recent
years, many different orthonormal basis functions, such as Fourier functions
[1],wavelets [2,3,4] etc. have been used to approximate the solution of these in-
tegral equations. However, the most attractive one among them especially for
large scale problems may be the wavelet bases, in which the kernel can be rep-
resented as a sparse matrix. This is mainly due to its excellent ’locality’ and
high order vanishing moment properties. In the conventional wavelet based
methods for solving integral equations, sooner or later one needs to compute
the inner products of wavelets or the associated scaling functions with regular
square integrable functions [2,3,4]. Because many types of wavelets are not nec-
essarily smooth, special quadrature rules are required [2]. This may sometimes
be difficult and time consuming, especially for those problems involving partial
support and singular wavelet integrals [2]. In the last two decades, wavelets
were used for solving integral equations and because of the MRA property;
they produced some good approximations [5-10]. Ulo Lepik [11] discussed the
solution of nonlinear Fredholm integral equations using Haar wavelet method.
J.N.Xiao et al [12] had solved the second kind integral equations by periodic
wavelet galerkin method. S.A.Yousefi had identified the solution of Lane-
Emden and Emden-Fowler equations using Legendre approximation technique
[13,14].

In the present article, we are concerned with the application of Legendre
wavelets to find the approximate solution of Fredholm linear integral equation
of second kind

f (x) −
∫ 1

0
k (x, t) f (t) dt = g (x) (1)

and Fredholm nonlinear integral equation of second kind

f (x) −
∫ 1

0
k (x, t)h [f (t)] dt = g (x) (2)

where f(x) is an unknown function. The Legendre wavelet method (LWM)
[13] consists of reducing the given integral equations to a system of simulta-
neous linear and nonlinear equations. The properties of Legendre wavelets
together with the Gaussian integration formula are then utilized to evaluate
the unknown coefficients and find an approximate solution to (1) and (2).

The organization of the paper is as follows: In section 2, we describe the
basic formulation of wavelets and Legendre wavelets which are required for
our subsequent development. Section 3 is devoted to the solution of (1) and
(2) by using integral operator and Legendre wavelets. In section 4, we report
our numerical finding and demonstrate the accuracy of the proposed scheme
by considering numerical examples. Concluding remarks are given in the final
section.
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2 Properties of Legendre wavelets

2.1 Wavelets and Legendre wavelets

Wavelets constitute a family of functions constructed from dilation and trans-
lation of a single function called the mother wavelet. When the dilation pa-
rameter ’a’ and the translation parameter ’b’ vary continuously, we have the
following family of continuous wavelets as:

ψa,b (t) = |a|− 1
2 ψ

(
t−b
a

)
, a, b ∈ R, a �= 0

If we restrict the parameters ’a’ and ’b’ to discrete values as a = a−k
0 ,

b = nb0a
−k
0 , a0 > 1, b0 > 0 and n, k are positive integers, we have the following

family of discrete wavelets: ψk,n (t) = |a|− 1
2 ψ

(
(a0)

k t− nb0
)

where ψk,n (t)
forms an orthonormal basis.

Legendre wavelets ψn,m (t) = ψ (k, n̂,m, t) have four arguements: n̂ = 2n−
1, n = 1, 2, 3, ..., 2k−1, k can assume any positive integer, m is the order of
Legendre polynomials and t is the normalized time. They are defined on the
interval [0, 1) as

ψn,m (t) =

{ √
m+ 1

2
2

k
2Pm

(
2kt− n̂

)
, for n̂−1

2k ≤ t ≤ n̂+1
2k

0 , otherwise

}
(3)

where m = 0, 1, 2, ...,M − 1, n = 1, 2, 3, ..., 2k−1. The coefficient
√
m+ 1

2
is

for orthonormality, the dilation parameter is a = 2−k and translation parame-
ter is b = n̂2−k. Here Pm(t) are well-known Legendre polynomials of order m
which are defined on the interval [-1,1], and can be determined with the aid of
the following recurrence formulae:

P0 (t) = 1, P1 (t) = t, Pm+1 (t) =
(

2m+1
m+1

)
t Pm(t) −

(
m

m+1

)
Pm−1 (t),

where m=1,2,3,...

2.2 Function Approximation

A function f(t) defined over [0,1) may be expanded as

f (t) =
∞∑

n=1

∞∑
m=0

cnmψnm (t) (4)

where cnm = 〈f (t) , ψnm (t)〉, in which 〈., .〉 denotes the inner product. If
the infinite series in Eq.(4) is truncated, then Eq.(4) can be written as f (t) ∼=∑2k−1

n=1

∑M−1
m=0 cnmψnm (t) = CTψ (t) where C and ψ (t) are 2k−1M ×1 matrices

given by

C = [c10, c11, · · · , c1M−1, c20, c21, · · · , c2M−1, · · · , c2K−10, · · · , c2K−1M−1]
T (5)
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ψ (t) = [ψ10 (t) , · · · , ψ1M−1 (t) , ψ20 (t) , · · · , ψ2M−1 (t) , · · · , ψ2K−10 (t) , · · · , ψ2K−1M−1 (t)]T

(6)

3 Legendre Wavelet scheme for second kind

Fredholm integral equations

Consider the integral equation given in Eq.(1) and Eq. (2)
f (x) = g (x) +

∫ 1
0 k (x, t) f (t) dt and f (x) = g (x) +

∫ 1
0 k (x, t)h [f (t)] dt

Let f (x) = CTψ (x) (7)

Hence the above equations becomes

CTψ (x) = g (x)+
∫ 1

0
k (x, t)CTψ (t) dt and CTψ (x) = g (x)+

∫ 1

0
k (x, t)h

[
CTψ (t)

]
dt

(8)
We now collocate Eq.(8) at 2k−1M points xias

CTψ (xi) = g (xi) +
∫ 1

0
k (x, t)CTψ (xi) dt (9)

CTψ (xi) = g (xi) +
∫ 1

0
k (x, t)

[
CTψ (xi)

]
dt (10)

Suitable collocation points are zeros of Chebyshev polynomials
xi = cos

(
(2i + 1)π/2kM

)
, i = 1, 2, ..., 2k−1M.

In order to use the Gaussian integration formula for Eq.(9)and Eq.(10), we
transfer the intervals [0,1] into the interval [-1,1] by means of the transforma-
tion τ = 2t− 1.

Eq. (9) and eq.(10) may then be written as

CTψ (xi) = g (xi) + xi

2

∫ 1
−1 k

(
x, 1

2
(τ + 1)

)
CTψ

(
1
2
(τ + 1)

)
dτ and

CTψ (xi) = g (xi) + xi

2

∫ 1
−1 k

(
x, 1

2
(τ + 1)

)
h

(
CTψ

(
1
2
(τ + 1)

))
dτ

By using the Gaussian integration formula, we get

CTψ (xi) = g (xi) +
xi

2

s∑
j=1

wjk
(
x,

1

2
(τ + 1)

)
CTψ

(
1

2
(τ + 1)

)
dτ (11)

CTψ (xi) = g (xi) +
xi

2

s∑
j=1

wjk
(
x,

1

2
(τ + 1)

)
h

(
CTψ

(
1

2
(τ + 1)

))
dτ (12)

where τj is s zeros of Legendre polynomials Ps+1 and wj are the correspond-
ing weights. Here the weight wj can be identified with the help of the formula

wj =
∫ 1
−1

∏s
j=o,j �=i

(
τ−τj

τi−τj

)
dτ
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4 Existence of uniqueness and Convergence

analysis:

In this section, we discuss the theoretical analysis of uniqueness and conver-
gence of our approach.

Theorem 4.1 Uniqueness theorem
Eq.(1)and (2) have unique solution whenever 0 < α < 1, where α=L
Proof:
Eq.(1) and (2) can be written in the form u (x) = g (x) +

∫ 1
0 F (t, u (t)) dt

where f (x) = u (x) . F (t, u (t)) includes the nonlinear term and is Lipschitz
continuous with |F (u) − F (v)| ≤ L |u− v| .

Let u and u* be two different solutions for Eq.(1).

|u− u∗| =
∣∣∣(g (x) +

∫ 1
0 F (t, u (t)) dt

)
−

(
g (x) +

∫ 1
0 F (t, u∗ (t)) dt

)∣∣∣
⇒ |u− u∗| =

∣∣∣∫ 1
0 [F (u) − F (u∗)] dt

∣∣∣ ≤ ∫ 1
0 |F (u) − F (u∗)| dt ≤ L |u− u∗| .

This implies that |u− u∗| (1 − L) ≤ 0 where α = L.
As 0 < α < 1, |u− u∗| = 0, implies u = u∗ and this completes the proof.

Theorem 4.2 Convergence theorem
The series solution Eq.(4) using LWM converges towards u(x).
Proof:

Let L2 (R) be the Hilbert space and ψk,n (t) = |a|− 1
2 ψ

(
a0

kt− nb0
)

where

ψk,n (t) form a basis of L2 (R) . In particular, when a0 = 2 and b0 = 1, ψk,n (t)
forms an orthonormal basis.

Let u (x) =
∑M−1

i=1 C1iψ1,i (x) where C1i = 〈u (x) , ψ1,i (x)〉 for k=1 and
〈.〉 represents an inner product. Let us denote ψ1,i (x) as ψ (x) and Let αj =
〈u (x) , ψ (x)〉 .

Define the sequence of partial sums Sn of (αjψ (xj)); Let Sn and Sm be
arbitrary partial sums with n ≥ m. We are going to prove that Sn is a Cauchy
sequence in Hilbert space.

Let Sn =
∑n

j=1 αjψ (xj) . Now 〈u (x) , Sn〉 =
〈
u (x) ,

∑n
j=1 αjψ (xj)

〉
=

∑n
j=1 |αj|2 .

We will claim that ‖Sn − Sm‖2 =
∑n

j=m+1 |αj |2 for n > m.

Now
∥∥∥∑n

j=m+1 αjψ (xj)
∥∥∥2

=
〈∑n

j=m+1 αiψ (xi) ,
∑n

j=m+1 αjψ (xj)
〉

=
∑n

j=m+1 |αj |2
for n > m.

i.e
∥∥∥∑n

j=m+1 αjψ (xj)
∥∥∥2

=
∑n

j=m+1 |αj|2 for n > m.

From Bessel’s inequality, we have
∑n

j=m+1 |αj|2 is convergent and hence∥∥∥∑n
j=m+1 αjψ (xj)

∥∥∥2 → 0 as m, n → ∞. i.e
∥∥∥∑n

j=m+1 αjψ (xj)
∥∥∥ → 0 and

{Sn} is a cauchy sequence and it converges to say ’s’.
We assert that u (x) = s.
Now 〈s− u(x), ψ (xi)〉 = 〈s, ψ (xi)〉 − 〈u(x), ψ (xi)〉
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= 〈Ltn→∞ Sn, ψ (xj)〉 − αj = αj − αj

⇒ 〈s− u(x), ψ (xi)〉 = 0 and hence u(x) = s and
∑n

j=1 αjψ (xj) converges
to u(x) and this completes the proof.

The error bound for the above function approximation is elucidated in the
following lemma,given in [14].

Lemma 4.3 Suppose that the function f : [0, 1] → R is m times contin-
uously differentiable,f ∈ Cm [0, 1]. Then CTψ approximate f with an mean
error bound as follows:∥∥∥f − CTψ

∥∥∥ ≤ 1
m!2mk supx∈[0,1]

∣∣∣f (m)(x)
∣∣∣ .

Proof: See [14]

5 Test problems

We provide three numerical examples discussed in [12] to validate the Legendre
wavelet method presented in this paper.

Problem 1.
Consider the following linear integral equation of second kind

f (x) −
∫ 1

0
sin(4πx+ 2πt)f(t)dt = cos(2πx) +

1

2
sin(4πx) (13)

We apply the method presented in this paper and solve Eq.(13) with K=1
and M=5.

Let f(x) = CTψ(x)

CTψ(x) =
∫ 1

0
sin(4πx+ 2πt)CTψ(x)dx+ cos(2πx) +

1

2
sin(4πx) (14)

Solving Eq.(14), we get c10 = 1; c11 = −π2√
3

; c12 = −π2

3
√

5
; c13 = 0; c14 = π4

105
√

9

By using Eq.(7), we have f(x) = c10ψ10 + c11ψ11 + c12ψ12 + c13ψ13 + c14ψ14

Hence f(x) = 1−2π2x2− 2
3
π4x4 + 4

45
π6x6 + · · · and the closed form solution

is given by f(x) = cos(2πx), which is the exact solution.
Problem 2.
Consider the nonlinear integral equation of the second kind

f (x) −
∫ 1

0
sin(2πx)tf2(t)dt =

3

4
sin(2πx) (15)

We apply the method presented in this paper and solve Eq.(15) with K=1
and M=6.

Let f(x) = CTψ(x).
CTψ(x) =

∫ 1
0 sin(2πx)t[CTψ(x)]2dx+ cos(2πx) + 3

4
sin(2πx)
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Simplifying, we get c10 = 0; c11 = 114.3227; c12 = 25.1220; c13 = 6.8041760;
c14 = 0.9709; c15 = 0.0061

By using Eq.(7), we have f(x) = c10ψ10 +c11ψ11 +c12ψ12 +c13ψ13 +c14ψ14 +
c15ψ15

Hence f(x) = 2πx − 4
3
π3x3 + 4

15
π5x5 + · · · and the closed form solution is

given by f(x) = sin(2πx), which is the exact solution.
Problem 3.
Finally, we solve a nonlinear second kind Fredholm integral equation with

weakly singular kernel

f (x) −
∫ 1

0
ln |x− t| f 3(t)dt = g(x) (16)

We apply the method presented in this paper and solve Eq.(16) with K=1
and M=5.

Let f(x) = CTψ(x) and solving by the method presented above, solution

in closed form is f(x) =
(
x− 1

2

) 2
3 , which is the exact solution.

6 Conclusion

In this work, we proposed the Legendre wavelet approximation method (LWM)
for solving second kind Fredholm integral equations discussed in [16]. The
properties of the Legendre wavelets together with the Gaussian integration
method are used to reduce the problem to the solution of algebraic equations.
We have also demonstrated the uniqueness and convergence analysis of LWM.
Illustrative examples are included to demonstrate the validity and applicability
of the technique. These examples reveal that the proposed LWM method is
very convenient and in par with other existing methods that gives the exact
solution. Furthermore, since the basis of Legendre wavelets are polynomial, the
values of integrals for the nonlinear integral equations of the form in Eq.(9)and
Eq. (10) are calculated as approximately close to the exact solutions.
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