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Abstract 

 

In this paper, a Fuzzy Transshipment problem is defined in which the origin and 

destination consist not only the equality but also of greater than or equal to or less than 

or equal to type constraints. An algorithm is proposed to change the mixed constraint 

fuzzy transshipment problem into a standard fuzzy transportation problem. The optimal 

solution for the fuzzy transportation problem is the optimal solution for the mixed 

constraint fuzzy transshipment problem. 
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1. Introduction  

 

A transportation problem refers to a class of linear programming problems that 

involves selection of most economical shipping routes for transfer of a uniform 

commodity from a number of sources to a number of destinations. Bridgen (1974) [3] 

considered the transportation problem with mixed constraints. Bridgen solved this 

problem by considering a related standard transportation problem having two additional 

supply points and two additional destinations. Gupta et al. (1993) [5] also studied 

transportation problem with mixed constraints. Adlakha et al. (2006) [1] developed a 

heuristic for solving transportation problem with mixed constraints. 

Orden[10] has extended transportation problem to include the case when 

transshipment is also allowed. Both the transportation problem and the transshipment 

problem are also quite widely used for planning bulk distribution, especially in the USA 

where the (road) distances travelled are large. In the transshipment problem all the 

sources and destinations can function in any direction. Usually, in the absence of 

transshipment, the transportation cost goes higher. Hence transshipment is also very 

useful to reduce the transportation cost. Garg and Prakash (1985) [5] studied time 

minimizing transshipment problem. Afterwards, Multilocation transshipment problem 

with capacitated production and lost sales was studied by Ozdemir (2006) [11]. The 

concept of fuzzy numbers and arithmetic operations with these numbers were first 

introduced and investigated by Zadeh [14] and, etc[2,6]. In [7] Nagoor Gani et al. 

Solving Transportation Problem using Fuzzy Number and in [8] , Nagoor Gani et al 

presented a two stage cost minimizing fuzzy transportation problem in which supplies 

and demands are trapezoidal fuzzy number. In [13], Stephen Dinagar et al investigated 

fuzzy transportation problem with the aid of trapezoidal fuzzy numbers. 

In this paper, Transshipment problem with mixed constraints is discussed in 

fuzzy environment. This paper is organized as follows, in Section 2, preliminary 

definitions and transshipment models had been given. Section 3 gives fuzzy 

transshipment problem with mixed constraint model and algorithm to change the fuzzy 

transshipment to fuzzy transportation is proposed. In Section 4 provides numerical 

illustration of the problem. 

 

2. Preliminaries 
 

2.1 Fuzzy set: A fuzzy set A� is defined by A�= {(x, µA(x)): x∈A, µA(x)∈[0,1]}.  In the 

pair (x, µA(x)), the first element x belong to the classical set A, the second element 

µA(x), belong to the interval [0, 1], called Membership function. 
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2.2 Fuzzy Number: A fuzzy set A� on R must possess at least the following three properties to 

qualify as a fuzzy number, 

(i) A� must be a normal fuzzy set; 

(ii) αA� must be closed interval for every αϵ[0,1] 

(iii) the support of A�, 
o+A�, must be bounded. 

2.3 Triangular Fuzzy Number: It is a fuzzy number represented with three points as 

follows:         A� = (a1, a2, a3). This representation is interpreted as membership functions 

and holds the following conditions 

(i) a 1 to a2 is increasing function 

(ii) a2 to a3 is decreasing function 

(iii) a1 ≤ a2 ≤ a3. 

 

            

 

 

2.4 Positive triangular fuzzy number: A positive triangular fuzzy number A� is 

denoted as           A� = (a1, a2, a3) where all ai’s > 0 for all i=1, 2, 3.  

2.5 Negative triangular fuzzy number: A negative triangular fuzzy number A� is 

denoted as     A� = (a1, a2, a3) where all ai’s < 0 for all i=1, 2, 3.  

Note: A negative Triangular fuzzy number can be written as the negative multiplication 

of a positive Triangular fuzzy number. 

Eg: when A� =(−3, −2, −1) is a negative triangular fuzzy number this can be written as                    A�	= − (1,2,3,). 

2.6 Equal Triangular fuzzy number: Let A� = (a1, a2, a3) and B� = (b1, b2, b3) be two 

triangular fuzzy numbers. If A� is identically equal to B� only if a1 = b1,  a2 = b2 and a3 = 

b3. 

2.7 New Operation of Triangular Fuzzy Number 

The following are the operations that can be performed on triangular fuzzy numbers:                       

Let A� = (a1, a2, a3) and B�= (b1, b2, b3) then, 

(i) Addition: A� + B� = (a1+b1, a2+b2, a3+b3). 

(ii) Subtraction: A� � B� = (a1�b1, a2�b2, a3�b3). 

Note: The new subtraction operation exist only if the following condition is satisfied                  

DP(A�) ≥ DP(B�).Where DP(A�)= 
��	�

� 	  and DP(B�)�	 �	
� 	 ; where DP denotes 

Difference point of a Triangular fuzzy number. 

μ�����  �
��
�
��

0 ���	� � �1�	�
��	�
 ���	�1  �  �2
��	���	��0

���	�2  �  �3���	� # �3
 

 
Fig2.1: Triangular fuzzy number $%  (a1, a2, a3) 

a1         a2     a3 

μ 

1 
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2.8 Fuzzy Transportation Model: 

Fuzzy transportation models deal with problems concerning as to what happen 

to the effectiveness function when we associate each of number of origins (sources) 

with each of a possibly different number of destinations (jobs). Suppose that there are m 

sources and n destinations. Let �&'be the number of supply units available at source 

i(i=1,2,3,..,m) and let  ()* be the number of demand units required at destination 

j(j=1,2,3,…,n). Let  +̃'* represent the unit transportation cost for transportating the units 

from source i to destination j. The objective is to determine the number of units to be 

transported from source i to destination j so that the total transportation cost is 

minimum. In addition, the supply limits at the source and the demand requirements at 

the destination must be satisfied exactly.  

If  �&'* (�&'*≥0) is the number of units shipped from source i to destination j, then the 

equivalent linear programming model will be 

Minimize -)=∑ ∑ +̃'*�&'*/*012'01  

Subject to  ∑ �&'* � �&'/*01 ,            i=1,2,3,…,m 

                  ∑ �&'* � ()*/'01 ,             j=1,2,3,…,n 

 where �&'*	≥ 0 

the system will be balance if ∑ �&'2'01 � ∑ ()*2*01 , and unbalanced if ∑ �&'2'01 3 ∑ ()*2*01 . 

The system must have m+n-1 allocation to obtain the optimal feasible solution. 

2.9 Fuzzy Transshipment Model: 

The fuzzy transportation problem assumes that direct routs exist from each 

source to each destination. However, there are situations in which units may be shipped 

from one source to another or to other destinations before reaching their final 

destinations. This is called a fuzzy transshipment problem. The purpose of 

transshipment the distinction between a source and destination is dropped so that a 

transportation problem with m source and n destinations gives rise to a transshipment 

problem with m + n source and m + n destinations. The basic feasible solution to such a 

problem will involve [(m + n) + (m + n)-1] or 2m + 2n - 1 basic variables and if we 

omit the variables appearing in the (m + n) diagonal cells, we are left with m + n - 1 

basic variables. 

Thus the fuzzy transshipment problem may be written as: 

Minimize -) = ∑ ∑ +̃'*�&'*24/*01,*6'24/'01  

Subject to       ∑ �&'*24/*01,*6' �∑ �&*'24/*01,*6' = �&',           i = 1,2,3,…,m 

                       ∑ �&'*24/'01,'6* � ∑ �&*'24/'01,'6* = ()*,            j = m+1,m+2,m+3,…,m+n 

where �&'*	≥ 0, i, j=1,2,3,…,m+n, j≠i 

where ∑ �&'2'01 �	∑ ()*2*01  then the problem is balance otherwise unbalanced. 
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the above formulation is a fuzzy transshipment model, the transshipment model is 

reduced to transportation form as: 

Minimize -) = ∑ ∑ +̃'*�&'*24/*01,*6'24/'01  

Subject to       ∑ �&'*24/*01  = �&' 7 8,            i=1,2,3,…,m 

                       ∑ �&'*24/*01  = 8,           i=m+1,m+2,m+3,…,m+n 

   ∑ �&'*24/'01  = 8,              j=1,2,3,…,m 

   ∑ �&'*24/'01  = ()* 7 8,            j=m+1,m+2,m+3,…,m+n 

where �&'*	≥ 0, i, j = 1,2,3,…,m + n, j ≠ i, 

the above mathematical model represents a standard balanced transportation problem 

with (m+n) origins and (m+n) destinations. T can be interpreted as a buffer stock at 

each origin and destination. Since we assume that any amount of goods can be 

transshipped at each point, T should be large enough to take care of all transshipments. 

It is clear that the volume of gooda transshipped at any point cannot exceed the amount 

produced or received and hence we take T= ∑ �&'2'01 	��	 ∑ ()*2*01 . 

 

3. Formulation of Fuzzy Transshipment Problems with Mixed 

Constraints: 

Consider the balanced transshipment problem with mixed constraints given by 

Minimize -) =  ∑ ∑ +̃'*�&'*24/*01,*6'24/'01  

Subject to      ∑ �&'*24/*01,*6' � ∑ �&*'24/*01,*6' = �&',         ∀  i∈ ;1 

    ∑ �&'*24/*01,*6' � ∑ �&*'24/*01,*6' ≥ �&',         ∀  i∈ ;� 
    ∑ �&'*24/*01,*6' � ∑ �&*'24/*01,*6' ≤ �&',         ∀  i∈ ;< 
                ∑ �&'*24/'01,'6* � ∑ �&*'24/'01,'6* = ()*,          ∀  j∈ =1                    
    ∑ �&'*24/'01,'6* � ∑ �&*'24/'01,'6* ≥ ()*,          ∀  j∈ =� 
    ∑ �&'*24/'01,'6* � ∑ �&*'24/'01,'6* ≤ ()*,          ∀  j∈ =< 
where �&'*	≥ 0, i, j=1,2,3,…,m+n, j≠i 

     ;1⋃;�⋃;< = I1={1,2,…,m},=1⋃=�⋃=< = I2={m+1,m+2,…,m+n}. 

 

3.1 Algorithm to Solve the Transshipment Problem with Mixed Constraints: 

Step1. Given the fuzzy transshipment problem. If ∑ �&'2'01 � ∑ ()*24/*0241 , then the 

transshipment problem is balanced, take T = ∑ �&'2'01  else take T = max ?∑ �&'2'01 ,∑ ()*24/*0241 @ and go to step 2. 

(3.1) 
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Step2. Construct a fuzzy transportation tableau as follows. A row in the tableau will be 

needed for each supply point and transshipment point, and a column will be 

needed for each demand point and transshipment point. 

 

Step3. Add a dummy demand point/column with a demand = ∑ �&'2'01 A 7 B8 or a dummy 

supply point/row with a supply  � ∑ ()*24/*0241 A 7C8 having costs as defined in 

(3.2). Shipments to the dummy and from a point to itself are taken as zero. 

 

Step4. Each fuzzy transshipment point will have a supply equal to its original supply �&' 
(i=1,2,…m) + T and will have a demand equal to its original demand ()*  

(j=m+1,m+2….m+n) + T. Also, each supply point will have supply equal to 

original supply, T (for j=m+1, m+2,…, m+n) and each demand point will have 

its demand equal to original demand, T(for i=1,2,…m). This ensures that any 

transshipment point that is a net supplier will have a net outflow equal to point’s 

original supply and a net demander will have a net inflow equal to point’s 

original demand. Although we don’t know how much will be shipped through 

each transshipment point, we can be sure that the total amount will not exceed T. 

 

Step5. Find out the optimal basic feasible solution of the transformed fuzzy 

transportation problem (3.3). 

 

Step6. Ignoring the allocations in the diagonal cells, the solution obtained is the optimal 

basic feasible solution for the fuzzy transshipment problem (3.1). 

 

3.2 Fuzzy Transshipment Problem with Mixed Constraint is Reduced to Fuzzy 

Transportation Problem using the Algorithm: 

 

 The above fuzzy transshipment problem can be reduced to a Fuzzy 

transportation problem as follow 

Minimize	Z) 	� 	∑ ∑ +̃'*A24/41*01 �&'*24/41'01   

∑ �&'*24/41*01 � �&'A,			∀K ∈ L1,          �&'A � �&' 7 8,							∀K ∈ L1, ∑ �&'*24/41*01 � 8,			∀M ∈ L�,          ∑ �&'*24/41'01 � ()*A, ∀M ∈ L�, ()*A � ()* 7 8, ∀M ∈ L�,                  ∑ �&'*24/41'01 � 8, ∀K	 ∈ L1, �&24/41A � �∑ �&'A2'01 	 7 B8�       ()24/41A � N∑ ()*A24/*0241 	 7C8O 
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 +̃'*A � +̃'*	 , ∀K, M ∈ L1 ∪ L� 

+̃',24/41A � min*∈Q�R+̃'*	 S , ∀K ∈ ;1 ∪ ;�, 
               =0, ∀K ∈ ;<, +̃',24/41A � min*∈T�R+̃'*	 S , ∀K ∈ =1 ∪ =�, 
               =0, ∀K ∈ =<, +̃24/41,*A � min'∈Q�R+̃'*	 S , ∀M ∈ ;1 ∪ ;�, 
                =0, ∀M ∈ ;<, +̃24/41,*A � min'∈Q�R+̃'*	 S , ∀M ∈ =1 ∪ =�, 
                =0, ∀M ∈ =<, +̃24/41,24/41A � 0, �&'* U 0, K, M � 1,2, …C 7 B.      -----(3.3) 

The (m+n+1)
th

 row and (m+n+1)
th

 column is introduced in problem(3.3) to balance the 

problem(3.1). 

Remark 1: An unbalanced Fuzzy Transshipment Problem with mixed constraints 

arises. When ∑ �&'2'01 3		∑ ()*24/*0241  in problem (3.1). In this case take T = max{∑ �&'2'01 ,
∑ ()*24/*0241 @ in problem(3.3). 

 

4. Numerical Example 

 
Balanced Fuzzy Transshipment Problem with Mixed constraints. Consider the 

following Balanced Fuzzy Transshipment Problem involving three origins and three 

destinations. The fuzzy availabilities at the origin, the fuzzy requirements at the 

destinations and the fuzzy costs of fuzzy transportation are given below 

 

 D1 D2 D3 Supply 

O1 (4,5,6) (3,4,5) (6,7,8) =(3,4,5) 

O2 (1,2,3) (5,6,7) (4,5,6) ≥(5,6,7) 

O3 (3,4,5) (7,8,9) (2,3,4) ≤(4,5,6) 

Demand =(4,5,6) ≥(5,6,7) ≤(3,4,5)  
 

 

 O1 O2 O3   D1 D2 D3 

O1 (0,0,0) (0.5,1,1.5) (0.5,1,1.5) D1 (0,0,0) (1,2,3) (1,2,3) 

O2 (0.5,1,1.5) (0,0,0) (0.5,1,1.5) D2 (1,2,3) (0,0,0) (1,2,3) 

O3 (0.5,1,1.5) (0.5,1,1.5) (0,0,0) D3 (1,2,3) (1,2,3) (0,0,0) 

(3.2) 
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Fuzzy transshipment problem table 
 O1(j=1) O2(j=2) O3(j=3) D1(j=4) D2(j=5) D3(j=6)  

O1(i=1) (0,0,0) (0.5,1,1.5) (0.5,1,1.5) (4,5,6) (3,4,5) (6,7,8) =(3,4,5) 

O2(i=2) (0.5,1,1.5) (0,0,0) (0.5,1,1.5) (1,2,3) (5,6,7) (4,5,6) ≥(5,6,7) 

O3(i=3) (0.5,1,1.5) (0.5,1,1.5) (0,0,0) (3,4,5) (7,8,9) (2,3,4) ≤(4,5,6) 

D1(i=4) (4,5,6) (1,2,3) (3,4,5) (0,0,0) (1,2,3) (1,2,3)  

D2(i=5) (3,4,5) (5,6,7) (7,8,9) (1,2,3) (0,0,0) (1,2,3)  

D3(i=6) (6,7,8) (4,5,6) (2,3,4) (1,2,3) (1,2,3) (0,0,0)  

    =(4,5,6) ≥(5,6,7) ≤(3,4,5)  8 � ∑ �&'<'01 �	∑ ()*X*0Y � �12,15,18�. 
Transformed fuzzy transportation problem table using algorithm, where                           

∑ �&'2'01 A 7 B8 = (85,105,126) =	∑ ()*24/*0241 A 7C8 

 O1(j=1) O2(j=2) O3(j=3) D1(j=4) D2(j=5) D3(j=6) d(j=7) \]^ 
O1(i=1) (0,0,0) (0.5,1,1.5) (0.5,1,1.5) (4,5,6) (3,4,5) (6,7,8) (3,4,5) (15,19,23) 

O2(i=2) (0.5,1,1.5) (0,0,0) (0.5,1,1.5) (1,2,3) (5,6,7) (4,5,6) (5,6,7) (17,21,25) 

O3(i=3) (0.5,1,1.5) (0.5,1,1.5) (0,0,0) (3,4,5) (7,8,9) (2,3,4) (0,0,0) (16,20,24) 

D1(i=4) (4,5,6) (1,2,3) (3,4,5) (0,0,0) (1,2,3) (1,2,3) (1,2,3) (12,15,18) 

D2(i=5) (3,4,5) (5,6,7) (7,8,9) (1,2,3) (0,0,0) (1,2,3) (5,6,7) (12,15,18) 

D3(i=6) (6,7,8) (4,5,6) (2,3,4) (1,2,3) (1,2,3) (0,0,0) (0,0,0) (12,15,18) 

d(i=7) (3,4,5) (5,6,7) (0,0,0) (1,2,3) (5,6,7) (0,0,0) (0,0,0) (85,105,126) 

_�` (12,15,18) (12,15,18) (12,15,18) (16,20,24) (17,21,25) (15,19,23) (85,105,126)  

The Basic Feasible solution for the above transformed Fuzzy Transportation problem 

using Fuzzy VAM algorithm [9] 
 O1(j=1) O2(j=2) O3(j=3) D1(j=4) D2(j=5) D3(j=6) d(j=7) Supply 

O1(i=1) (0,0,0) 

(12,15,18)

(0.5,1,1.5) (0.5,1,1.5) 

(3,4,5)

(4,5,6) (3,4,5) (6,7,8) (3,4,5) (15,19,23) 

(3,4,5) 

O2(i=2) (0.5,1,1.5) 

 

(0,0,0) 

(12,15,18)

(0.5,1,1.5) 

(5,6,7)

(1,2,3) (5,6,7) (4,5,6) (5,6,7) (17,21,25) 

(5,6,7) 

O3(i=3) (0.5,1,1.5) 

 

(0.5,1,1.5) (0,0,0) 

(4,5,6)

(3,4,5) (7,8,9) (2,3,4) (0,0,0) 

(12,15,18)

(16,20,24) 

(12,15,18) 

D1(i=4) (4,5,6) (1,2,3) 

 

(3,4,5) (0,0,0) 

(12,15,18)

(1,2,3) (1,2,3) (1,2,3) (12,15,18) 

D2(i=5) (3,4,5) (5,6,7) 

 

(7,8,9) (1,2,3) (0,0,0) 

(12,15,18)

(1,2,3) (5,6,7) (12,15,18) 

D3(i=6) (6,7,8) (4,5,6) 

 

(2,3,4) (1,2,3) 

(4,5,6) 

(1,2,3) 

(5,6,7) 

(0,0,0) 

(3,4,5)

(0,0,0) 

 

(12,15,18) 

(7,9,11) 

(3,4,5) 

d(i=7) (3,4,5) (5,6,7) 

 

(0,0,0) (1,2,3) (5,6,7) (0,0,0) 

(12,15,18)

(0,0,0) 

 (73,90,108)

(85,105,126) 

(73,90,108) 

Demand (12,15,18) (12,15,18) 

 

(12,15,18) 

(9,11,13) 

(4,5,6) 

(16,20,24) 

(4,5,6) 

(17,21,25) 

(5,6,7) 

(15,19,23) 

(12,15,18) 

(85,105,126) 

(73,90,108) 

 

Z = (0.5,1,1.5)(3,4,5) + (0.5,1,1.5)(5,6,7) + (1,2,3)(4,5,6) + (1,2,3)(5,6,7)          
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   =(1.5,4,7.5) + (2.5,6,10.5) + (4,10,18) + (5,12,21)  = (13,32,57) = 34 

and the root is  O1→O3, O2 →O3, D3→D1, D3→D2, d→D3, O3→d; 
This is the Optimal Solution table for the transformed fuzzy transportation problem 

using MODI method: 

 O1(j=1) O2(j=2) O3(j=3) D1(j=4) D2(j=5) D3(j=6) d(j=7) Ui 

O1(i=1) (0,0,0) 

(12,15,18)

(0.5,1,1.5) 

 

(0.5,1,1.5) 

(3,4,5)

(4,5,6) 

 

(3,4,5) 

 

(6,7,8) 

 

(3,4,5) 

 

(0.5,1,1.5) 

O2(i=2) (0.5,1,1.5) 

 

(0,0,0) 

(12,15,18)

(0.5,1,1.5) 

  (1,1,1)

(1,2,3) 

(4,5,6)

(5,6,7) 

 

(4,5,6) 

 

(5,6,7) 

 

(0.5,1,1.5) 

O3(i=3) (0.5,1,1.5) 

 

(0.5,1,1.5) 

 

(0,0,0) 

(8,10,12)

(3,4,5) 

 

(7,8,9) 

 

(2,3,4) 

 

(0,0,0) 

(8,10,12)  

(0,0,0) 

D1(i=4) (4,5,6) 

 

(1,2,3) 

 

(3,4,5) 

 

(0,0,0) 

(12,15,18)

(1,2,3) 

 

(1,2,3) 

 

(1,2,3) 

 

-(0.5,1,1.5) 

D2(i=5) (3,4,5) 

 

(5,6,7) 

 

(7,8,9) 

 

(1,2,3) 

 

(0,0,0) 

(12,15,18)

(1,2,3) (5,6,7) 

 

-(1,2,3) 

D3(i=6) (6,7,8) 

 

(4,5,6) 

 

(2,3,4) 

 

(1,2,3) 

 

(1,2,3) 

(5,6,7)

(0,0,0) 

(7,9,11)

(0,0,0) 

 

(0,0,0) 

d(i=7) (3,4,5) 

 

(5,6,7) 

 

(0,0,0) 

 

(1,2,3) 

 

(5,6,7) 

 

(0,0,0) 

(8,10,12)

(0,0,0) 

(77,95,114) 

(0,0,0) 

Vj -(0.5,1,1.5) -(0.5,1,1.5) (0,0,0) (0.5,1,1.5) (1,2,3) (0,0,0) (0,0,0)  

Hence all the unallocated cell having negative a% ij, therefore the current solution is 

optimal. 

The Optimal root is O1→O3, O2 →O3, O2→D1, D3→D2, d→D3, O3→d; 
Z = (0.5,1,1.5)(3,4,5) + (0.5,1,1.5)(1,1,1) + (1,2,3)(4,5,6) + (1,2,3)(5,6,7)  

   = (1.5,4,7.5) + (0.5,1,1.5) + (4,10,18) + (5,12,21) 

   = (11,27, 48) = 28.66. 

 

Conclusion 

 The proposed algorithm is easy to understand and apply in mixed constraints 

transshipment problem in Fuzzy Environment. This algorithm is very useful in 

distribution problems with mixed constraints and in paradoxical situations. The 

algorithm transforms the original fuzzy transshipment problem into a fuzzy 

transportation problem by introducing one additional column and row. The optimal 

solution of the original fuzzy transshipment problem is obtained from the optimal 

solution of the transformed fuzzy transportation problem. 
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