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Abstract

In this paper we study the discrete cost sharing problem. We restrict
the problem when there exists only a pair of agents with the same
demand of discrete goods (not necessarily the same kind of goods).
We create a non-cooperative game based on solutions defined by paths
and then, we show a solution for the cost sharing problem that is a
Nash equilibrium for our non-cooperative situation. Also, we show some
properties of the proposed solution.
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1 Introduction

In a cost sharing problem, a set of agents work together for doing a certain
kind of production and they need to distribute the associated costs. The pro-
blem arises because in some contexts, the cooperation involves a reduction
of costs in comparison with the sum of the individual cost production. Each
agent needs to produce a certain number of goods (not necessarily the same
kind of goods). So, a problem is determined by a set of agents, a vector of
demands and a cost function, while a solution is a function that assign a payoff
vector to each problem. The general cost sharing problem was introduced by
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Shubik (1962) and it has been studied by several authors, including Littlechild
& Owen (1973), Henriet & Moulin (1995), Shenker (1996) and Meca (2007).
Another tool used in the study of cost sharing situations is the well-known
technique of modeling the problems as partition function form games. This
kind of cooperative games has been studied by Hsiao & Raghavan (1992) and
Nouweland & Tijs (1995).

In this work, we are considering a set of two agents and that the goods
they need to produce are discrete goods. Also, we define a bipersonal non–
cooperative game where each production sequence is a mixed strategy with the
sum of the marginal costs as it associated payoff vector. In fact, for the general
discrete cost sharing problem, the Aumman-Shapley method (Moulin, 1995)
is the average of the solutions generated by production sequences. We show
that any convex combination of solutions generated by production sequences
is a Nash equilibrium over the non–cooperative game that we are defining.
Evermore, we identify a subset of linear, symmetric and efficient solutions
which are Nash equilibria of our non–cooperative situation.

This paper is organized as follows: in Section 2 we present our notation and
some basic definitions. After that, in Section 3, we present several concepts
related to solutions for the cost sharing problem induced by paths. In Section
4 we present a non–cooperative situation and a solution for the cost sharing
problem that is a Nash equilibrium of that non–cooperative game. That is
our most important result. Also, we show some properties of that solution.
Finally, we present some conclusions about our work.

2 Notation and preliminaries

In this section we describe the mathematical model of our problem. The deve-
lopment, results and comments presented in the rest of our work is based on
the notation that we define in this section. We denote N = {1, 2} the set of
agents and m = (d, d), with d ∈ Z

+, the vector of demands of the agents. Z
+

represents the set of integer numbers greater than zero. According to this, we
are restricting the general cost sharing problem for a two agent situation with
equal and integer demands. The number d represents the amount that each
agent needs to produce. We define M := {0, 1, . . . , d} × {0, 1, . . . , d}, a grid
that represents the set of all possible phases on the production process. For
each node r ∈M , we say that r is a vector of partial production if r �= m and
a vector of total production if r = m. For example, the node (0, 2) ∈ M (for
d ≥ 2) represents the phase where the first agent has no production yet and
the second agent has produced two goods.
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For a pair (N,m) we define Gd := {c : M → R | c(0, 0) = 0}. A function
c ∈ Gd is interpreted as a cost function. For each phase of the production
(partial or total production) this function assigns a number that represents
the costs involved for doing the corresponding amount of production. For
c, c′ ∈ Gd we define (c + c′)(r) := c(r) + c′(r) and (αc)(r) := αc(r) for each
r ∈ M and α ∈ R. With these operations, Gd can be considered the vector
space of cost functions for two agents with the same finite integer demand. A
solution is a function ϕ : Gd → R

2. For c ∈ Gd, ϕi(c) represents the amount
that the agent i ∈ N must pay of the total cost production given by the
function c.

Example 1: Suppose a publishing house with two agents who need to produce
as follows: the first agent needs to print 3000 units of a new text book and
the second agent, 3000 catalogues. If the units of production are thousands,
we have a cost sharing problem with N = {1, 2} and m = (3, 3). The costs of
production are given in the next list:

c(0, 3) = 21 c(1, 3) = 23 c(2, 3) = 30 c(3, 3) = 33
c(0, 2) = 20 c(1, 2) = 22 c(2, 2) = 26 c(3, 2) = 28
c(0, 1) = 12 c(1, 1) = 19 c(2, 1) = 20 c(3, 1) = 25
c(0, 0) = 0 c(1, 0) = 8 c(2, 0) = 14 c(3, 0) = 15

where c(i, j) corresponds to the cost of producing i thousands of books and
j thousands of catalogues. The total production cost is c(3, 3) = 33 and the
problem is how much each agent must pay in a fair way.

3 Solutions induced by paths

Suppose a given production sequence: in each step, one product of one agent
(it does not matter which agent) is produced until both of them have their
total demand satisfied. So, a production sequence consists of 2d steps.

Definition 1. A production sequence (or simply a path) is a function

π : {0, 1, ..., 2d} →M

with π(0) = (0, 0), π(2d) = m and, for each t ∈ {1, 2, ..., 2d}, π(t)−π(t−1) =
ei1 for some i ∈ N .

Example 2: An example of a path for Example 1 is

π(0) = (0, 0) π(1) = (0, 1) π(2) = (1, 1) π(3) = (2, 1)

1e1 = (1, 0) and e2 = (0, 1) represent the canonic basis of R
2
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π(4) = (3, 1) π(5) = (3, 2) π(6) = (3, 3).

According to this example, the first product is made by agent 2; the second
product is made by agent 1; the third product is made by agent 1, and so on.
The last product is made by agent 2.

If the production orden is given according to one of these paths, a natural
solution should be that each agent must pay for his products according to the
order of production. That is, if the k–th element of a path is assigned to agent
j then he must pay c(r + ej) − c(r). c(r + ej) represents the production cost
after the k–th element is produced and c(r) the production cost before. If we
sum all the payoffs for each player, we can consider this sum as a solution for
the problem but according to that path. With this idea we denote the set of
possible paths as Π and the total number of paths as |Π|. Given a path π ∈ Π
we calculate the payoffs according to π for a cost function c ∈ Gd as follows

πc =

2d∑
t=1

[c(π(t)) − c(π(t− 1))] [π(t) − π(t− 1)] . (1)

For each path, πc assigns as payoffs the induced marginal costs according
to the production order. In Example 2, the induced costs are πc = (13, 20).
We can see that π− is a linear function. That is, for β ∈ R and c, d ∈ Gd we
have πβc = βπc and πc+d = πc + πd.

4 A Nash equilibrium solution

Now, we define a non-cooperative game such that the corresponding Nash
equilibrium is a solution for our restricted cost sharing problem.

For a path π ∈ Π, we denote (πc)i the i–th coordinate of the payoff vector
according to (1). Given a cost function c ∈ Gd, we can sort the elements (πh

c )1,
where πh

c ∈ {πc | π ∈ Π}, h ∈ {1, 2, . . . , |Π|} such that (π1
c )1 ≤ (π2

c )1 ≤ . . . ≤
(π

|Π|
c )1

2. With this order, we can form the ordered set

Π1 = {π1
c , π

2
c , . . . , π

|Π|
c }.

Now, for each α = (α1, α2, . . . , α|Π|) ∈ R
|Π| with αk ≥ 0 for every k ∈

{1, 2, . . . , |Π|} such that

|Π|∑
k=1

αk = 1 we define

2When there are several paths with the same payoff vector, the order proposed is not
unique; however, we choose one of them.



A Nash equilibrium solution for the discrete two-person cost sharing problem 2067

• the convex combination (xα, yα) =

|Π|∑
k=1

αkπ
k
c ,

• the non-cooperative game Gα,c = ({1, 2},Π1 × Π1, Pα(c)) where

Pα(c) : Π1 × Π1 → R
2

with

Pα(c)(πi, πj) = (aij, bij) =

{
πi

c if i = j
(xα, yα) otherwise.

This non-cooperative situation can be interpreted as follows: A judge con-
fronts the agents and he asks each agent to choose his preferred production
sequence (a path). If both players choose the same path, each one of them
must pay the corresponding costs to that path. If the chosen paths are not the
same, the judge establishes an arbitrary vector α and he assigns as payoffs the
vector (xα, yα). The next result shows the importance of that assigned payoff
vector.

Theorem 1. There exist (i∗, j∗) such that ai∗j∗ ≤ aij∗ ∀i and bi∗j∗ ≤ bi∗j ∀j.
That is, there exist a Nash equilibrium in mixed strategies. Moreover, (xα, yα)
is the associated payoff vector for that equilibrium.

Proof. For (xα, yα) we have two possibilities:

1. (xα, yα) = πi
c for some i ∈ N .In this case, aii = aji ∀j ∈ {1, ..., |Π|} and

bii = bik ∀k ∈ {1, ...|Π|, }. So, (xα, yα) is a Nash equilibrium for Gα,c

(notice that i∗ = j∗ = i).

2. (xα, yα) �= πi
c ∀i ∈ N . Let t ∈ N be such that a(t−1)(t−1) ≤ xα ≤ att ≤

a(t+s)(t+s) ∀s ∈ {1, ..., |Π| − t}.
Then btt ≤ yα ≤ b(t−1)(t−1) ≤ b(t−r)(t−r) ∀r ∈ {2, ..., t− 1}. Let k and l be fixed
numbers with k ∈ {1, ..., t− 1} and l ∈ {0, ..., |Π| − t}. Then, we have

• a(t−k)(t+l) = xα ≤ ai(t+l) ∀i ∈ {1, ..., |Π|}
• b(t−k)(t+l) = yα ≤ b(t−k)j ∀j ∈ {1, ..., |Π|}.

So, i∗ = t− k y j∗ = t+ l. Then, (xα, yα) is a Nash equilibrium for the game
Gα,c.

According to the interpretation of Gα,c, the theorem establishes that any
convex combination of the marginal costs induced by paths determines a Nash
equilibrium of the non-cooperative situation presented before.

Now, we study some properties of the solution (xα, yα).
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Definition 2. A solution ϕ : Gd → R
2 is a linear solution if ϕ(βc + δc′) =

βϕ(c) + δϕ(c′) for β, δ ∈ R and c, c′ ∈ Gd.

For the next property we need to define, for a cost function, the permuted
cost function τ(c) as follows:

τ : Gd → Gd

τ(c)(r1, r2) := c(r2, r1).

Definition 3. A solution ϕ : Gd → R
2 is a symmetric solution if ϕ(τ(c)) =

(ϕ2(c), ϕ1(c)).

That is, a symmetric solution does not take into account the personal
attributes of the agents.

Definition 4. A solution ϕ : Gd → R
2 is an efficient solution if

∑
i∈N

ϕi(c) = c(m).

In an efficient solution, the total distributed cost is the cost of the total
production.

For each vector α ∈ R
|Π| we define a solution ψα : Gd → R

2 as follows

ψα(c) :=

|Π|∑
k=1

αkπ
k
c . (2)

And then, we have the next proposition.

Proposition 1. The solution ψα(c), for every c ∈ Gd, given in (2) is a Nash
equilibrium for the game Gα,c. Furthermore, ψα is a linear and efficient so-
lution in Gd. Moreover, if we choose a subset K ⊆ Π with cardinality k and
we define χ(c) := 1

2k

∑
π∈K(τπc + πc), for every c ∈ Gd, χ(c) is a symmetric

solution.

Proof. According to Theorem 1, the solution ψα is a Nash equilibrium of Gα,c.
Also, previously we show that π− is a linear mapping. Evermore, for each

choice of α ∈ R
n the sum

∑|Π|
k=1 αkπ

k
− is linear.

For the definition of πc we have (πc)1 + (πc)2 = c(m) ∀π ∈ Π, c ∈ Gd.
Consecutively, xα + yα = c(m). Because of the definition of α, we have that
(2) is an efficient solution.
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For a path π ∈ Π, we define τπ as the path given by (τπ(t))1 := (π(t))2 and
(τπ(t))2 := (π(t))1 for every t ∈ {1, . . . , 2d}. According to this, the solution
(τπ− + π−)/2 is a symmetric and efficient solution. Now, we create the subset
K ⊆ Π with k paths. So, we can establish the weight 1/2k in the convex
combination and then, the solution (1/2k)

∑
π∈K(τπ− + π−) is an efficient,

symmetric and linear solution.

5 Conclusions

Although the cost sharing problem is generally studied in the cooperative game
theory field, we define an approach based on non–cooperative games. For the
case of two agents, we propose a non–cooperative game and we find a Nash
equilibrium that can be expressed as a convex combination of production paths.
Moreover, we show that these solutions are linear and efficient solutions. Under
certain restrictions, these solutions are symmetric. Notice that the Aumman-
Shapley method (Moulin, 1995) corresponds to α = (1/|Π|, . . . , 1/|Π|) and,
according to our results, it is a linear, efficient and symmetric solution and
obviously, a Nash equilibrium under the non–cooperative situation presented
before.
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