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Abstract

Starting from 1, by restricting the operations to only addition and
doubling of two previous terms, finding the least number of terms re-
quired to build up a sequence towards an integer n has been a problem
since a decade ago. This problem is known as an addition chain prob-
lem. Lately, many heuristics methods were developed, of which aims
at achieving near optimal solution. Recently, decomposition method,
which is based on prime factorization was introduced. Instead of rep-
resenting number into binary form, this method uses rule to represents
each prime from a decomposed n. In this paper, we propose a new
method called composition method, based on the generalization of de-
composition method, which works out addition chain directly from a
single rule representing n. Analysis shows that the length of an addi-
tion chain generated by this method is bounded to the same boundary
as that of an optimal chain. Empirical result shows a significant im-
provement over decomposition method. For selected n’s, it can achieve
up to 11 percents, although this can vary from integer to another.
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1 Introduction

The term addition chain refers to the sequence of integers a0 = 1, a1, . . . , ar = n
starting from 1 and ending with n where only addition and doubling operations
of two previous terms are allowed to be used to compute terms in between.
The idea has been widely used to improved efficiency of huge number operation
such as in the application of elliptic curve cryptography [5, 6]. The well known
operation of scalar multiplication can be reduced to a repetitive operations of
addition and doubling as that of an addition chain.

The number of operations is now directly proportional to the number of
terms. This way, efficiency can be achieved if we can have shorter chain. In
other words, the number of operations can be reduced as the number of terms
in the sequence is lessened.

The length of an addition chain for an integer n is denoted as l(n), and
sometimes it is also known as an optimal chain for n. The study on the
boundary of an optimal chain was dated back to late 19th century, but the
most notable contribution was largely initiated by [2] and [10].

The problem of finding the optimal chain for a set of numbers was proven
to be NP-complete[3]. As a result, many heuristic methods [1, 9, 8, 4] were
introduced and each method works well in some occasions. These heuristic
methods aim at generating chain closest to optimal value.

Recently, a new method called decomposition method (DM) was introduced
in a quest to solve an addition chain problem [7]. This method is so named
because it takes prime inputs from a decomposed integer n. Unlike other
previous methods which use binary representation, this method uses rule to
represent p. Rule is interchangeable and unique to a particular p.

There are many binary-like representations for n, similarly there are two
types of rules to represent n, namely prime rule and composite rule. Prime rule
input type specifies a collection of rules, one for each prime from decomposed
n. The method based on prime rule was shown to perform better than previous
methods under certain circumstances. Meanwhile, a composite rule input type
is a single rule representing a composite n.

Considering this new idea, this paper proposes a study on composition
method (which will be further addressed as CM), a method that computes
addition chain from composite numbers. The remaining of this paper is orga-
nized as follows. Section 2 introduces the groundwork on CM. In Section 3, we
develop an efficient computational code to simulate its functionality. Further
in Section 4, we analyze the length of an addition chain generated by CM
against an optimal chain. Next, in Section 5 we show the comparison between
CM and DM for some real world integers. Finally, Section 6 summarizes our
findings.
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2 Prelimenaries

Associated with every integer n, there exists an equivalent prime factors of the
form pe1

1 pe2
2 . . . pes

s . During the studies of DM, it was shown that in some cases of
small n, composite rule produces shorter chain than prime rule. Inductively,
we show some of these cases here. Consider n = 385. For this value, DM
produces a chain of length 12 which is 1, 2, 4, 5, 10, 20, 30, 35, 70, 140, 280,
315, 385 by computing the primes in the sequence of 5,7,11. However, CM
produces a chain of length 10 which is 1, 2, 4, 8, 16, 32, 64, 128, 256, 384, 385.
This shows that CM is shorter than DM by 2 terms.

Next, consider n = 65596 = 22.232.31. For this value, DM produces a chain
of 24 terms whereas CM with 20 terms. By stripping off the power factor for
both primes, and let n = 1426 = 2.23.31. For this value, DM produces a chain
of 16 terms whereas CM with 14 terms. In this example, we show that as the
power factor increases, DM is becoming less competitive to CM.

In this section, a study of rule based representation on composite input
through composition method is proposed. Note that when n = p, then the
prime factor form is also a composite form. Therefore, a composite form
should be understood as non-factored integer form.

Similar to binary representation, rule representation can also be generated
at random using some random generator. The intention of taking rule as an
input for DM as well as CM is to increase the computational efficiency. In one
way, CM can be treated as a twin to DM, although input scheme is different
from one another.

DM is known as a two-layered approach as it split n into prime and prime
power layers. In contrast, CM goes back to the idea of one-layered approach
as that of previous methods. Nevertheless, most of the properties of CM can
be inherited from DM simply by looking at CM as DM operating a prime at
prime layer. To start with, CM generates an addition chain similar to DM
according to Definition 2.5 in [7], but is generalized to n.

Definition 2.1. An addition chain for an integer n is a sequence of positive
integers of the form a0 = 1, a1, . . . , ar = n such that ai = ai−1 + aj for all
i = 1, 2, . . . , r where 0 ≤ j ≤ i − 1 < i. The generation of ai must satisfy the
following conditions:
(1) if ai−1 = aj then ai ≤ ar.
(2) if ai−1 �= aj then aj is the largest value such that ai = ai−1 + aj ≤ n.

Definition 2.1 defines an addition chain generated by CM. Unlike generic
addition chain, CM specifies two conditions for generating terms within the
chain. Except for the term a0 = 1 which is pre-determined, other terms are
generated by either of the two operations, addition or doubling.

The doubling operation is allowed as long as the value of ai does not exceed
n. This operation always involves the immediate predecessor ai−1. Meanwhile,
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the addition operation requires us to choose the biggest possible value for the
second operand, aj such that ai becomes the closest to n. However, the first
operand is always the immediate predecessor ai−1. The respective doubling
and addition operations are given in the following definitions.

Definition 2.2. A doubling operation (dbl) for any term ai in a sequence
a0, a1, . . . , ar is defined as ai = dbl(ai−1) = 2ai−1.

Definition 2.3. An addition operation (add) for any term ai is defined as
ai = add(ai−1, aj) = ai−1 + aj, where 0 ≤ j < i − 1.

The decision to operate either of these two operations needs to follow the
conditions set in Definition 2.1. In addition, for an addition operation, an
appropriate second operation will follow. Recall that a proper definition of a
rule was given for a prime p as in Definition 2.8 in [7]. This definition can be
generalized to any integer n.

Definition 2.4. A rule for an integer n is defined as a sequence of dbl’s
followed by add’s of the form
rule(n) = dbl(a0), dbl(a1), . . . , dbl(ai−1), add(ai, aj1), add(ai+1, aj2), . . . ,
add(ar−1, ajm)
where
(1) a0, a1 = dbl(a0), a2 = dbl(a1), . . . , ar = add(ar−1, ajm) is the respective ad-
dition chain for which 0 ≤ jm < . . . < j2 < j1 ≤ i − 1,
(2) ajk

> 0 for all k such that 1 ≤ k ≤ m.

Also, a prime rule was proven to be unique for each p. For the purpose
of completeness, similar assertion for n can easily be deduced from previous
result.

Theorem 2.5. An addition chain a0, a1, . . . , ar for an integer n can be
computed from a given rule and each rule is unique to each n.

Proof. As a result of the generalization of p to n from Theorem 2.9 in [7].

This section reveals that CM operates in a very much similar way as DM
in that the generation of rules follows the same set of conditions. By this, the
generation of an addition chain is maintained at the minimal number of terms
for both methods.

3 Algorithm

In this section, computer programs will be developed to simulate the operation
of CM. Representing CM, Algorithm 3.1 takes an input rule for n. The output
from this algorithm is the complete chain for n.
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Algorithm 3.1. Composition Method.
A1. INPUT: rule(n)
A2. SET val[0] = 1
A3. for i from 0 to #(dbl + add) − 1 step-up by 1
A4. if rule[i] = dbl
A5. ai+1 = 2.val[i][0]
A6. else if rule[i] = add
A7. ai+1 = val[i] + val[j]
A8. val[i + 1] = ai+1

A9.OUTPUT: a0, a1, . . . , ar = n

The length of an addition chain can therefore be determined. Observe that,
the number of times the loop gets executed is equal to f = #(dbl+add) which
is exactly the length of an addition chain.

4 Analysis

Although simple examples earlier showed some positive results, a deductive
procedure is far more important in generalizing our finding. In this section,
some properties on the boundary related to CM will be studied. This can be
considered as a complement to the studies of DM.

In some cases, theorems related to DM can easily be generalized to CM
simply by substituting n for p. At times, n is considered as in the same layer
as p of DM, although in the case of CM there is only one layer available. For
all n, it is known that lCM(n) ≥ l(n) where lCM(n) denotes the length of an
addition chain generated by CM. As given in [2], m + 1 ≤ l(n) ≤ 2m for
2m + 1 ≤ n ≤ 2m+1. The next lemma specifies the boundary for lCM(n).

Lemma 4.1. Given an integer n, m + 1 ≤ lCM(n) ≤ 2m for 2m + 1 ≤ n ≤
2m+1.

Proof. Since n > 2m, let n = 2m + 2r be the simplest form of n. It is known
that lCM(2m) = m since the shortest path is achieved through m doublings.
Therefore, for lCM(2m + 2r) only one other step is needed, so that lCM(n) =
m + 1. In case r = 0, one small step is needed. Equally, if r = m one star
step is needed. Here it is clear that CM is optimal when n has at most two
non-zeros. For worst case scenario, consider n to be any integer within the
range. Again CM executes m number of doublings which generate m number
of terms excluding a0. Addition operations follow through and in the worst
case all terms am−1, am−2, ...., a0 are consumed giving another m number of
operations. Hence m + 1 ≤ lCM(n) ≤ 2m.
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Lemma 4.1 shows that lCM(n) are devoted to the same boundary as that
of l(n) and thus lDM(n). This tells that CM in general is equally competitive
to DM. Therefore, CM can be seen as an alternative method to DM.

5 Results

In this section, we simulate some real world experiment to show how does CM
is related to DM. At random, we have selected primes to make up n, from a
range of number to simulate the generation of an addition chain by DM and
CM at around 100 digits of decimal numbers.

Table 1: Computational result for n of ∼100 decimal digits using different set
of primes

Range Integer DM CM

2 ≤ p < 100 515.197.3123.7913.9111 511 495
100 ≤ p < 1000 12710.4215.5998.99715 517 493
1000 ≤ p < 10000 20399.510713.81475 536 480
10000 ≤ p < 100000 3274912.988098 504 447
100000 ≤ p < 1000000 85141915 495 455

From Table 1, we can see that CM outperforms DM to some observable
magnitude. Consider the case of n = 3274912.988098. For this n, DM generates
a chain of length 504 whereas CM generates a chain of length 447. This is a
saving of 57 terms of on average 50 digits of decimal number.

A simple computer simulation shows that on average, one operation of 50
digits decimal number requires 1 nanosecond. Therefore, at 57 operations, we
saved merely 57 nanoseconds. This refers to one block of message. For the
whole message, the saving can be quite significant.

On percentage, this is an improvement of 11 percents. Although this value
varies from integer to integer, to this point we found no possible way to deter-
mine this value.

6 Conclusion

In this paper, we proposed a new addition chain method called composition
method. Similar to DM, CM uses rule to represent n. Unlike DM, CM uses a
single rule for each n whereas DM generates a dedicated rule for each prime
from decomposed n. By this, we could save some amount of time in generating
multiple rules as that of DM. Moreover, unlike numbers rules cannot easily be
manipulated. This has added an extra security to the encrypted message.
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Mathematical analysis shows that CM, DM and optimal chain are bounded
to the same boundary value. Moreover, the result shows that CM made a
significant improvement over DM for some selected combination of primes and
their respective powers. For future works, both CM and DM can be combined
into a hybrid method. This method shall be able to optimize the chain even
further.
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