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Abstract

This paper is concerned with the state estimation problem in
nonlinear fractional order discrete state-space systems with uncertain
observations, when the random interruptions in the observation process
are modelled by independent Bernoulli random variables. Two filtering
algorithms are proposed for this class of systems; the first one is a
generalization of the extended fractional Kalman filter to the case of
uncertain observations, and the second one is designed using, as in the
unscented Kalman filter, the scaled unscented transformation, which
provides approximations of the first and second-order statistics of a
nonlinear transformation of a random vector.
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1 Introduction

The optimal least-squares estimation problem in nonlinear systems usually
involves severe computational difficulties and this fact has generated great
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interest among the scientific community in the design of suboptimal estimation
algorithms. One of the most widely used algorithms is the extended Kalman
filter (see e.g. [13]), which approximates the optimal estimator by linearizing
the system equations around the last state estimate to generate a linear system
to which the Kalman filter equations can be applied.

Although the extended Kalman filter has been successfully applied to
numerous nonlinear systems, the use of truncated Taylor expansion yields
some important drawbacks. Among other nonlinear techniques, the unscented
Kalman filter (see e.g. [8]) overcomes the deficiencies due to linearization which
the extended Kalman filter entails, providing an algorithm based on a direct
and explicit mechanism for transforming the mean and covariance information
when a nonlinear function is considered.

The extended and unscented Kalman filters have played an important role
because of its wide applicability in many fields (see [1], [2] and [10] for the
extended Kalman filter, and [7] and [14] for the unscented Kalman filter,
among others). However, for linear and nonlinear fractional order models,
the Kalman filter and the extended and unscented Kalman filters are not
directly applicable, thus arising the need of new estimation algorithms. In
[11] generalizations of the Kalman filter and extended Kalman filter for linear
and nonlinear fractional order discrete state-space systems, respectively, are
presented. Recently, in [12], improvements of the fractional Kalman filter
based on the infinite dimensional form of a linear discrete fractional order
state-space system have been proposed, and extensions of these algorithms for
estimation in systems under dropouts effects have been presented.

On the other hand, there are many practical situations in which the signal
vector enters in the observation equation randomly. This can occur, for
example, in problems where there exist intermittent failures in the observation
device, fading phenomena in propagation channels, target tracking, accidental
loss of some measurements, or data inaccessibility during certain times; that
is, problems where, due to different reasons, the transmitted data packet can
contain observations which are only noise (uncertain observations).

To describe these situations, the observation equation, with the usual
additive measurement noise, is formulated by multiplying the signal vector,
at any sampling time, by a binary random variable taking the values one and
zero (Bernoulli random variable); the value one indicates that the signal is
present in the observation whereas the value zero reflects the fact that the
observation is only noise. Numerous studies have been developed in linear
systems with uncertain observations, assuming different hypotheses on the
Bernoulli variables modelling the uncertainty when the state-space model is
known and, also, when only covariance information is available (see [3] and
references therein). Also, assuming that the state-space model is known, the
estimation problem in nonlinear systems with uncertain observations has been
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addressed and modifications of extended and unscented Kalman filters have
been recently proposed and compared in [5] and [6]. The conventional extended
Kalman filter has been also modified to accommodate the effects of uncertain
nonlinear observations when only covariance information about the signal is
available [9].

This paper is concerned with the state estimation problem for nonlinear
fractional order discrete state-space systems with uncertain observations,
when the random interruptions in the observation process are modelled
by independent random Bernoulli variables (Section 2). Once the general
treatment for the least-squares estimation problem from uncertain observations
has been described (Section 3), we propose two filtering algorithms for this
class of systems; the first one (Section 4) is a generalization of the extended
fractional Kalman filter to the case of uncertain observations, and the second
one (Section 5) is designed using, as in the unscented Kalman filter, the
scaled unscented transformation, which provides approximations of the first
and second-order statistics of a nonlinear transformation of a random vector.
These algorithms are an extension of those proposed in [5] when the state
evolution is described by a nonlinear fractional order discrete equation.

2 System description

A nonlinear fractional order discrete state equation (see [11]) is given by

Δαxk+1 = fk(xk, uk) + wk, k ≥ 0,

xk+1 = Δαxk+1 −
k+1∑
j=1

(−1)j

(
α
j

)
xk+1−j , k ≥ 0,

where xk is the n-dimensional state vector of the system, uk is a d-dimensional
input and wk represents the noise of the state equation. The nonlinear function
fk : Rn+d → Rn is assumed to be continuously differentiable with respect to
the first argument, xk, and

(
α
j

)
=

⎧⎪⎨⎪⎩
1 for j = 0
α(α − 1) . . . (α − j + 1)

j!
for j = 1, 2, . . .

When the fractional orders are not identical for the different components
of the state, the following generalized definition is considered:

ΔΥxk+1 = fk(xk, uk) + wk, k ≥ 0,

xk+1 = ΔΥxk+1 −
k+1∑
j=1

(−1)jΥjxk+1−j , k ≥ 0,
(1)
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with

Υj = diag

[(
α1

j

)
· · ·
(

αn

j

)]
, ΔΥxk+1 =

⎡⎢⎢⎣
Δα1x1,k+1

...
Δαnxn,k+1

⎤⎥⎥⎦ ,

where αi, i = 1, . . . , n, is the order corresponding to the ith-component of the
state.

In some practical situations, there exist random failures in the observation
mechanism, accidental loss of some measurements, or data inaccessibility
during certain times which lead to measurements without information on the
state; this occurs, for instance, in tracking systems where the observations
may either contain actual output contaminated with noise or be noise alone.
In this paper, the estimation problem of a n-dimensional state whose evolution
is described by equation (1) is addressed using nonlinear observations that may
randomly consist only of noise, and only the probabilities of occurrence of such
cases are available for the estimation.

Specifically, we assume that the nonlinear observation of the state at time
k, which will be denoted by yk, is either the current system output (with
known probability pk) or only noise (with probability 1−pk), and assume also
that this occurs independently at different sampling times. So, considering
independent random variables γk ∈ {0, 1}, k ≥ 1, with the understanding that
γk = 1 means that the measurement at time k is the current system output and
γk = 0 means that only noise is available, and assuming that P [γk = 1] = pk,
the observation model is specified by nonlinear functions of the state perturbed
by additive white noise, {vk; k ≥ 1}, and multiplicative noise, {γk; k ≥ 1},
describing the uncertainty; namely:

yk = γkhk(xk) + vk, k ≥ 1, (2)

where hk : Rn → Rm are assumed to be continuously differentiable functions.

To address the estimation problem of the state (1) based on the observations
(2), the following hypotheses are assumed:

• The initial state, x0, is a zero-mean random vector with known covariance
matrix, Cov[x0] = P0.

• The noises, {wk; k ≥ 0} and {vk; k ≥ 1}, are zero-mean white sequences
with known covariance matrices, Cov[wk] = Qk and Cov[vk] = Rk, ∀k.

• The multiplicative noise {γk; k ≥ 1}, which describes the uncertainty in
the observations, is a sequence of independent Bernoulli random variables
with P [γk = 1] = pk.
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• The initial state, x0, and the noises, {wk; k ≥ 0}, {γk; k ≥ 1} and
{vk; k ≥ 1} are mutually independent.

3 Least-squares estimation problem from

uncertain observations

The least-squares (LS) estimator of the state xk from the set of observations
Y k = {y1, . . . , yk} is the conditional expectation of xk given Y k,

E[xk/Y k] =
∫

xkg(xk/Y k)dxk,

and, hence, its computation requires the knowledge of g(xk/Y k), the
conditional density function of xk given Y k.

Due to the uncertainty in the observations, the conditional density
g(xk/Y k) is a mixture or weighted sum of 2k conditional density functions
(corresponding to the different values of the binary-valued variables γ1, . . . , γk)
and, generally, its computation is not easy, even if linear equations are
used to describe the evolution of the state and observations; in our case,
the nonlinearity of these equations provides an additional difficulty for this
computation. These severe drawbacks motivate the search of suboptimal
estimators based on approximations of the conditional mean to address the
estimation problem in systems with uncertain observations as well as in
nonlinear systems.

In this paper, we propose two filtering algorithms that, as is usual in the
LS filtering problem, are performed in two steps: first, approximations of
the conditional mean and covariance of the state xk given the observations
Y k−1 are obtained (x̂k/k−1 and Pk/k−1, respectively) and, from them, the
conditional mean and covariance given Y k are approximated from the following
expressions, with a similar structure to those of the Kalman filter:

E[xk/Y k] � x̂k/k = x̂k/k−1 + P xν
k/k−1Π

−1
k/k−1νk/k−1, k ≥ 1; x̂0/0 = 0,

Cov[xk/Y k] � Pk/k = Pk/k−1 − P xν
k/k−1Π

−1
k/k−1P

νx
k/k−1, k ≥ 1; P0/0 = P0.

(3)
In (3), νk/k−1 = yk − ŷk/k−1 denotes the innovation at time k (difference

between the new measurement, yk, and its prediction from the previous ones,
ŷk/k−1), Πk/k−1 is the conditional covariance matrix of νk/k−1 given Y k−1,
and P xν

k/k−1 denotes the conditional cross-covariance matrix between xk and
νk/k−1. The problem is then reduced to obtain approximations of the state and
observation predictors as well as approximations of the conditional covariance
matrices involved in (3).
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To obtain approximations of the observation conditional statistics, note
that the conditional distribution of γkhk(xk) given Y k−1 has a mixture
form whose components are the conditional distributions corresponding to
γk = 1 and γk = 0, with mixture parameters P

[
γk = 1/Y k−1

]
= pk and

P
[
γk = 0/Y k−1

]
= 1 − pk. Then, taking into account (2) and the model

hypotheses, the statistics of yk given Y k−1 are expressed in terms of those
corresponding to zk = hk(xk) as follows:

E[yk/Y k−1] = pkE[zk/Y k−1],
Cov[yk/Y k−1] = pkCov[zk/Y k−1] + pk(1 − pk)E[zk/Y k−1]E[zT

k /Y k−1] + R(k),
Cov[xk, yk/Y k−1] = pkCov[xk, zk/Y k−1].

(4)
The filtering algorithms proposed in this paper provide approximations of

the required conditional statistics from two different methodologies: either
by linearizing the system equations (as in the extended Kalman filter,
commonly used in nonlinear systems) or, alternatively, by using a scaled
unscented transformation, which approximates the statistics of a random
vector transformation from those of the original vector.

4 Extended filtering algorithm

In this section, we propose a filtering algorithm using approximations obtained
by linearization of the state and observation nonlinear functions, fk and
hk, respectively. To obtain the state predictor, x̂k/k−1, the function fk−1 is
linearized using the Taylor series expansion about x̂k−1/k−1 and, similarly, to
obtain the observation predictor, ŷk/k−1, the function hk is linearized using
the Taylor series expansions about x̂k/k−1. We shall now describe the system
linearization procedure and then the proposed extended filtering algorithm will
be derived.

4.1 Linearization of the system

Assuming that the filter x̂k−1/k−1 has been computed, fk−1 is linearized by
replacing it with the first-order approximation in the Taylor series expansion

about x̂k−1/k−1; then, by denoting Fk−1 =
∂fk−1(x, uk−1)

∂x

∣∣∣
x=x̂k−1/k−1

, we have

ΔΥxk ≈ fk−1(x̂k−1/k−1, uk−1) + Fk−1(xk−1 − x̂k−1/k−1) + wk−1, k ≥ 1.

Hence, the state equation is approximated as follows:

xk≈fk−1(x̂k−1/k−1, uk−1)+Fk−1(xk−1−x̂k−1/k−1)+wk−1−
k∑

j=1

(−1)jΥjxk−j , k≥1.

(5)
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If the predictor x̂k/k−1 is available, the function hk is linearized by replacing
it with the first-order approximation in the Taylor series expansions about this
estimation:

hk(xk) ≈ hk(x̂k/k−1) +
dhk(x)

dx

∣∣∣
x=x̂k/k−1

(xk − x̂k/k−1), k ≥ 1,

and, by denoting Hk =
dhk(x)

dx

∣∣∣
x=x̂k/k−1

, we have

yk ≈ γk

[
hk(x̂k/k−1) + Hk(xk − x̂k/k−1)

]
+ vk, k ≥ 1. (6)

4.2 Extended filtering algorithm

We derive a recursive filtering algorithm which provides the state predictor
from the previous state filter by using the linearized equation (5); the statistics
of yk given Y k−1 are obtained from (4), and the state filter is then obtained
using expression (3).

One-stage state prediction. Since only the state equation is used in
the prediction step, the prediction estimates and error covariance matrices
are approximated by the following expressions proposed in [11] for nonlinear
fractional system estimation when there is no uncertainty in the observations:

x̂k/k−1 = fk−1(x̂k−1/k−1, uk−1) −
k∑

j=1

(−1)jΥjx̂k−j/k−j, k ≥ 1,

Pk/k−1=(Fk−1 + Υ1)Pk−1/k−1(Fk−1 + Υ1)
T + Qk−1 +

k∑
j=2

ΥjPk−j/k−jΥj, k≥2,

P1/0 = (F0 + Υ1)P0/0(F0 + Υ1)
T + Q0.

Statistics of yk given Y k−1. Using the linearization of hk previously
established,

zk = hk(xk) ≈ hk(x̂k/k−1) + Hk(xk − x̂k/k−1),

it is clear that E[zk/Y k−1] ≈ hk(x̂k/k−1), Cov[zk/Y k−1] ≈ HkPk/k−1H
T
k and

Cov[xk, zk/Y k−1] ≈ Pk/k−1H
T
k ; hence, using (4), the statistics required in (3)

to obtain the filter are given by

νk/k−1 = yk − pkhk(x̂k/k−1), k ≥ 1,
Πk/k−1 = pk(1 − pk)hk(x̂k/k−1)h

T
k (x̂k/k−1) + pkHkPk/k−1H

T
k + Rk, k ≥ 1,

P xν
k/k−1 = pkPk/k−1H

T
k , k ≥ 1.
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5 Unscented filtering algorithm

In this section, we propose a filtering algorithm based on the unscented
transform method; this algorithm extends the unscented Kalman filter in two
directions; on the one hand, a fractional order nonlinear equation is considered
and, on the other, uncertainty in the observations is assumed. The principle
behind the unscented transform approach and the steps of the algorithm are
briefly described below.

5.1 Unscented transform principle

The unscented filter is based on the use of the unscented transformation (a
method to approximate the mean and covariance of a random variable obtained
by a nonlinear transformation of another variable); more specifically, a scaled
version of this transformation, called scaled unscented transformation (SUT)
is commonly used. To illustrate the principle behind this transformation,
consider the following example. Let X be an N -dimensional random vector
with mean X̂ and covariance PX , and let Y = g(X) be the propagation of X
through a nonlinear function. The procedure for approximating the first and
second-order moments of Y using the SUT is as follows:

- Consider a set of 2N + 1 points, {χi, i = 0, . . . , 2N}, which are
deterministically defined from X̂ and PX , and an associated set of weights
{wi, i = 0, . . . , 2N}. These points, called sigma points, and their weights
are computed so that they completely capture the mean and covariance
of the vector X; that is,

X̂ =
2N∑
i=0

wiχi,

PX =
2N∑
i=0

wi

(
χi − X̂

) (
χi − X̂

)T
.

- Propagate each sigma point through the nonlinear transformation,

Yi = g(χi), i = 0, . . . , 2N.

- Approximate the first and second order moments of the transformed
variable Y by those of the transformed sigma points. Therefore, the
mean of Y is approximated by the weighted average of the transformed
points,

Ŷ ≈
2N∑
i=0

wig (χi) ,
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and the covariance of Y and the cross-covariance of X and Y ,
respectively, are approximated by

PY ≈
2N∑
i=0

wi

(
g (χi) − Ŷ

) (
g (χi) − Ŷ

)T
,

PXY ≈
2N∑
i=0

wi

(
χi − X̂

) (
g (χi) − Ŷ

)T
.

5.2 Unscented filtering algorithm

To approximate the posterior mean and covariance of the state at time k,
xk, given the observations up to that time, Y k = {y1, . . . , yk}, the unscented
algorithm acts in two steps: prediction and update. In the prediction step,
approximations of the conditional mean and covariance of xk given Y k−1

are obtained using an appropriate SUT and, in the second step, they are
updated with the new observation yk to obtain approximations of the mean
and covariance of xk given Y k. The procedure is summarized below.

a) Prediction step: Taking into account the state equation in system

(1), approximations x̂k/k−1 and Pk/k−1 of E
[
xk/Y k−1

]
and Cov

[
xk/Y k−1

]
,

respectively, are obtained by applying a SUT to the nonlinear transformation
fk−1(xk−1, uk−1).

b) Update step: Using (3), the predictor x̂k/k−1 and the covariance Pk/k−1 are
updated to obtain the filter, x̂k/k, as an approximation of E[xk/Y k], and Pk/k

as an approximation of Cov
[
xk/Y k

]
. Besides x̂k/k−1 and Pk/k−1, expression

(3) requires to approximate the conditional mean and covariance of the new

observation, yk, given Y k−1, E
[
yk/Y k−1

]
and Cov

[
yk/Y k−1

]
, as well as the

conditional cross-covariance Cov
[
xk, yk/Y k−1

]
; these statistics are obtained

from those of zk = hk(xk) using (4), which, in turn, are obtained from x̂k/k−1

and Pk/k−1 by applying a SUT.

Next, both steps are detailed.

One-stage state prediction. The starting points of the proposed algorithm
are the filter and the covariance matrix at the initial state which, from the
system hypotheses, are given by:

x̂0/0 = E[x0] = 0, P0/0 = Cov[x0] = P0.

For all k ≥ 1, the procedure is as follows:

(a) Start with the approximations x̂k−1/k−1 and Pk−1/k−1 of the conditional
mean and covariance of xk−1 given Y k−1.
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(b) Calculate the sigma points
{
χi,k−1/k−1, i = 0, . . . , 2n

}
:

χ0,k−1/k−1 = x̂k−1/k−1,

χi,k−1/k−1 = x̂k−1/k−1 +
(√

(n + λ)Pk−1/k−1

)
i
, i = 1, . . . , n,

χi,k−1/k−1 = x̂k−1/k−1 −
(√

(n + λ)Pk−1/k−1

)
i−n

, i = n + 1, . . . , 2n,

(7)

and their associated weights, W
(m)
i for the mean, and W

(c)
i for the covariance:

W
(m)
0 = λ/(n + λ),

W
(c)
0 = W

(m)
0 + (1 − α2 + β),

W
(m)
i = W

(c)
i = 1/2(n + λ), i = 1, . . . , 2n.

(8)

In (7),
(√

P
)

i
is the i-th column of the matrix

√
P and λ = α2(n + κ) − n,

with α being a scaling parameter controlling the size of the sigma points
distribution and κ being a tuning parameter which can be used to incorporate
additional information on the conditional distribution of xk−1. In addition,
the parameter β in (8) affecting the weight of the initial sigma point for the
covariance calculation is usually introduced in order to incorporate knowledge
of the distribution higher order moments.

(c) Transform the sigma points through the state-update function fk−1, and
approximate the statistics of ΔΥxk by those of the transformed sigma points:

E
[
ΔΥxk/Y k−1

]
= ΔΥx̂k/k−1 ≈

2n∑
i=0

W
(m)
i fk−1(χi,k−1/k−1, uk−1),

Cov
[
ΔΥxk/Y k−1

]
= PΔΔ

k/k−1 ≈
2n∑
i=0

W
(c)
i

(
fk−1(χi,k−1/k−1, uk−1) − ΔΥx̂k/k−1

)
×
(
fk−1(χi,k−1/k−1, uk−1) − ΔΥx̂k/k−1

)T
+ Qk−1,

Cov
[
xk−1, Δ

Υxk/Y k−1
]

= P xΔ
k/k−1 ≈

2n∑
i=0

W
(c)
i

(
χi,k−1/k−1 − x̂k−1/k−1

)
×
(
fk−1(χi,k−1/k−1, uk−1) − ΔΥx̂k/k−1

)T
.

From these approximations and considering the assumptions proposed in
[11] for the state prediction problem, the conditional mean and covariance of
xk given Y k−1 are approximated by

x̂k/k−1 = ΔΥx̂k/k−1 −
k∑

j=1

(−1)jΥjx̂k−j/k−j, k ≥ 1,

Pk/k−1 = PΔΔ
k/k−1 + Υ1P

xΔ
k/k−1 + PΔx

k/k−1Υ1 +
k∑

j=1

ΥjPk−j/k−jΥj, k ≥ 1.
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Statistics of yk given Y k−1. As indicated previously, the statistics of yk

given Y k−1 are obtained from the statistics of zk = hk(xk) given Y k−1 using
(4). Next, the approximation of the statistics of zk = hk(xk) given Y k−1 using
the SUT is described.

Since zk = hk(xk), their conditional statistics can be approximated from

x̂k/k−1 and Pk/k−1 by considering sigma points,
{
χi,k/k−1, i = 0, . . . , 2n

}
, whose

mean and covariance are exactly x̂k/k−1 and Pk/k−1:

χ0,k/k−1 = x̂k/k−1,

χi,k/k−1 = x̂k/k−1 +
(√

(n + λ)Pk/k−1

)
i
, i = 1, . . . , n,

χi,k/k−1 = x̂k/k−1 −
(√

(n + λ)Pk/k−1

)
i−n

, i = n + 1, . . . , 2n,

with associated weights given in (8).

Then the statistics of zk = hk(xk) are approximated by those of the
transformed sigma points, hk(χi,k/k−1):

E[zk/Y k−1]≈ ẑk/k−1 =
2n∑
i=0

W
(m)
i hk(χi,k/k−1),

Cov[zk/Y k−1]≈P zz
k/k−1 =

2n∑
i=0

W
(c)
i

(
hk(χi,k/k−1)−ẑk/k−1

)(
hk(χi,k/k−1)−ẑk/k−1

)T
,

Cov[xk, zk/Y k−1]≈P xz
k/k−1 =

2n∑
i=0

W
(c)
i

(
χi,k/k−1−x̂k/k−1

)(
hk(χi,k/k−1)−ẑk/k−1

)T
.

Finally, these statistics are substituted in (4) to obtain approximations
ŷk/k−1, Πk/k−1 and P xν

k/k−1 of the conditional statistics of yk, which are replaced
in (3) to obtain the filter.

6 Example: adaptive system identification

To illustrate the application of the proposed extended and unscented filtering
algorithms, let us consider linear fractional order systems with uncertain
observations in which some parameters are unknown. Specifically, consider
the following model:

ΔΥxk+1 = Ak(θ)xk + Bk(θ)uk + wk, k ≥ 0,

xk+1 = ΔΥxk+1 −
k+1∑
j=1

(−1)jΥjxk+1−j , k ≥ 0,

yk = γkHk(θ)xk + vk, k ≥ 1,

(9)

where Ak(θ), Bk(θ) and Hk(θ) are known matrix functions of an unknown
parameter vector θ, whose estimation will be accomplished jointly with the
state estimation.
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As is usual in this situation, the parameter vector θ will be treated as a
random vector with the following dynamics (see [4]):

θk+1 = θk + wθ
k, (10)

where {wθ
k; k ≥ 0} is a zero-mean gaussian white noise with preassigned

covariance function E[wθ
kw

θT
k ] = Qθ

k (in applications it is usually taken
Qθ

k = Qθ > 0 a small constant) and {wθ
k; k ≥ 0}, x0, {wk; k ≥ 0} y {vk; k ≥ 1}

are mutually independent.
Now, considering the augmented vector

xθ
k =

(
xk

θk

)
,

system (9) together with assumption (10) can be reformulated as the following
nonlinear system:

ΔΥxθ
k+1 = f(xθ

k, uk) + Wk, k ≥ 0,

xθ
k+1 = ΔΥxθ

k+1 −
k+1∑
j=1

(−1)jΥjx
θ
k+1−j , k ≥ 0,

yk = γkhk(x
θ
k) + vk, k ≥ 1,

(11)

where

f(xθ
k, uk)=

(
A(θk)xk + B(θk)uk

0

)
, Wk =

(
wk

wθ
k

)
, hk(x

θ
k)=

(
Hk(θk) | 0

)
xθ

k.

Hence, the proposed extended and unscented filtering algorithms can be
applied to estimate the state vector xθ

k, which contains θk as a component.

In this example, assuming uncertain observations, the same linear fractional
order system as in [11] is considered; that is, system (9) with

uk =

{
1, k ≤ 50

−1, k > 50,

orders α1 = 0.7 and α2 = 1.2, and the following system matrices:

Ak(θ) =

(
0 1

−0.1 −θ

)
, Bk(θ) =

(
0
1

)
, Hk(θ) =

(
0.1, 0.3

)
.

The following hypotheses on the initial condition and noises are assumed:

• The initial condition, x0, is a zero-mean gaussian vector with covariance
matrix

P0 =

(
100 0
0 100

)
.
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• {wk; k ≥ 0} and {vk; k ≥ 1} are zero-mean white gaussian noises with

Qk =

(
0.3 0
0 0.3

)
, Rk = 0.3, ∀k.

• {γk; k ≥ 1} is a sequence of independent Bernoulli random variables
with P [γk = 1] = p.

• The initial state, x0, and the noises, {wk; k ≥ 0}, {γk; k ≥ 1} and
{vk; k ≥ 1} are mutually independent.

By denoting x1,k and x2,k the components of the state vector xk, the

augmented vector is given by xθ
k =

(
x1,k x2,k θk

)T
, where θk satisfies (10)

with {wθ
k; k ≥ 0} a zero-mean gaussian white noise with Qθ

k = 0.0001; then,
the equations of nonlinear system (11) are given by:

f(xθ
k, uk) =

⎛⎜⎝ x2,k

−0.1x1,k − θkx2,k + uk

0

⎞⎟⎠ , hk(x
θ
k) = 0.1x1,k + 0.3x2,k.

In order to compare the proposed extended and unscented filtering
estimates, a large number of random simulations (with one hundred iterations)
were run and, in general, a similar behavior pattern was observed in both filters.

Figures 1 and 2 show one hundred iterations of the first and second state
components and the extended (Figure 1) and unscented (Figure 2) filtering
estimates, assuming that the observations were simulated with p = 0.5.
Comparison of Figures 1 and 2 shows that the unscented filtering estimates
follow the state evolution better than the extended ones. Figure 3 displays
the extended and unscented filtering estimates of the parameter θ = 0.2; this
figure also shows that the unscented filtering estimates perform significantly
better than the extended ones. Analogous results are obtained for other values
of the probability p, showing also that both filters provide better estimations
as the probability p that the signal is present in the observations is higher.
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