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Abstract

Recently, invention of different methods for making a complete rank-
ing of different operating organizations has been very significant. In this
paper a model named as CEI model is proposed for ranking all types
of efficient decision making units (DMUs) based on crossing evaluation
of some virtual units named as aggregate units. Moreover, a numerical
example is shown to demonstrate the power of the CEI model to make
a ranking index to discriminate between all types of efficient DMUs.
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1 Introduction

Before data envelopment analysis (DEA) developed by Charnes et al. [1], it had
been initialized by Farrel et al. (1957) as a non-parametric method to evaluate
the relative efficiency of different organizations. The DEA as a conventional
framework has been used as a mathematical programming tool to provide an
important definition called the production possibility set (PPS) [8]. Also, it
is essential to introduce a production function used to assess DMUs. In the
DEA context, the relative efficiency of DMUs are attained via comparing them
with the Pareto frontier made by particular DMUs on the boundary known
as efficient units [2]. The DEA has been known by the original CCR model.
Afterwards, different theoretical models have been developed such as: the BCC
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model, the multiplicative model, the additive model. Unfortunately, the DEA
despite its popularity in different contexts cannot provide adequate information
to discriminate among efficient DMUs which have an equal efficiency value,
namely one. In DEA models for evaluating relative efficiency, each DMU is
assigned to some best weights. Since these weights are different from one DMU
to another one, obtained efficiency scores are non comparable, and efficient
DMUs do not necessarily have a same performance in actual practices [3]. So,
recently many papers have been developed in the field of ranking. The cross-
efficiency ranking method [4] is as an initial working in ranking area. After
that, many various models developed related to ranking subject, e.g. super-
efficiency model (AP) [5], the Sinuany-Stern’s variation applying multi variate
statistical tools to obtain a complete ranking index for DMUs [6]. The common
set of weights method (CSW) developed by Cook et. al [9], and Roll et al.
[10] are as another ranking methods. The rest of the paper is organized as
follows. In section 2, the framework of the DEA is reviewed briefly. In section
3, a ranking system is introduced. In section 4, an approach is developed to
find the best solutions among alternatives. In section 5, a numerical example
is shown and finally in section 6, conclusions are presented.

2 The preliminary of DEA

The DEA is a mathematical approach in which variable weights are derived
directly from the data. Let there are n DMUs and the assessed DMU is to
be DMUp whose given values of indices are denoted as (x1p, x2p, ..., xmp) and
(y1p, y2p, ..., ysp), respectively. It should be noted that a linear model as (1)
would be needed to solved in order to measure the best efficiency value of
DMUp, [7]. Now, let (u∗

p, v
∗
p) be a vector of optimal weights to DMUp in the

sense of maximizing a ratio scale,

θ∗p =

∑s
r=1 u∗

rpyrp∑m
i=1 v∗

ipxip
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obtained via the following model(1):

LPp :

θ∗p = max
s∑

r=1

urpyrp (1)

s.t.
m∑

i=1

vipxip = 1,

−
m∑

i=1

vipxij +

s∑

r=1

urpyrj ≤ 0, j = 1, 2, . . . , n

urp ≥ ε > 0, r = 1, 2, . . . , s,

vip ≥ ε > 0, i = 1, 2, . . . , m,

where (up, vp) is a weight vector. The DMUp is efficient if θ∗p = 1 in the model
(1) otherwise is inefficient. It must be noted that an efficient DMU may have
alternative optimal solutions, so in section 4 an approach is proposed to find
the best solutions among alternatives. The dual model of (1) is as follows:

θ∗p = min θp − ε(

m∑

i=1

s−i +

s∑

r=1

s+
r ) (2)

s.t.

−
n∑

j=1

λjxij + θpxip − s−i = 0, i = 1, ..., m,

n∑

j=1

λjyrj − s+
r = yrp, r = 1, ..., s,

λj ≥ 0, j = 1, ..., n,

s−i ≥ 0, i = 1, ..., m,

s+
r ≥ 0, r = 1, ..., s,

θp isfree.

After solving the model (2), we introduce set

E = {DMUj | θ∗j = 1.0; j = 1, ..., n}

as an efficient set whose members have an equal efficiency score as θ∗ = 1.0.
Since this does not mean that all efficient DMUs have an equivalent perfor-
mance, a true judgment about prioritizing among those efficient DMUs needs
additional information. In this study, a cross-evaluation model is proposed to
make a complete ranking of all types of efficient DMUs.
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3 The CEI model

In this section a ranking index is introduced based on cross-evaluation model
related to efficiency of some virtual units called aggregate units. Before all,
let J = {j| DMUj ∈ E} be as an index set related to the set E defined above.
Suppose DMUā be the sign of the aggregate unit. The DMUā is defined with
(xā, yā) as input-output vector defined as below:

xiā =
∑

j∈J

xij ,i = 1, 2, . . . , m, (3)

yrā =
∑

j∈J

yrj,r = 1, 2, . . . , s.

Obviously, an efficient DMU would be more preferred and then has a better
rank in comparison with the other efficient DMUs if it produces more outputs
with consuming less inputs. Regarding Eq. (3), input vector of a more pre-
ferred efficient DMU contributes to xā weakly because it consumes less inputs,
and conversely, its output vector contributes to the yā strongly because it pro-
duces more outputs. Suppose all efficient DMUs as an aggregate unit DMUā

try to reach the maximum level of efficiency score, namely one, by adopting
some appropriate weights. In order to assess an efficient DMU, namely DMUp,
it must be removed from E. This work would be done because if DMUp is
to be a more preferred efficient DMU after its removal from E, the yā loses a
more volume of outputs and conversely, xā loses a less volume of inputs. In
order to develop the ranking index, firstly DMUā tries to reach the maximum
level of efficiency score, i.e. one, with adopting some appropriate weights via
the following model (4):

LPDMUā :

θ∗ā = max
s∑

r=1

urāyrā (4)

s.t.

m∑

i=1

viāxiā = 1,

−
m∑

i=1

viāxiā +

s∑

r=1

urāyrā ≤ 0,

urā ≥ ε > 0, r = 1, 2, . . . , s,

viā ≥ ε > 0, i = 1, 2, . . . , m.
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Solving the model (4) is equivalent to solve two equations as follows:

m∑

i=1

viāxiā = 1, (5)

s∑

r=1

urāyrā = 1,

urā ≥ ε > 0, r = 1, 2, . . . , s,

viā ≥ ε > 0, i = 1, 2, . . . , m,

where urā, r = 1, ..., s and viā, i = 1, ..., m are as output weights and input
weights, respectively. After solving the model, let

(u1ā, u2ā, ..., usā, v1ā, v2ā, ..., vmā)

be as the most appropriate optimal weights. Then, in order to obtain the
DMUp’s ranking index number, the DMUp is removed from the set E and
based on the remaining efficient DMUs belong to the Ep = E \ {DMUp},
another aggregate unit named DMUp

ā would be defined as Eq. (6):

xp
iā =

∑

j∈Jp

xij , i = 1, ..., m, (6)

yp
rā =

∑

j∈Jp

yrj. r = 1, ..., s,

where Jp = {j|DMUj ∈ Ep}.

Now, as the same as the DMUā, the DMUp
ā tries to get the maximum level

of efficiency, namely one, in the absence of the DMUp via two equations as
below:

m∑

i=1

vp
iāx

p
iā = 1, (7)

s∑

r=1

up
rāy

p
rā = 1,

up
rā ≥ ε > 0, r = 1, 2, . . . , s,

vp
iā ≥ ε > 0, i = 1, 2, . . . , m,

Then, assume that

(up
1ā, u

p
2ā, ..., u

p
sā, v

p
1ā, v

p
2ā, ..., v

p
mā)

be as the most appropriate optimal weights. Each efficient DMUp (p ∈ J)
would be a more preferred and then has a higher rank if it has more output
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and less input value indices. Therefore, after removal of such DMUp, the xā

loses less value inputs for converting to the xp
ā, and conversely, the yā loses

more values output for converting to the yp
ā. Therefore, the DMUp

ā has to
apply one set of larger output weights and conversely, one set of smaller input
weights for getting the maximum level of efficiency, namely one, in the model
(7). Then, the proposed ranking index based on the best appropriate optimal
solutions of the models (5) and (7) related to DMUp, p ∈ J is defined as
follows:

CEIkl =

�s
r=1 uk

rā�s
r=1 ul

rā
�m

i=1 vk
iā�m

i=1 vl
iā

, k, l ∈ J. (8)

or

CEIkl =
(
∑s

r=1 uk
rā)(

∑m
i=1 vl

iā)

(
∑s

r=1 ul
rā)(

∑m
i=1 vk

iā)
, k, l ∈ J,

where J = J ∪ {ā}.
The Eq. (8) expresses the performance of DMUk in comparison with DMUl.
Definition 1. The proposed ranking index based on cross-evaluation can be
defined as Eq. (9) as follows:

CEIk =

∑
l∈J CEIkl∑
l∈J CEIāl

, k ∈ J. (9)

Definition 2. The DMUp is better than DMUq if CEIp > CEIq.

4 Finding the best solutions among alterna-

tives

It must be noted that the model (5) and or (7) may encounter the existence
of alternative optimal solutions or weights. Since different weights makes dif-
ferent ranking index numbers, the invention of an approach to get the most
appropriate optimal weights among alternatives, is very significant. Suppose
DMUp(p ∈ J) is to be an assessed DMU. The following models are developed

CEI : Cross-Evaluation Index
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to find the best weights among optimal alternatives.

max

m∑

i=1

vi (10)

s.t.
m∑

i=1

vix
p
iā = 1,

vi ≥ ε > 0, i = 1, 2, . . . , m.

min

s∑

r=1

ur (11)

s.t.
s∑

r=1

ury
p
rā = 1,

ur ≥ ε > 0, r = 1, 2, . . . , s,

where p ∈ J and DMU ā
ā ≡ DMUā.

Remark. Based on the idea of Obata et al. [11], the two models (10) and
(11) find maximum input weights and minimum output weights among optimal
alternatives.

5 Numerical example

Here a numerical example with real data extracted from [3] is shown as below.
Example. There are six DMUs which are compared over four variables: let
staff hours per day (StHr) and supplies per day (Supp) be as the inputs,
and total Medicare plus Medicaid reimbursed patient days (MCPD) and total
private patient days (PPPD) be as the outputs shown in Table 1. Also, the
CEI’s results with a few another ranking models’results are gathered in Table
2.
Table 1
DMU’s data (extracted from [3, p. 260])

DMU Input 1 Input 2 Output 1 output 2
a 150.000 0.200 14000.000 3500.000
b 400.000 0.700 14000.000 21000.000
c 320.000 1.200 42000.000 10500.000
d 520.000 2.000 28000.000 42000.000
e 350.000 1.200 19000.000 25000.000
f 320.000 0.700 14000.000 15000.000

Table 2
DMU’s score of the CEI model with a few another models.
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CEI CCR BCC CEA CEB
a 1.142 a 1.000 a 1.000 a 1.000 a 1.000
c 1.07 b 1.000 b 1.000 b 0.916 d 1.000
b 0.997 c 1.000 c 1.000 d 0.916 b 0.955
d 0.769 d 1.000 d 1.000 c 0.842 c 0.886

As seen in Table 2, DMUa is the best and DMUd is the worst among all
efficient ones.

6 Conclusions

In this paper a cross-evaluation ranking index was defined. Moreover, to elimi-
nate problems due to the existence of optimal alternative weights, an approach
including two simple models was proposed. The rest of the paper was as fol-
lows: In section 2, a brief introduction of DEA was presented. In section 3,
the CEI model was developed. In section 4, an approach was developed to
find best optimal weights among alternative optimal weights. In section 5, a
numerical example was included to show the power of the CEI model to rank
all types of efficient DMUs.
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