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Abstract

The aim of this work is to propose a method based on B-splines
for signal filtering and signal reconstruction. The proposed approach
consists of applying the Moore-Penrose inverse for the reconstruction
of noisy signals and the use of smoothing techniques with a Whittaker
smoother to control the roughness of variation in order to extract the sig-
nal from a noisy series. The advantages of this method over the conven-
tional filtering and reconstruction methods are the continuous control
over smoothness, the automatically interpolating, as well as computa-
tionally efficient leave-one-out cross-validation.
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1 Introduction

In this work, we present a new method of signal filtering based on B-splines.
We will show that the B-spline filtering provides better results towards that
process and can be characterized as optimum filters in the ISNR sense. In
practice, it is sometimes difficult to achieve a perfect matched filter. In the
following sections, we will present, in detail, the B-Splines approach together
with another tool used in our work, the Moore-Penrose inverse matrix.

2 Preliminary Notes

We shall denote by Rr×m the linear space of all r × m real matrices. For
T ∈ Rr×m, R(T ) will denote the range of T . The generalized inverse T † is the
unique matrix that satisfies the following four Penrose equations:

TT † = (TT †)∗, T †T = (T †T )∗, TT †T = T, T †TT † = T †,

where T ∗ denotes the conjugate transpose matrix of T .
Let us consider the equation Tx = b, T ∈ Rr×m, b ∈ Rr, where T is singular.

If b /∈ R(T ), then the equation has no solution. Therefore, instead of trying to
solve the equation ‖Tx− b‖ = 0, we are looking for a minimal norm vector u
that minimizes the norm ‖Tu − b‖. Note that this vector u is unique. So, in
this case we consider the equation Tx = PR(T )b, where PR(T ) is the orthogonal
projection on R(T ). It is also well known that R(T †) = R(T ∗).
The following two propositions can be found in Groetsch [7].

Proposition 2.1. Let T ∈ Rr×m and b ∈ Rr, b /∈ R(T ). Then, for u ∈ Rm,
the following are equivalent:

(i) Tu = PR(T )b

(ii) ‖Tu− b‖ ≤‖ Tx− b‖,∀x ∈ Rm

(iii) T ∗Tu = T ∗b

Let B = {u ∈ Rm|T ∗Tu = T ∗b}. This set of solutions is closed and convex,
therefore, it has a unique vector with minimal norm. In the literature (c.f.
[7]), B is known as the set of the least square solutions.
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Proposition 2.2. Let T ∈ Rr×m and b ∈ Rr, b /∈ R(T ), and the equation
Tx = b. Then, if T † is the generalized inverse of T , we have that T †b = u,
where u is the minimal norm solution defined above.

We shall make use of this property for the construction of an alternative
method in radar signals inverse problems.

3 B-Splines and Signal Filtering

Signal processing can be defined as the manipulation of the received signal,
represented in digital format, to extract the desired information whilst rejecting
unwanted signals. As an example we will consider the case of radar signals.
Let sout be a set of discrete signal values distracted by noise. These values could
be considered as a collection of m points on a plane, where one is interested
in identifying the underlying trend. The observed signal sout could be treated
as a realization of a random variable y conditional on a variable x, which
denotes the horizontal position of a signal value. It is advantageous to regard
to problem of signal smoothing as a case of nonparametric regression. Thus,
let yi be the observed signal value on the i− th point coming from a random
variable y conditional on xi. Then, the nonparametric regression model is
defined as

yi = f(xi) + εi (1)

where εi are the errors, with expectation E(εi) = 0, and f(.) is an unspecified
smooth function that has to be estimated from the data points.

The simplest model that can be defined is just a straight line given by

yi = β0 + β1xi + εi

It is straightforward to show that the estimated of β0 and β1, (denoted by
β̂0 and β̂1, respectively) are given as solutions to the ordinary least squares
equations. Let β be the vector of unknown coefficients and Xm×2 a matrix
with first column a vector of ones and xi in the second column. Then the
ordinary least squares fit can be written as

ŷ = Xβ̂, where β̂ minimizes ||y −Xβ||2 (2)

The model can be easily extended to include polynomials of x in order to
handle nonlinear structure.

Schoenberg [17] and Reinsch [13] have proposed the use of spline functions
to describe the smooth functions f(x). Given the set of discrete values yi, the
smoothing spline f̂(xi) is defined as the function that minimizes

S =
m∑

i=1

(yi − f̂(xi))
2 + λ

∫ +∞

−∞
(
∂2f̂(xi)

∂x2
)2
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where λ is a positive weight of the smoothing parameter. As λ increases,
the function becomes smoother. Schoenberg considered the case of smoothing
splines on non equal spaced knots, while Reinsch provided the solution for a
cubic B-spline. The choice of the smoothing weight λ was discussed in Healy
and Weaver [10], in a way that smoothing reflects prior information.

Eilers and Marx [5] used penalties on B-splines to provide the means for
flexible smoothing without any prior knowledge. They define Bj(x, q) the value
at x of the j− th B-spline function (as derived by De Boor [4]) of degree q, on
equally spaced knots. Then, a fitted curve to the data is denoted as ŷ(x) =∑p

j=1 α̂jBj(x, q), where α̂ are the coefficients to be estimated. They suggested
using a penalty term on (higher order) finite differences of the coefficients of
adjacent B-splines, such that:

S =
m∑

i=1

(yi − ŷ(xi))
2 + λ

n∑
j=k+1

(∆kαj)
2 (3)

where ∆aj = aj − aj−1 and ∆2aj = ∆(∆aj) = aj − aj−1 − (aj−1 − aj−2) =
aj − 2aj−1 + aj−2. For convenience let us use matrix representation to denote
B the basis matrix of B-splines with elements bij = Bj(xi, q) and y the vector
that contains the yi observed data points. Then the values of α minimize
equation (3) are given by

α̂ = (B′B + λD′
kDk)

−1B′y (4)

where Dk is the matrix representation of the difference operator ∆k. For the
choice of the optimal penalty weight λ, Eilers and Marx [5] suggested the use
of Akaike Information Criterion (AIC) [1] while they also discussed the use of
Cross Validation (CV) or Generalized Cross Validation (GCV) [20].

3.1 The Whittaker smoother

The Whittaker [21] smoother can be considered as a special case of B-spline
smoothing, in which the number of knots is equal to the number of data points.
For a given noisy series yi with m data points, a knot is assigned on each
observed value of the signal. Then, instead of a basis matrix B that contains
all the B-spline functions, a vector z is created of the same size as y. A
penalized least squares algorithm is applied to minimize the quantity:

S =
m∑

i=1

(yi − ẑi)
2 + λ

n∑
j=k+1

(∆kzj)
2 (5)

The scores of S with respect to vector z is equal to 0 giving a unique solution

ẑ = (I + λD′D)−1y (6)
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where I is the identity matrix and D is the matrix of differences. Once again λ
plays a crucial role defining the smoothness of the series yi. Very small values
of λ result in wiggly fits near the data points, while on the other extreme, large
values of the penalty weight will oversmooth the series, resulting in a straight
line.

The system of equations is easily handled when the number of observations
is small, say up to 1000. For larger datasets Eilers describes an algorithm
based on sparse matrices that work very efficiently. The algorithm can be
easily implemented into Matlab or R software with a few lines of code.

The Whittaker smoother can be easily adapted to fit data with missing
values and data that are arbitrarily non equally spaced. For details we refer
to Eilers [6].

3.2 Choice of optimal weights

The choice of the penalty weight can be defined in similar ways as when
smoothing with splines. Define the matrix H as:

H = (I + λD′D)−1 (7)

The matrix H is also known as ”smoother or hat matrix” (Hastie and Tib-
shirani [8]). Eilers and Marx suggested using AIC criterion for choosing the
tuning parameter λ, using the trace of the hat matrix as the degrees of free-
dom of the model, as suggested by Hastie. Another choice would be using
cross validation or generalized cross validation. At each step, a point i of the
series y is left out, and the remaining m− 1 data points are smoothed to get
a prediction of what that yi data point would be. The process is repeated for
all data points to get the cross validated standard error:

C =

√∑
i

(yi − ŷ−i)2/m (8)

where ŷ−i is the fitted values of the series when observation i is left out. To
choose the optimal value of the parameter, a fine grid of several values for λ
is defined, and the value that minimizes quantity C is chosen. If generalized
cross validation is used instead, the criterion to be minimized is

GV =

√∑
i

(yi − ŷ−i)2

(1−
∑

i hii/m)2
/m (9)

However, using the hat matrix this computationally expensive algorithm can
be avoided. Hastie and Tibshirani have shown

yi − ŷ−i =
yi − ŷi

1− hii

(10)
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where hii comes as an element from matrix H. This speeds up computations
by orders of magnitude.

An alternative approach has been suggested by Ruppert, Wand and Carrol
[14] based on an algorithm by Schall [15], also adapted in penalized ridge
regression [12]. Starting from an arbitrary value for λ the optimal penalty

weight can be computed as λ̂ = trace(H)
z′D′Dz

. The value of λ stabilizes after a few
steps.

4 The Moore-Penrose inverse approach

As mentioned above, the Moore Penrose inverse is the unique matrix that
among the multiple inverse solutions, it chooses the one with minimum norm
and causes the lowest noise enhancement when multiplied with a received vec-
tor [9, 19, 2, 3] . Although non-stationary signals are, in general, characterized
by their local features rather than their global ones, it is possible to recover
signals by introducing global constrains on either its time or frequency domain.
The criterion for restoration of a noisy signal that we are using is the minimum
distance of the measured data i.e.,

min‖sin − sout‖

where sin is the original transmitted signal and sout represents the noise-
included received signal. Following the received procedure, the initial signal
sin can be recovered subject to the constraint

‖Hsin − sout‖2 = 0 (11)

where H is a direction matrix.
In fact, zero is not always attained, but from proposition 3.1, the norm is
minimized. We have seen that there is only one minimal norm vector that
minimizes

‖Hsin − sout‖

from the whole set of least square solutions which satisfy the equation Hsin =
sout.
This unique vector is denoted as ŝin and can be easily found from the equation:

ŝin = H†sout (12)

The vector ŝin retains a restored signal whose norm is smaller than any other
solution from all the possible ones.
We will present an application of the above proposed method in the next
section, that will highlight the performance of the Moore-Penrose Inverse in
signal restoration problems.
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5 Application of B-Splines in Radar Signal Fil-

tering

The essence of radar signal processing is a combination of theory and efficient
computational algorithms, in order to implement these algorithms in hardware.
One interesting aspect of this scientific area is the filtering of radar signal pro-
cessing from the presence of noise. The uncorrelated signals from unwanted
ranges or targets, arise both due to ground reflections and reflections from
individual ground or air targets, is another severely limiting issue for radars.
The fastness and complexity associated with a certain methods of filtering
and software implementation constitute a major factor in the whole process.
Moreover, radar signals are usually transient in time domain and wide-band in
frequency domain. Filtering the signals received on an array of sensors from
noise is of great enough interest to have been treated under many special case
assumptions. The general problem considers sensors with arbitrary locations
and arbitrary directional characteristics (gain/phase/polarization) in a noise
interference environment of arbitrary covariance matrix. Many spectral esti-
mation methods have been developed to determine the spatial distribution of
sources in the object field of an antenna system. These techniques are useful
for both resolving the presence of closely spaced sources and detecting individ-
ual point scatters on a single source. In this work, the generalized inverse of a
singular square matrix or a rectangular matrix plays a crucial role and provides
a technique that can be used in spectral estimation problems. Subsequently,
the signal measured at each array element is perturbed by additive noise. The
noise is principally introduced by the antenna element and associated receive
module, and is normally characterized by their combined noise figure. In most
cases the noise is filtered out using Gaussian filters [18]. Other similar meth-
ods of filtering with applications in signal optimization can be found in [11].
However, the choice of the appropriate filter, as well as the amount of tuning
might be subjective to the maximum achievable instantaneous signal to noise
ration at its output when a signal plus additive white noise is present at the
input. The observed signal provides a single snapshot of data that is taken on
a particular instant of time. In general, data is collected over a short period
of time therefore the observed signal vector consists of a number of indepen-
dent snapshots.We suggest the use of smoothing techniques with B-splines
as an alternative procedure. Penalized regression techniques can be applied
here to control the roughness of variation in order to extract the signal from a
noisy series. We will illustrate our methods separately and as a combination in
problems that closely related with radar applications. In general, radar takes a
decision about the presence or absence of targets whilst canceling radar echoes
caused by clutter, radio frequency interference and noise source. In particular,
a pulsed radar transmits and receives a train of pulses, as illustrated by Figure
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1(a).
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Figure 1: Train of Pulses (1a) , Original Pulse (1b) and Noisy Pulse (1c)

For range processing in radar application, the return signal must be filtered in
order to reduce the effects of noise that get into the signal. In Figure 1(b) we
present the transmitted pulse. A typical return pulse containing white noise
looks like the one that is presented in Figure 1(c).

Surveillance and tracking radar systems transmitting a modulated radio
signal and then receiving the target, which are within a specific volume in
space echoes. Thereafter, from the radar receiver information about the range,
velocity and angular position can be extracted. Any signal other than the
target returns in the radar receiver is considered to be noise. In radar, sonar
and communication applications, ideal signals are usually contaminated with
noise. Detection of known signals from noisy observations is an important
area of statistical signal processing with direct applications in communications
fields.

In this section, we present the spline framework that has been introduced
in the previous chapter in order to be used advantageously for the implementa-
tion of a number of fundamental radar signal processing - analysis operations.
Interestingly, this is achieved by applying standard discrete processing tech-
niques in the B-spline domain for the purpose of signal filtering. The data of
the radar pulse presented on Figure 1b consists of 180 samples of an inphase
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signal that has been extracted from a sequence of twenty (inphase and quadra-
ture) pulses. The original data pulse that has been distorted by the addition
of gaussian noise, is displayed in Figure 8a (in blue line). As seen on the orig-
inal signal, in many areas the information is zero. To overcome the difficulty
of smoothing areas with no information we include a vector of weights in the
smoother. The weights w are defined as wi = 0 when the i data point of the
original pulse has no information and wi = 1 otherwise. Then equation (5)
becomes

S =
m∑

i=1

wi(yi − ẑi)
2 + λ

n∑
j=k+1

(∆kzj)
2

and the solution is given by

ẑ = (W + λD′D)−1y

where W is the diagonal matrix produced by w. We apply the Whittaker
smoother in this noisy series to reconstruct the signal. We used a Whittaker
smoother with D the matrix of first differences. We defined a grid search on
several values of λ to conclude on the optimal penalty weight. The criterion
to automatically select the penalty weight was to keep the value of λ that
minimizes the generalized cross validation (GCV(λ)). The optimal weight was
λ = 0.7943. Figure 2a illustrates the noisy signal along with the reconstructed
estimated by the smoother (red line) and the median filtered (green line).

For reasons of comparison, we also present the improvement in signal to noise
ratio (ISNR). It is a criterion that has been used extensively for the purpose
of objectively testing the performance of signal processing algorithms.

ISNR = 10 log10

{∑
j [sin(j)− sout(j)]

2∑
j [sin(j)− ŝin(j)]2

}
,

where sin and sout represent the original and noise degraded signal and ŝin is
the corresponding restored signal. It can be clearly seen from Figure 2 (2b)
and (2c) that the proposed method has better results than median filtering
since the ISNR of the proposed method is approximately half of the median
filtering.

5.1 Spectral Analysis of B- Spline filters

In view of the importance of the frequency domain, the Fourier Transform
(FT) has become one of the most widely used signal analysis tool across many
disciplines of science and engineering. The FT is generated by projecting the
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Figure 2: Noisy signal in blue, reconstructed by smoother in red and me-
dian filtered in green (2a) , ISNR of median filtered signal (2b) and ISNR of
reconstructed by smoother (2c).

signal onto a set of basis functions, each of which is a sinusoid with a unique
frequency. The FT of a time signal s(t) is given by:

S(ω) =
1√
2π

∫ +∞

−∞
s(t)exp(−jωt)dt

where ω = 2πf is the angular frequency. Since the set of exponentials forms
an orthogonal basis the signal can be reconstructed from the projection values:

s(t) =
1√
2π

∫ +∞

−∞
S(ω)exp(jωt)dt

In Figure 3 we present the graph of the spectrums for the pulse. The blue line
presents the spectrum of the signal where the red line present the spectrum
of the filtered signal. Similarly, in Figure 4 we show the spectrums of signal
together with the spline reconstructed signal. The graphs are also plotted for
the sequence of pulses and are presented in Figures 5 and 6.
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Figure 3: Amplitude spectrums for a pulse (transmitted and filtered)
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Figure 4: Amplitude spectrums for a pulse (transmitted and spline filtered)
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Figure 5: Amplitude spectrums for a sequence of pulses (transmitted and
filtered)

It is obvious that in both spectrums, B-splines provide an optimized matched
filter. The method is independent of the individual frequencies of the signal
and can be applied on any type of radar having the same effect.
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Figure 6: Amplitude spectrums for a sequence of pulses (transmitted and spline
filtered)

5.2 Application of B-Splines in Multiple Wavefronts

Radar systems use modulated waveforms and directive antennas to transmit
electromagnetic energy into a specific volume in space to search for targets.
Targets within a search volume will reflect portions of this energy back to the
radar (echoes). These echoes are then processed by the radar receiver to extract
target information such as range, velocity, angular position, and other target
identifying characteristics. Multiple signal classification (MUSIC) developed
by Schmidt [16] provides a technique in determining the parameters of multiple
wavefronts arriving at an antenna array from measurements taken at the array
elements. Such a superresolution algorithm has a special structure that uses
the phase augmentation in elements of a linearly spaced sensor array. The
waveforms received at the N array elements are linear combinations of the M
incident wavefronts combined with noise. It operates on the spatial covariance
matrix of the observed signal and can be written as:

s(n) = C(m,n)sout(m) + w(n)

The C(m, n) is the direction matrix, a known function of the signal arrival
angles and the array element locations. The matrix depends on the nth array
element, its position relative to the origin of the coordinate system, and its
response to a signal incident from the direction of the mth signal. The direction
matrix can be written in the analytic form

C(m,n) =


exp(iθ1

1−N
2

) . . . exp(iθM
1−N

2
)

. . . . . . . . .

. . . . . . . . .
exp(iθ1

N−1
2

) . . . exp(iθM
N−1

2
)


In this section we continue by presenting a combine method of solving the
following equation
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s(1)
s(2)
. . .

s(N)

 =


exp(iθ1

1−N
2

) . . . exp(iθM
1−N

2
)

. . . . . . . . .

. . . . . . . . .
exp(iθ1

N−1
2

) . . . exp(iθM
N−1

2
)




sout(1)
sout(2)

. . .
sout(N)

+


w(1)
w(2)
. . .

w(N)


where s(n) is the observed signal, sout(n) is the received signal and w(n) is the
noise vector. The observed signal provides a single snapshot of data that is
taken on a particular instant of time. In general, data is collected over a short
period of time therefore the observed signal vector s(n) consists of a number
of independent snapshots.
Our method consists of using the B-splines presented in section in order to filter
the observed signal and the generalized inverse matrix method for obtaining the
received signal. Our starting point is the simulation of the MUSIC algorithm-
computation on a received radar noisy signal. The second set consists of a
noisy radar pulse of complex (inphase and quadrature) 1560 samples. The
observed signal is presented in Figure 7a. Then, we reconstruct the signal by
applying the Generalized inverse, and in the final step the signal is filtered by
using penalized B- splines and choosing the optimal weights.
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Figure 7: Observed signal (7a), reconstructed signal by applying the General-
ized inverse (7b) and filtered signal by using penalized B-splines (7c).
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6 Discussion

In this paper a B-spline filtering method finds application in radar signal pro-
cessing. The method provides an optimized matched filtering process as it is
compared with the conventional radar received filtering approaches. Moreover,
advantages of the proposed technique can also be numbered as the fastness, the
continuous control over smoothness, the automatically interpolating and the
allowances of fast leave-one-out cross validation.The second presented aspect
of this work is the combination of the Moore Penrose inverse of a direction
matrix, a function of signal arrival angles and the array location together with
the B-spline noise filtering procedure. Contrary to the standard radar appli-
cation algorithms, our new approach provides a unique matrix that among the
multiple inverse solutions, it chooses the one with minimum norm and causes
the lowest noise enhancement when multiplied with a received vector.
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