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Abstract

Nonlinear multiobjective optimization problems have received in-
creasing attention in recent years. Nevertheless, many algorithms are
still restricted to problems with continuous decision variables. The
method presented in this paper is aimed at obtaining efficient solutions
in nonlinear multiobjective integer programs with increasing objective
and constraints functions. The basic idea of the computation phase of
the algorithm is the use of the discrete polyblock approach to optimize
one of the objective functions and generate integer boxes. As soon as
an integer solution is found in a new box, it is compared to solutions al-
ready found and hence the set of all the potentially efficient solutions is
updated. The search for the efficient solutions is stopped only if all cre-
ated boxes were explored domains. An illustrated example is presented
in the paper which clarify the developed algorithm.

Keywords: Multiobjective integer programming; monotone optimization;
domain cut; polyblock approach

1 Introduction

Nonlinear multiobjective optimization is an appropriate tool to model real
problems in several domains such us economics, engineering, control, nuclear
and mechanical design. Various methods for solving nonlinear multiobjective
optimization problems have been proposed. Detailed discussions on several
existing methods can be found in the monograph by Miettinen [8] and in
the survey paper by Ruzika and Wiecek [12] (see also [4] and [10]). Most
of these methods use inner or outer approximations in order to produce as
large as possible a subset of the efficient (or weakly efficient) value set. The
recent papers [6] and [7] offer algorithms by normal projection and duality for
generating a solution set for convex problems.
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In this paper, particular attention is paid on nonlinear multiobjective in-
teger problems of the form:

(P )


max f(x) = (f1(x), f2(x), ..., fQ(x))

subject to
gi(x) ≤ 0, i = 1, . . . ,m

x ∈ X = {x ∈ Zn
+ | aj ≤ xj ≤ bj ; j = 1, ..., n}

where fq : [a, b] → R and all gi : [a, b] → R are increasing functions of xj on
[aj, bj] for q = 1, ..., Q and i = 1, ...,m. Functions fq and g′is are not necessarily
convex or separable.

These problems appear in many real world applications where fractional
values of the variables and linear objective and constraints functions are not
physically meaningful. Therefore, modeling with nonlinear multiobjective in-
teger programs and the development of solution algorithms for such problems
are of great interest to management scientists.

Searching for all efficient solutions in multiobjective integer programs is
expensive and a time consuming process even when the data are linear (see for
example, [1], [2], [3], [15], [16]). Because there are usually exponentially large
efficient solutions, the decision maker (DM) is left with the difficult task of
selecting his preferred solution. The difficulty of designing a solution method
for problem (P) lies in the non-convexity and non-separability of fq and gi’s.
Due to the non-convexity and non-separability, the classical branch-and-bound
method [13] and Lagrangian relaxation method [5] are not directly applicable
to this problem.

Particularly relevant in the context of this paper is the discrete Polyblock
method which is presented in [14]. This method was the first specialized algo-
rithm for monotone optimization (see, Rubinov et al. [11]). The efficiency of
the Polyblock algorithm has been demonstrated in various applications such
as linear and polynomial fractional programming [20], multiplicative program-
ming [21] (see also [9], [18], [19]).

In section 2, we exploit rigorous properties of monotonic programs. In
section 3, the discrete polyblock scheme is outlined. Section 4 describes the
different steps of the algorithm for generating the efficient solutions of (P).
A numerical example illustrating how the method works in practice is also
included. Section 5 concludes the paper.

2 Characteristics of monotonic programs

In the following, we summarize the properties of problem (P) from the general
results in [17], [18] and [22]. For completness of exposition, we also include
some proofs, although they are simple and can be found in these references.
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For any two vectors x, y ∈ Rn we write x ≤ y to mean xj ≤ yj for every
j = 1, . . . , n. A function f : Rn

+ → R is said to be increasing if f(y) ≥ f(x)
whenever y ≥ x ≥ 0.
Let a = (a1, ..., an) and b = (b1, ..., bn). Let α, β ∈ Rn such that a ≤ α ≤ β ≤ b,
the rectangular determined by α and β is called a box in Rn.

〈α, β〉 = {x ∈ Rn | αj ≤ xj ≤ βj, j = 1, ..., n} =
n∏

j=1

〈αj, βj〉 (1)

A set S ⊂ [a, b] is said to normal if

a ≤ x ≤ y, y ∈ S =⇒ x ∈ S (2)

The normal hull of S is the smallest normal set containing S.

Proposition 2.1 The normal hull of S is the set Se =
⋃

z∈S
[a, z]. If S is

compact so is Se.

Definition 2.2 A polyblock P is the normal hull of a finite set S ⊂ [a, b]
called its vertex set.

By proposition 2.1, P =
⋃

z∈S
[a, z]. The intersection of finitely many polyblocks

is a polyblock. A vertex z of a polyblock P is proper if there is no vertex
z′of P such that z′ ≥ z and improper otherwise. Improper vertices can be
deleted without changing the polyblock, so a polyblock is fully determined by
its proper vertices.

Proposition 2.3 The maximum of an increasing function f over a polyblock
is achieved at a proper vertex of this polyblock.

Proof : Let x∗ be a maximizer of f(x) over a polyblock P . Since a polyblock
is the normal hull of its proper vertices, there exists a proper vertex z of P
such that x∗ ∈ [a, z]. Then f(z) ≥ f(x∗) because z ≥ x∗, so z must be also an
optimal solution.

In the following, we present the principal idea of the discrete version of the
polyblock method as described in [14].

3 The discrete polyblock method

Consider the following optimization program
maxf(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m
x ∈ X = {x ∈ Zn

+ | aj ≤ xj ≤ bj ; j = 1, ..., n}
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From property (2), the set S = {x ∈ X | gi(x) ≤ 0 , i = 1, ...,m} defined above
is normal. Let us define

G(x) = max
i=1,...,m

{gi(x)} (3)

The boundary of the constraints can be expressed as Γ= {x ∈ X | G(x) = 0}.
Let 〈α, β〉 be an integer box in X with α ∈ S and β /∈ S. Since G(α) < 0

and G(β) > 0, there must exist a point xb in X that satisfies G(xb) = 0 ( i.e.,
gi(xb) ≤ 0, i = 1, ...,m and there exists at least one i such that gi(xb) = 0 ).
xb is the intersection point of the line x = λ∗α + (1 − λ∗)β, 0 ≤ λ∗ ≤ 1 and
the boundary Γ where

λ∗ = sup{λ ∈ [0, 1] | λα + (1− λ)β ∈ S} (4)

To find the boundary point xb, bisection method or Newton’s method can be
used in searching for the root of equation (4).

Suppose that xb is not integral. Denote by bxbc the integer vector with
its j-th component being the maximum integer less than or equal to xb,j,
j = 1, ..., n and denote by dxbe the integer vector with its j-th component
being the minimum integer greater than or equal to xb,j, j = 1, ..., n. Let
xF = bxbc and xI = dxbe. It is easy to see that xF is a feasible point (xF ∈ S)
and xI is infeasible (xI /∈ S).

Consider the integer boxes 〈α, xF 〉 and 〈xI , β〉. By the monotonicity of f
and gi, there are no feasible points better than xF in 〈α, xF 〉 and there are
no feasible points in 〈xI , β〉. Therefore, we can remove integer boxes 〈α, xF 〉
and 〈xI , β〉 from 〈α, β〉 for further consideration after comparing xF with the
incumbent solution. The integer points left in 〈α, β〉 after removing 〈α, xF 〉
and 〈xI , β〉 can be partitioned into a union of smaller integer boxes.

The following theorem which can be found in Xun and al. [14, p. 172]
shows how to cut a revised domain into sub-boxes.

Theorem 3.1 Let A = 〈α, β〉, B = 〈α, γ〉 and C = 〈γ, β〉 where α ≤ γ ≤
β. Then both A \ B and A \ C can be partitioned into at most n new integer
boxes.

A \ B =
n⋃

j=1

j−1∏
r=1

〈αr, γr〉 〈γj + 1, βj〉 ×
n∏

r=j+1

〈αr, βr〉

 (5)

A \ C =
n⋃

j=1

j−1∏
r=1

〈γr, βr〉 〈αj, γj−1〉 ×
n∏

r=j+1

〈αr, βr〉

 (6)

The polyblock method consists of finding a feasible point xF and an infeasible
point xI and generating integer boxes using the formulas (5) and (6). The best
feasible solution obtained during the generation of integer boxes is kept as an
incumbent solution. Moreover, by the monotonicity of the problem, an integer
box with the function value of its upper bound point less than to the function
value of the incumbent xF can be discarded.
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4 The main approach

In the following, we will use the usual concept of Pareto optimality to define
the maximization in (P).

Definition 4.1 A solution x∗ ∈ S is called efficient or Pareto optimal if
and only if there is no x ∈ S such that fq(x) ≥ fq(x

∗), q = 1, . . . , Q and
fq(x) > fq(x

∗) for at least one q ∈ {1, . . . , Q}. If there exists such a point
x then the point x∗ is not efficient and the vector f(x) dominates the vector
f(x∗), where f(x∗) = (f1(x

∗), f2(x
∗), ..., fQ(x∗)). The set of the Pareto optimal

solutions is denoted by SPar.

The approach adopted in this work for detecting all the integer efficient
solutions of problem (P) is based on solving a single objective optimization
program (P1) derived from (P) by choosing one objective function of (P), by
default the first one f1 (but may be another one).

(P1)


max f1(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m
x ∈ X = {x ∈ Zn

+ | aj ≤ xj ≤ bj ; j = 1, ..., n}

Starting with an optimal solution of problem (P1), the domain of feasible
integer solutions is partitioned into sub-domains using the branching principle
defined by Theorem 3.1. Each integer solution found in a new domain is
compared to all of the potentially efficient solutions already found and the
set of efficient solutions is actualized. The partition is successively refined
and integer boxes that do not contain promising solutions are removed. The
algorithm stops when all created boxes were explored.

Using the previous tools we are now able to describe the general algorithm
for finding efficient solutions of (P).

4.1 Algorithm

The algorithm is presented in the following steps.
Step 1: (Initialization) Let a = (a1, ..., an), b = (b1, ..., bn).

If a is infeasible, then problem (P1) has no feasible solution; SPar = ∅.
If b is feasible, then b is the optimal solution to (P1), set xopt = b .
Otherwise, set xopt = a. Read the Q-tuple f(xopt) = (f1(xopt), f2(xopt), · · · , fQ(xopt)).
Set k = 1 ; Xk =< a, b > ; SPar = {xopt}.

Step 2: k=k+1 (Selection and Finding Boundary Point)
Select an integer box 〈α, β〉 ∈ Xk. Set Xk = Xk \ 〈α, β〉.
Use the bisection method to find the roots of the equation

G [λα + (1− λ)β] = 0, λ ∈ [0, 1]
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where G is defined in (3). Set xb = λ∗α + (1− λ∗)β. Set xF = bxbc.
If xF = xb then set xI = xb +ej, where ej is the j-th unit vector in Rn with

xb + ej ≤ β. Otherwise, set xI = dxbe.
Set xopt = xF , go to step 3.

Step 3: (Update the set SPar)

If f(xopt) is not dominated by f(x) for all x ∈ SPar, then SPar = SPar ∪
{xopt}.

If there exists x ∈ SPar such that f(xopt) dominates f(x) then

SPar = SPar \ {x}∪ {xopt}.
Step 4 :(Partition and Remove).

(i) Apply the formula (6) to partition the set Ω1 = 〈α, β〉 \ 〈xI , β〉 into a

union of integer boxes.

Let xF ∈ 〈α̂, β̂〉 ∈ Ω1. Set Ω1 = Ω1 \ 〈α̂, β̂〉.
(ii) Apply the formula (5) to partition the set Ω2 = 〈α̂, β̂〉 \ 〈α̂, xF 〉.
(iii) Set Y k = Ω1 ∪ Ω2.

(iv) Perform the following for each integer box 〈α, β〉 generated in the above

partition process.

(a) If β is feasible, remove 〈α, β〉 from Y k. Furthermore if f1(β) > f1(x
F ),

set xopt = β.

(b) If α is infeasible, remove 〈α, β〉 from Y k.

(c) If f1(β) < f1(x
F ), remove 〈α, β〉 from Y k.

(d) If α is feasible, β is infeasible and f1(α) > f1(x
F ), set xopt = α.

(e) Read the new Q-tuple (if any), augment the efficient set or remove

the dominated solutions from it to obtain the new SPar.

Denote Zk the set of integer boxes after the above removing process.
Step 5: (Updating integer boxes)

Remove all integer 〈α, β〉 in Xk with f1(β) < f1(x
F ).

Set Xk+1 = Xk ∪ Zk.

If Xk+1 = ∅ stop, otherwise set k = k + 1 go to step 2.

The finite convergence of the algorithm can be easily seen from the finite-
ness of X and the fact that at each iteration at least the integer points xF and
xI are removed from Xk. The algorithm proceeds successively by refining the
partition and removing integer boxes that do not contain promising solutions
and finally terminates in a finite number of iterations.

Remark 4.2 As said in [14], two box-selection strategies can be used in
Step 1. The first strategy is to select the integer box in Xk with the maximum
objective function value of the upper bound point. The second strategy is to
select the last integer box included in Xk.
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4.2 Illustrative example

Let us consider the following multiobjective integer monotonic program
max f1(x) = 2x1 + 5x2

max f2(x) = 3x1x2 − x1 + 6x2

max f3(x) = 2x2
1 + x1x2 − x2

subject to

g1(x) = x1 + 2x2 + 2.9
√

0.09x2
1 + 0.05x2

2 + 1 ≤ 18
g2(x) = 3x1 + 2x2 ≤ 22
X = {x ∈ Z2 | 1 ≤ x1 ≤ 7 , 1 ≤ x2 ≤ 5 }

The iterations of the algorithm are described as follows:

Initialisation : let a = (1, 1) ; b = (7, 5).
xopt = (1, 1) , f(1, 1) = (7, 8, 2) and SPar = {(1, 1)}
Set k = 1 , X1 = 〈a, b〉 = 〈(1, 1), (7, 5〉.

Iteration 1:Select 〈α, β〉=〈(1, 1), (7, 5)〉 , set X1 = X1\〈α, β〉 = ∅.
g1[λ(1, 1)+(1−λ)(7, 5)] = 0 =⇒ −1−14λ+2.9

√
4. 04λ2 − 9. 56λ + 5.66 = 0

g2[λ(1, 1) + (1− λ)(7, 5)] = 0 =⇒ 9− 26λ = 0
The bisection procedure finds out λ1 = 0.2988 and λ2 = 0.3457
Set λ∗ = 0.3457; xb = (4.9258, 3.6172);
xF = bxbc = (4, 3) and xI = dxbe = (5, 4). Set xopt = (4, 3).
The corresponding 3-tuple (23, 50, 41) dominates (7, 8, 2) ; SPar = {(4, 3)}.
Ω1 = 〈α, β〉 \ 〈xI , β〉 = 〈(1, 1), (7, 5〉\ 〈(5, 4), (7, 5)〉

= {〈(1, 1), (4, 5)〉 ; 〈(5, 1), (7, 3)〉}
Since xF ∈ 〈(1, 1), (4, 5)〉, set Ω1 = 〈(5, 1), (7, 3)〉.
Ω2 = 〈(1, 1), (4, 5)〉\ 〈(1, 1), xF 〉 = 〈(1, 4), (4, 5)〉
Set Y 1 = Ω1 ∪ Ω2 = {〈(5, 1), (7, 3)〉; 〈(1, 4), (4, 5)〉}.
We obtain Z1 = Y 1.
Set X2 = Z1 ∪X1 = Z1 ∪ ∅ = Z1.

Iteration 2:
Since f1(4, 5) = 33 > f1(7, 3) = 29, select 〈α, β〉 = 〈(1, 4), (4, 5)〉
and set X2 = 〈(5, 1), (7, 3)〉.
g1[λ(1, 4)+(1−λ)(4, 5)] = 0 =⇒ −4−5λ+2.9

√
0.86λ2 − 2.66λ + 3.69 = 0

g2[λ(1, 4) + (1− λ)(4, 5)] = 0 =⇒ −11λ = 0.
The bisection procedure finds out λ1 = 0.2246 and λ2 = 0
Letλ∗ = 0.2246 ; xb = (3.3262, 4.7754);
xF = bxbc = (3, 4) and xI = dxbe = (4, 5). Set xopt = (3, 4).
The 3-tuple f(3, 4) = (26, 57, 26) dominates (23, 50, 41) ; SPar = {(3, 4)}.
Ω1 = 〈α, β〉\〈xI , β〉 = {〈(1, 4), (3, 5)〉; 〈(4, 4), (4, 4)〉}
Since xF ∈ 〈(1, 4), (3, 5)〉, set Ω1 = 〈(4, 4), (4, 4)〉.
Ω2 = 〈(1, 4), (3, 5)〉\〈(1, 4), (3, 4)〉 = 〈(1, 5), (3, 5)〉
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Set Y 2 = Ω1 ∪ Ω2 = {〈(4, 4), (4, 4)〉; 〈(1, 5), (3, 5)〉}.
(4, 4) is feasible and f1(4, 4) = 28 > 26 set xopt = (4, 4).

The 3-tuple f(4, 4) = (28, 68, 44) dominates (26, 57, 26). SPar = {(4, 4)}.
(1, 5) feasible and f1(1, 5) = 27 > 26.

f(1, 5) = (27, 44, 2) is dominated by (28, 68, 44).

Z2 = 〈(1, 5), (3, 5)〉
X3 = Z2 ∪X2 = {〈(1, 5), (3, 5)〉; 〈(5, 1), (7, 3)〉}.

Iteration 3

Since f1(3, 5) = 31 > f1(7, 3) = 29, select 〈α, β〉 = 〈(1, 5), (3, 5)〉
and set X3 = 〈(5, 1), (7, 3)〉.
g1[λ(1, 5)+(1−λ)(3, 5)] = 0 =⇒ −5−2λ+2.9

√
0.36λ2 − 2.87λ + 3.06 = 0.

g2[λ(1, 5) + (1− λ)(3, 5)] = 0 =⇒ −3 + 6λ = 0.

The bisection procedure finds out λ1 = 0.0176 and λ2 = 0.4980.

Let λ∗ = 0.4980 ; xb = (2.0040, 5);

xF = bxbc = (2, 5) and xI = dxbe = (3, 5). Set xopt = (2, 5).

The 3-tuple f(2, 5) = (29, 58, 13) is nondominated with respect to the
earlier identified 3-tuple (28, 68, 44), then SPar = {(4, 4), (2, 5)}.

Ω1 = 〈α, β〉 \ 〈xI , β〉 = 〈(1, 5), (2, 5)〉
Since xF ∈ 〈(1, 5), (2, 5)〉, set Ω1 = ∅.
Ω2 = 〈(1, 5), (2, 5)〉\ 〈(1, 5), (2, 5)〉 = ∅
We obtain Z3 = Y 3 = ∅
For 〈(5, 1), (7, 3)〉 ∈ X3, we have f1(7, 3) = 29 = f1(x

F .

Set X4 = X3UZ3 = 〈(5, 1), (7, 3)〉.
Iteration 4

Select 〈α, β〉 = 〈(5, 1), (7, 3)〉 and set X4 = ∅.
We find two efficient solutions (6,2) and (5,3) with f(6, 2) = (22, 42, 82)

and f(5, 3) = (25, 58, 62).

The final efficient set is SPar = {(4, 4), (2, 5), (6, 2), (5, 3)}.

5 Conclusion

The main contribution of this study is a new method for generating efficient
solutions in multiobjective integer monotonic programming problems. The
algorithm exploit only the monotonic properties of the functions and no con-
vexification or linearization is needed. Thus it may be usefull for large integer
multiobjective monotonic programs. However, further experimental validation
of this observation is needed.
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