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Abstract

In this paper, the Bayesian prediction intervals for the future non-
adjacent generalized order statistics are computed based on a past right
censored sample of nonadjacent generalized order statistics from gen-
eralized exponential distribution GE(α, τ). Then, the results will be
specialized to the type-II censored samples and to the upper recored
values.
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1 INTRODUCTION

Gupta and Kundu[16] introduced a new distribution, called Generalized Ex-
ponential (GE) distribution. This distribution is very important when a
skewed distribution is needed. It has been studied extensively by Gupta and
Kundu [17-23], Raqab[40], Raqab and Ahsanullah[41], Raqab and Madi[42],
Jaheen[26], Kundu and Gupta[32], Kundu et al [31], Sarhan[43] and Zheng
[46]. Singh et al[44] study the estimation problem of the parameters of this
distribution under some symmetric and asymmetric loss functions using Lind-
ley’s method. Yarmohammadi[45] study the classical and Bayesian estimations
on the generalized exponential distribution using censored data.
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We can see that the generalized exponential distribution is a sub-model of
the exponentiated Weibull distribution introduced by Mudholkar and Srivas-
tava[35] and later studied by Mudholkar et al[36] and Mudholkar and Hut-
son[34].

Generalized order statistics (gos′s) concept was introduced by Kamps[28]
as a unified approach to several models of ordered random variables such as
upper order statistics, upper record values, sequential order statistics, ordering
via truncated distributions, censoring schemes, among others.

Kamps and Gather[29], Keseling[30], Cramer and Kamps[14], Ahsanul-
lah[6], Habibullah and Ahsanullah[24], Pawlas and Szynal[37], Raqab[39], Ah-
mad and Fawzy[5], AL-Hussaini and Ahmad[8,9], AL-Hussaini[7], Jaheen[25,27],
Ahmad[2,3] and Ateya and Ahmad[12] among others, utilized the gos′s in their
works.

Several authors have predicted future order statistics and records from ho-
mogeneous and heterogeneous populations that can be represented by single-
component distribution or finite mixtures of distributions, respectively.
For more details, see AL-Hussaini and Ahmad[9], Ali Mousa[10] and AL-
Hussaini[7]. Recently, a few of authors utilized the gos′s in Bayesian inference.
Such authors are AL-Hussaini and Ahmad [9], Jaheen[25,27] and Ateya and
Ahmad[12]. A random variable X is said to have a GE distribution with vec-
tor of parameters θ = (α, τ) if its probability density function (pdf) is given by

f(x; θ) = α τ exp(−τ x)

(
1− exp(−τ x)

)α−1

,

x ≥ 0, (τ > 0, α > 0).

(1.1)

The reliability function (rf) and the hazard rate function (hrf) of this distri-
bution can be written, respectively as

R(x) = 1− wα, (1.2)

h(x) =
α τ (1− w) wα−1

(1− wα)
, (1.3)

where w = 1− e−τ x, x ≥ 0.
For a value xi of the random variable X, let





wi = 1− e−τ xi ,

εi(α, τ) = 1− wα
i ,

ηi(α, τ) =
wα−1

i (1−wi)

εi(α,τ)
.

(1.4)

So, (1.1), (1.2) and (1.3) can be written in the forms

f(xi; α, τ) = α τ εi(α, τ) ηi(α, τ), xi > 0, (τ, α > 0), (1.5)
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R(xi) = εi(α, τ), (1.6)

h(xi) = α τ ηi(α, τ). (1.7)

In the next sections we will write εi, ηi instead of εi(α, τ), ηi(α, τ).

2 BAYESIAN PREDICTION INTERVALS OF FUTURE
GOS’S

Suppose that X1, X2, ..., Xn is a random sample of size n drawn from a popula-
tion whose distribution function (df), Fθ(x) and pdf ,fθ(x). Let X1:n,m,k, X2:n,m,k,
..., Xn:n,m,k be the corresponding gos′s, where m ≥ −1, k ≥ 1, see Kamps[28].
Based on doubly type II censored sample of gos′s Xs:n,m,k, Xs+1:n,m,k, ..., Xr:n,m,k,
0 < s < ... < r < n, the likelihood function of the parameters (α, τ) given
x = (xs:n,m,k, xs+1:n,m,k, ..., xr:n,m,k), which can be written for simplicity as
x = (xs, xs+1, ..., xr), can be written in the form (see Ahmad and Abu-Shal[4])

L(α, τ |x) ∝





[ ∏r
i=s[R(xi)]

mf(xi)

]
[R(xr)]

γr+1

×∑s−1
`=0 ω

(s)
` [R(xs)]

(m+1)(s−`−1), m 6= −1,

[ln R(xs)]
s−1[R(xr)]

k
∏r

i=s h(xi), m = −1,

(2.1)

where ω
(s)
` = (−1)`

(
s−1

`

)
and γr = k + (m + 1)(n− r).

Using Eqs. (1.4), (1.5), (1.6) and (1.7) in Eq. (2.1), we get

L(α, τ |x) ∝





(α τ)r−s+1[εr]
γr+1

[ ∏r
i=s εm+1

i ηi

]

×∑s−1
`=0 ω

(s)
` ε

(m+1)(s−`−1)
s , m 6= −1,

(α τ)r−s+1[ln(εs)]
s−1εk

r

∏r
i=s ηi. m = −1.

(2.2)

Based on such a doubly type II censored sample, I want to predict any future
gos X?

a ≡ Xr+a, a = 1, 2, . . . , n− r, for more details, see Geisser[15].
It was shown by Ateya and Ahmad[12] that the conditional pdf of the ath

future gos, x∗a, a = 1, 2, ..., n− r, given the past observations x, is in the form

f(x∗a| xr, θ) ∝
{

f(x∗a)
∑a−1

i=0 ω
(a)
i [R(x∗a)]

γr+a−i−1[R(xr)]
−γr+a−i , m 6= −1,

f(x∗a)[R(x∗a)]
k−1[R(xr)]

−k
∑a−1

i=0 ω
(a)
i [ln R(x∗a)]

i[ln R(xr)]
a−i−1,m = −1.

(2.3)

Substitution of (1.5) and (1.6) in (2.3), I got the conditional pdf in the form

f(x∗a| xr, α, τ) ∝





α τ ηa

∑a−1
i=0 ω

(a)
i [εa/εr]

γr+a−i , m 6= −1,

α τηa[
εa

εr
]k

[
ln εr

εa

]a−1

, m = −1,
(2.4)
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where ηa and εa obtained from (1.4) by replacing xi by x∗a and ηr and εr

obtained also from (1.4) by replacing xi by xr.
Suppose that the prior belief of the experimenter is measured by a function

π(α, τ) given by

π(α, τ) = π1(τ | α) π2(α). (2.5)

Suppose that π1(τ | α) is Gamma (c1, α), π2(α) is Gamma (c2, c3) with
respective densities

π1(τ | α) ∝ α c1 τ c1−1 exp(−τ α), α, τ > 0, (c1 > 0), (2.6)

π2(α) ∝ α c2−1 exp(−c3 α), α > 0, (c2, c3 > 0). (2.7)

It then follows, by substituting (2.6) and (2.7) in (2.5), that the prior pdf of
α and τ is given by

π(α, τ) ∝ αc1+c2−1 τ c1−1 exp[−α (τ + c3)], α, τ > 0, (c1, c2, c3 > 0), (2.8)

where c1, c2 and c3 are the prior parameters ( also known as hyperparameters).
Using the likelihood function (2.2) and the prior (2.8), the posterior pdf of α
and τ can be written as

π∗(α, τ | x) ∝





αc1+c2+r−s τ c1+r−s exp[−α (τ + c3)] εγr+1
r

[ ∏r
i=s εm+1

i ηi

]

×∑s−1
`=0 ω

(s)
` × ε

(m+1)(s−`−1)
s , m 6= −1,

αc1+c2+r−s τ c1+r−s exp[−α (τ + c3)] [ln εs]
s−1 εk

r

∏r
i=s ηi, m = −1.

(2.9)

From (2.4) and (2.9), the predictive pdf of the ath future gos′s, x∗a, given the
past observations x is in the form

f ∗(x∗a| x) =

∫ ∞

0

∫ ∞

0

f(x∗a| xr, α, τ) π∗(α, τ | x) dα dτ, x∗a > xr, (2.10)

which can be approximated using the Markov chain monte carlo method (see
Ahmad et al [1] and Ateya[11]) by the form

f ∗(x∗a| x) ∼=
∑N

j=1 f(x∗a|xr, αj, τj)∑N
j=1

∫∞
xr

f(x∗a|xr, αj, τj)dx∗a
, (2.11)

where αj, τj, j = 1, 2, 3, ..., N are generated from the posterior density function
(2.9).
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A (1 − τ) × 100% Bayesian prediction interval (BPI), (L,U), of the future
observation x∗a is given by solving the following two nonlinear equations

∑N
j=1

∫∞
L

f(x∗a|xr, αj, τj)dx∗a∑N
j=1

∫∞
xr

f(x∗a|xr, αj, τj)dx∗a
= 1− τ

2
, (2.12)

∑N
j=1

∫∞
U

f(x∗a|xr, αj, τj)dx∗a∑N
j=1

∫∞
xr

f(x∗a|xr, αj, τj)dx∗a
=

τ

2
. (2.13)

Numerical methods are generally necessary to solve the above two equations
to obtain L and U for a given τ .

2.1 Bayesian Prediction Intervals of Future Order Statis-
tics

In this case the conditional pdf of the future observation x∗a given the past
observations x and θ can be written from (2.4), when m = 0, k = 1, s = 1, for
x∗a > xr, as

f(x∗a| xr, α, τ) ∝ α τ ηa

a−1∑
i=0

ω
(a)
i [εa/εr]

n−r−a+i+1, (2.14)

and the posterior pdf can be written from (2.9) as

π∗(α, τ | x) ∝ αc1+c2+r−1 τ c1+r−1 exp[−α (τ + c3)] εn−r
r

r∏
i=1

εiηi. (2.15)

Substituting from (2.14) in (2.12) and (2.13) after generating αj, τj, j =
1, 2, 3, ..., N from the posterior density function (2.15) using Gibbs sampler
and Metropolis-Hastings techniques and then solving the resulting two nonlin-
ear equations, the BPI ′s of x∗a can be obtained.
For more details about Gibbs sampler and Metropolis-Hastings techniques, see
Press[38].

2.2 Bayesian Prediction Intervals of Future Record

In this case the conditional pdf of the future record x∗a given the past obser-
vations x and θ can be written from (2.4) when m = −1, k = 1, s = 1 in the
form

f(x∗a| xr, α, τ) ∝ α τ

[
ηa εa

εr

][
ln

εr

εa

]a−1

, (2.16)
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and the posterior pdf can be written from (2.9) as

π∗(α, τ | x) ∝ αc1+c2+r−1 τ c1+r−1 exp[−α (τ + c3)] εr

r∏
i=1

ηi. (2.17)

Substituting from (2.16) in (2.12) and (2.13) after generating αj, τj, j =
1, 2, 3, ..., N from the posterior density function (2.17) using Gibbs sampler
and Metropolis-Hastings techniques and then solving the resulting two nonlin-
ear equations, the BPI ′s of x∗a can be obtained.

3 SIMULATION STUDY

In this section I will show the steps which followed to obtain the BPI, s of the
ath future gos.

1. For given set of prior parameters (c1 = 0.5, c2 = 1.5, c3 = 2.0), I gener-
ated the parameters α = 1.5 and τ = 3.0,

2. Using the generated α and τ , I generated a sample of size 50 of upper
order statistics and the censoring values are r = 10, 20, 45,

3. A 95% BPI for the x∗a, a = 1, 2, 3 are obtained,

4. Using the generated α and τ , I generated a sample of size 15 of upper
record values and the censoring values are r = 5, 10, 12,

5. A 95% BPI for the future record value x∗a, a = 1, 2, 3 are obtained.

In my study,
Table(1) displays the BPI and the coverage percentage of the ath future
observations based on type II censored sample,
Table(2) displays the BPI and the coverage percentage of the ath future
observations based on right censored sample of upper record values.

The given vector of hyperparameters is (c1 = 0.5, c2 = 1.5, c3 = 2.0) and
the generated population parameters are (α = 1.5, τ = 3.0).
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Table(1): 95 % BPI for future upper order statistics X∗
a , a = 1, 2, 3.

1-Percentage coverage of the BPI.
2-BPI for x∗a.
3- Length of the BPI.

r (c1, c2, c3) (α, τ) x∗1 x∗2 x∗3
1 97.35% 98.71% 99.70%

10 2 (0.2110,1.0132) (0.6108,1.6102) (0.9691,2.1023)
3 0.8022 0.9994 1.1332
1 96.45% 97.83% 98.16%

20 (0.5, 1.5, 2.0). (1.5,3.0) 2 (0.7609,1.5594) (0.9837,1.8741) (1.2902,2.3834)
3 0.7885 0.8904 1.0932
1 95.89% 97.22% 97.16%

45 2 (1.9208,2.5305) (1.7014,2.4550) (2.1423,3.1226)
3 0.6097 0.7536 0.9803

Table(2): 95 % BPI for future upper record values X∗
a , a = 1, 2, 3.

1-Percentage coverage of the BPI.
2-BPI for x∗a.
3- Length of the BPI.

r (c1, c2, c3) (α, τ) x∗1 x∗2 x∗3
1 97.15% 98.88% 99.04%

5 2 (0.5381,1.1539) (0.7162,1.5431) (0.8162,2.0564)
3 0.6158 0.8269 1.2402
1 96.43% 97.46% 98.44%

10 (0.5, 1.5, 2.0) (1.5,3.0) 2 (2.5820,3.1853) (3.2971,4.0827) (4.0902,5.2434)
3 0.6033 0.7856 1.1532
1 95.11% 96.29% 97.10%

12 2 (5.3380,5.9173) (5.6770,6.4129) (6.0659,7.1600)
3 0.5793 0.7359 1.0944

4 CONCLUDING REMARKS

In our study, observe the following:

1. For fixed sample size n and a certain x∗a, the length of the BPI and its
Percentage coverage decrease, by increasing r,

2. For fixed sample size n and r, and for a certain x∗a, the length of the
BPI and its Percentage coverage increase, by increasing a,

3. If the hyperparameters are unknown, they can be estimated by using the
empirical Bayes method ,see Maritz and Lwin[33], or the hierarchical
method, see Bernardo and Smith[13].
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