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Abstract

Some data envelopment analysis models have been introduced in
the literature that incorporate production trade-offs between inputs and
outputs or, equivalently, weight restrictions imposed on their dual mod-
els. Podinovski has given a procedure, consisting of three stages, for
practical application of such models (Podinovski, 2007). In this paper,
we present a counterexample to the first stage of the afore-mentioned
procedure. Useful comments will also be provided in the paper.
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1 Introduction

In data envelopment analysis (DEA), the maximum ratio of the sum of the
weighted outputs to the sum of the weighted inputs is considered as the ef-
ficiency score, which is calculated by solving a DEA model for each decision
making unit (DMU). The original models in DEA models are CCR(with CRS
assumption) and BCC(with VRS assumption) models, which freely allow the
weights to be estimated in order to maximize the efficiency score of the DMU
under assessment. Recently, some DEA models have been introduced that
incorporate production trade-offs in the CRS and VRS DEA models or, equiv-
alently, weight restrictions are added in the dual multiplier models. In this de-
velopment, the standard two-stage optimization procedure of Ali and Seiford

1Corresponding author, moazami77@gmail.com



976 G. R. Jahanshahloo et al

(1993) is not suitable for identifying efficient targets and reference sets and,
if applied, may result in incorrect solutions. To overcome this problem, Podi-
novski (2007) introduced a procedure that consists of three stages: the first
stage evaluates the radial efficiency of the unit, the second identifies its efficient
target, and the third identifies its reference set of efficient peers.

There is an apparent problem with the implementation of Podinovski,s
three-stage procedure. In this paper, we present a counterexample to as well
as some comments on the first stage of this procedure.

2 Counterexample and comments

Assume we have n observed DMUs, DMUj (Xj , Yj), j = 1, 2, ..., n, and every
DMUj produces the same s outputs in (possibly) different amounts, yrj, r =
1, 2, ..., s, using the same inputs, xij , i = 1, 2, ..., m, also in (possibly) different
amounts. All inputs and outputs are assumed to be nonnegative, but at least
one input and one output are positive, i.e., Xj = (x1j , ..., xmj) ≥ 0, Xj �= 0
and Yj = (y1j , ..., ysj) ≥ 0, Yj �= 0.

In addition to this basic technology information in the form of observed
DMUs, we can often specify supplementary information in the form of trade-
offs between the inputs and/or outputs. Each of such trade-offs can be ex-
pressed as a pair (P, Q), where the vectors P ∈ Rm, Q ∈ Rs represent the
possible simultaneous change to the inputs and outputs in the entire technol-
ogy. Various examples of production trade-offs are discussed in (Podinovski,
2007).

Suppose that we can specify k trade-offs:

(Pt, Qt), t=1,2,...,k. (1)

The use of trade-offs (1) in the standard CRS technology leads to the expanded
technology TCRS−TO, where the abbreviation TO stands for ”trade-offs”, as in
the following form

TCRS−TO = {(X, Y )|X ≥ 0, Y ≥ 0, X ≥ ∑n
j=1 λjXj +

∑k
t=1 πtPt,

Y ≤ ∑n
j=1 λjYj +

∑k
t=1 πtQt, λj≥0; πt ≥ 0; j = 1, ..., n; t = 1, ..., k}.

(2)

The input radial efficiency of DMUo in TCRS−TO is defined as min{θ|(θXo, Yo) ∈
TCRS−TO}. This leads to the following LP formulation, which must be correct
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by definition:

min θ

s.t.
∑n

j=1 λjXj +
∑k

t=1 πtPt + d = θXo, (A1)

∑n
j=1 λjYj +

∑k
t=1 πtQt − e = Yo, (A2)

∑n
j=1 λjXj +

∑k
t=1 πtPt + d ≥ 0, (A3)

∑n
j=1 λjYj +

∑k
t=1 πtQt − e ≥ 0, (A4)

λ, π, e, d ≥ 0.

(3)

We now observe that (A4) is redundant because it follows from (A2). This
leads to the following equivalent formulation, in which (A4) is removed, the
slacks e and d are omitted and the condition (A3) is satisfied by imposing the
condition θ ≥ 0:

min θ

s.t.
∑n

j=1 λjXj +
∑k

t=1 πtPt ≤ θXo,

∑n
j=1 λjYj +

∑k
t=1 πtQt ≥ Yo,

λ, π ≥ 0, θ ≥ 0.

(4)

Model (4) is correct and differs from Model (4) in (Podinovski, 2007) in only
the nonnegativity condition θ ≥ 0. By using a counterexample, it can be
shown that the condition θ ≥ 0 cannot be omitted. Otherwise, there may be
a feasible solution in which θ is negative.

Counterexample: Consider the three DMUs in Table 1 and the following
two trade-offs, both of which involve changes only to the inputs:

P1 = (−1, 1,−5, 0)T , Q1 = (0),
P2 = (1,−7,−2,−2)T , Q2 = (0). (5)
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Table 1
The data set

Input 1 Input 2 Input 3 Input 4 Output
DMU 1 2 1 1 2 1
DMU 2 1 2 1 1 1
DMU 3 1 2 2 1 1

With the trade-offs (5), Model (4) in (Podinovski, 2007) for assessing the ra-
dial efficiency of DMU2 has feasible solutions with negative θ; for instance
(λ1 = λ2 = λ3 = 1, π1 = 8, π2 = 3, θ = −1) is one such solutions.

Now, let us see what this counterexample actually means. In the counterex-
ample, the envelopment model (Model (4) in (Podinovski, 2007)) for DMU2 is
unbounded (θ can reach -∞ ) and θ∗ does not exist. The dual multiplier model
is, of course, infeasible. This will always happen in similar cases because the
dual multiplier model cannot have a negative optimal value. Therefore, if we
have a feasible θ in the envelopment model that is negative (as in the coun-
terexample), the dual will be infeasible, and the primal envelopment model
unbounded.

If infeasibility/unboundness occurs (which is equivalent to having a nega-
tive θ in some solutions to the envelopment model), this means that there is
a problem with the assessed trade-offs/weight restrictions (TOs/WRs). More
precisely, the weight restrictions are inconsistent, and the dual trade-offs offer
”free lunch”. In practice, if this happens, the trade-offs need re-evaluating.
For example, we produce two trade-offs that affect only the inputs: P1 =
(−1, 1,−5, 0), P2 = (1,−7,−2,−2). If we apply P1 twice and then apply P2,
the resulting change will be

2P1 + P2 = (−1,−5,−12,−2),

Clearly, this makes no practical sense as it reduces all inputs without any
change to outputs.
Two computational possibilities can be seen as given below.

1) Solve Model (4) in (Podinovski, 2007) with the explicit condition θ ≥ 0
(Model (4)). This

is always correct and produces the radial target on the boundary of the
PPS. A problem

with this approach is that it does not indicate whether the trade-offs make
sense.

2) Solve Model (4) in (Podinovski, 2007). If the optimal value θ∗ ≥ 0, then
the trade-offs

are consistent and the projection is correct. Alternatively, if the problem
is unbounded (as
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in the counter- example), there is a problem with TOs and they need
reassessment.

It can be pointed out that Model (4) in (Podinovski, 2007) serves an additional
purpose that was not highlighted in the 2007 paper. That is, it either identifies
the correct radial target (if an optimal solution exists, in which case we always
have θ∗ ≥ 0) or shows that the TOs/WRs are inconsistent and need reassessing
(if (4) is unbounded from below ). In other words, Model (4) in (Podinovski,
2007) is correct provided the TOs/WRs are consistent (in the sense of the dual
multiplier model being consistent). If the TOs/WRs are inconsistent, model
(4) indicates this by being unbounded.
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