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Abstract 
 
Quadratic and trigonometric equations for the five-point  
rectangular data array were introduced many years ago.  
This paper illustrates cubic equations for the array.   
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1. Introduction 
 
Quadratic equations for four and five data in a rectangular array are known [1,2]. 
They are exact on bilinear data and their squares. Cubic equations for four-point 
rectangular data arrays are more recent [3]. This paper illustrates cubic equations  
for five data in a rectangular array. The fifth datum lies at the center of the design. 
It is at point E in Fig. 1. All numerical coefficients in the equations are rounded.  
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Fig. 1. Points A,C,E,G,I denote the five-point rectangular data array. 
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2.  Generation of five-point cubic equations, first method 
 
Let exponential-type data at vertices A,C,G,I be (13/10)1, (13/10)3, (13/10)7, 
(13/10)9, respectively. A cubic equation for this array is Eq. (1) [3]. It predicts the 
center point datum to be about 3.828. The true value is E = (13/10)5 or ~ 3.713.   
   
R =  0.0143x3 + 0.110x2y + 0.282xy2 + 0.241y3 + 0.168x2 + 0.858xy + 1.099y2 
        + 1.011x + 2.995y + 3.828                                                                        (1)  
 
The symbolic form of a quadratic equation for the five-point array is Eq. (2) [1].  
 
R = E + (C + I – G – A)(x/4) + (G + I – C – A)(y/4) + (A – C – G + I)(xy/4)  
       – (I – A + C – G)2(4E – A – C – G – I)x2 / (8((I – A)2 + (C – G)2)) 
       – (I – A – C + G)2(4E – A – C – G – I)y2 / (8((I – A)2 + (C – G)2))          (2) 
 
Equations (1) and (2) make the same predictions at vertices A,C,G,I. The 
difference between the true center point and the estimate rendered by Eq. (1) is 
about –0.115. A quadratic equation can be generated from the differences 
between the measurements and the predictions at the five vertices of the rectangle. 
The differences are 0,0,–0.115,0,0 at vertices A,C,E,I,G, respectively. A quadratic 
equation for these data is Eq. (3). The sum of Eq. (1) and Eq. (3) is a new cubic 
equation that reproduces all five of the original data. It is Eq. (4). This method is 
easy to use but it does not apply in every case.  
 
R = –0.115 + 0.0575x2 + 0.0575y2                                                                    (3) 
 
R = 0.0143x3 + 0.110x2y + 0.282xy2 + 0.241y3 + 0.225x2 + 0.858xy + 1.156y2 
       + 1.011x + 2.995y + 3.713                                                                         (4) 
  
3. Generation of five-point cubic equations, second method  
 
Four cubic equations for the nine-point prismatic array have been illustrated. They  
are denoted Eqs. (A)-(D) in [4]. They apply to the cube in Fig. 1 in [4]. In the 
present method, let A,B,C,D be functions of the bilinear numbers: u(1),u(3),u(7), 
u(9), respectively. Let F,G,H,I be u(1+T),u(3+T),u(7+T),u(9+T), respectively. (If 
T = 0 then E = u(5) is the value along the vertical center line of the prism.) Let E 
be u(5+T/2) temporarily. Make these nine assignments and then set z = (–1) in 
Eqs. (A)-(D) in [4]. This renders two sets of cubic equations for the five-point 
rectangle ACEGI in Fig. 1 above. The first set applies Eqs. (A) and (B) in [4]. The  
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second set applies Eqs. (C) and (D) in [4]. Separation of the equations into two 
sets (A,B and C,D) minimizes potential confusion. Each one of Eqs. (5)-(8) can 
have zero, one, or several roots for T. This is a direct method for five trial data.   
 
Eq. (A) – u(5) = 0                                                                                             (5) 
Eq. (B) – u(5) = 0                                                                                             (6) 
 
Eq. (C) – u(5) = 0                                                                                             (7) 
Eq. (D) – u(5) = 0                                                                                             (8)   
 
Let u(V) be (100)(13/10)V generate the original data. When the first numerical 
value of T has been estimated from Eq. (5), it and the previous assignments for A 
.. I are substituted into Eq. (A) in [4]. Now set z =(–1). The result is the first 
interpolating equation for the five-point rectangle in terms of (x,y) in the (–1 .. 1) 
coordinate system. Four equations are generated from Eqs. (5) and (6) because 
each equation has two roots for T. The four equations are respectively Eqs. (9)-
(12). The four equations generated from Eqs. (7) and (8) are listed as Eqs. (13)-
(16), respectively. The equations reproduce the data in the five-point design.  

 
R1 = 0.7369x3 + 5.661x2y + 14.49xy2 + 12.37y3 + 22.51x2 + 85.82xy + 115.6y2  
              + 115.4x + 316.5y + 371.3                                                                  (9) R2 = 1.228x3 + 5.661x2y + 14.49xy2 + 13.63y3 + 22.51x2 + 85.82xy + 115.6y2  

               + 114.9x + 315.3y + 371.3                                                                     (10) 
 
R3 = 9.349x3 + 71.81x2y + 183.9xy2 + 156.9y3 + 22.51x2 + 85.82xy + 115.6y2  

      – 62.55x + 105.8y + 371.3                                                                     (11) 
 
R4 = 9.841x3 + 71.81x2y + 183.9xy2 + 158.2y3 + 22.51x2 + 85.82xy + 115.6y2  

              – 63.05x + 104.6y + 371.3                                                                      (12) 
 
R5 = 0.7510x3 + 7.747x2y + 15.54xy2 + 12.61y3 + 22.51x2 + 85.82xy + 115.6y2 
        + 114.4x + 314.2y + 371.3                                                                     (13) 
 
R6 = 1.009x3 + 7.747x2y + 15.54xy2 + 13.26y3 + 22.51x2 + 85.82xy + 115.6y2 
        + 114.1x + 313.5y + 371.3                                                                     (14) 
 
R7 = 15.58x3 + 160.7x2y + 322.4xy2 + 261.5y3 +22.51x2 + 85.82xy + 115.6y2  
        – 207.3x – 87.66y + 371.3                                                                      (15) 
 
R8 = 20.92x3 + 160.7x2y + 322.4xy2 + 275.2y3 + 22.51x2 + 85.82xy + 115.6y2  
        – 212.7x – 101.3y + 371.3                                                                      (16)  
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4.  Generation of five-point cubic equations, third method  
 
 
Let the original data at vertices A,C,E,G,I be the bilinear numbers 11,13,15,17,19,  
respectively. Let the applied function be u(V) = V(3/2). Two cubic equations 
interpolating the transformed data are developed as above. The original data are 
interpolated by applying the inverse of the transformation u(V) to the two cubic 
equations. The inverse function is j(V) = V(2/3). The results are Eqs. (17) and (18).  
 
R = (–0.00277x3 – 0.0242x2y – 0.0704xy2 – 0.0682y3 + 0.111x2 + 0.584xy + 
0.861y2 + 5.85x + 17.5y + 58.1)(2/3)                                                               (17) 
 
R = (–0.000774x3 – 0.00693x2y – 0.0207xy2 – 0.0205y3 + 0.0993x2 + 0.584xy + 
0.873y2 + 5.80x + 17.4y + 58.1)(2/3)                                                                (18) 
 
This method has three steps: (1) a function is applied to the original data to 
transform them; (2) cubic equations that interpolate the transformed data are 
developed; (3) the inverse of the applied function is now applied to the cubic 
equations that interpolate the transformed data. In favorable cases, this indirect, 
three-step method yields potentially useful interpolating equations.  
 
Let the function applied to the original data be u(V) = V(5/2). Two cubic equations 
that interpolate the transformed data are developed. The function inverse to the 
applied function is j(V) = V(2/5). The inverse function is now applied to those two 
cubic equations. They become Eqs. (19), (20). They reproduce and interpolate the 
original data. Simple functions that have simple inverses are tried first.  
 
R = (0.100x3 + 0.907x2y +2.74xy2 + 2.77y3 + 6.97x2 + 43.5xy + 65.6y2 + 145x + 
435y + 871)(2/5)                                                                                               (19) 
 
R = (0.0711x3 – 0.641x2y + 1.93xy2 + 1.93y3 + 7.20x2 + 43.5xy + 65.3y2 + 146x 
+ 436y + 871)(2/5)                                                                                            (20) 

 
The “true” bilinear number at vertex D, (x,y) = (–1,0), in Fig. 1 is 14. The 
numbers predicted by Eqs. (19), (20) are about 14.002, 13.998, respectively. They 
are probably accurate enough for most laboratory purposes. They illustrate that 
five bilinear numbers in a rectangular array are not enough to guarantee that a 
strict bilinear law applies everywhere in Fig. 1.   
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5. Discussion  
 
The five-point cubic equation method, as described in section 2, is exact on 
bilinear numbers and their squares but Eq. (2) is easier to apply in this case.   
 
 
The equations in section 3 depend on the assignment of the function at center 
point E as well as its argument. Failure occurs on the first, second, and third 
powers of bilinear numbers but four-point methods suffice in these special cases.  
 
 
Sums of squares of deviations of selected cubic equations for five-point trial 
surfaces appear in Table 1. (See section 3.) The first row for the applied function 
cosh(V/4) is generated from equations analogous to Eqs. (R1),(R2),(R3),(R4) in 
that order. The second row for cosh(V/4) is generated from equations analogous 
to Eqs. (R5),(R6), (R7),(R8) in that order. Some functions, like u(V) = V(3/2), have 
only one row. In these cases, the entries apply to equations analogous to Eqs. 
(R1),(R2),(R3),(R4) in that order. They also use E = u(5+T/2) in Fig. 1 of [4].  
  
 
Let cosh(V/4) be the function generating the data and let the five-point equations 
be based on Eqs. (5) and (6). The following temporary assignments for E generate 
different interpolating equations: u(5+T/2), u(5T/2), u(5+T/4), u(5T/4), u(5/T), 
u(5/T+3), u(5/T–3), u(5–T/10), u(T2+1), u(5+T), u(6+T/2), u(6–T/2), u(4–T/2), 
u(4+T/4). There are other possibilities. The choices are wide, they are empirical, 
and the equations obtained from them require individual examination. They 
should reproduce the original data within the precision of the calculations. They 
are potential choices for experimental work if they are useful predictors of 
laboratory results. Some of these methods may apply to other data arrays [5,6,7].  
 
 
Section 4 illustrates the interpolation of numbers as they might be obtained in the 
laboratory. Bilinear numbers are only an illustration. There are many [function, 
inverse] pairs that might be applied to laboratory data. Two criteria of merit apply 
to these equations: do they reproduce the original data and do they predict 
laboratory results satisfactorily? The experimenter decides which type of equation 
is the most useful: bilinear, quadratic, cubic, exponential, or trigonometric. The 
methods in section 4 do not have translational invariance.   
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Table 1.    Sums of squares of deviations of cubic equations 
representing five-point rectangular designs on trial surfaces.  
The listed results derive from analogs of Eqs. (R1)-(R8). See 
section 3.  

   
  

 
 
 
 
 
 
 
 
 
 
 
 
      
*V = (5 + x + 3y). The coordinate system is –1 ..1 for the x- and y- axes.  
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Function* Eq. (R1) Eq. (R2) Eq. (R3) Eq. (R4) 
 Eq. (R5) Eq. (R6) Eq. (R7) Eq. (R8) 
     
cosh(V/4) 0.0269 0.0270 0.385 0.388 
cosh(V/4) 0.0293 0.0295 1.26 1.31 
     
V(3/2) 0.159 0.159 0.159 0.159 
(V–1/V)(3/2) 0.0287 0.0287 0.0287 0.0287 
tan(8Vo) 0.0635 0.0571 3.21 2.96 
     
sinh(V/4) 0.355 0.358 0.355 0.358 
sinh(V/4) 0.001 0.001 1.23 1.28 
     
(10)ln((V+1)!) 1.18 1.17 0.766 0.759 
 (10)ln((V+1)!) 1.19 1.18 0.728 0.723 


