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Abstract
In this paper, we consider multi-agent path planning on graphs.

In particular, we consider the multi-agent path planning problem on
collision-free unit-distance graphs. We describe an approach to solve
the problem. This approach is based on an explicit reduction from the
problem to the satisfiability problem.
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Many different algorithmic problems of robotics received a lot of attention
recently (see e.g. [1]). In particular, we can mention the problem of sensor
placement (see e.g. [2] – [4]), different problems of selection of visual landmarks
(see e.g. [5] – [8]), problems of visual navigation (see e.g. [9, 10]), technical
vision (see e.g. [11, 12]), robot self-awareness (see e.g. [13] – [18]), planning
for multi-agent systems (see e.g. [19] – [24]), etc. In this paper, we consider
coupled planning for multi-agent systems. In this case, all agents are treated
as a single agent with a high dimensional configuration space. We consider the
multi-agent path planning problem on collision-free unit-distance graphs [19].

We use G = (V,E) to denote a connected, undirected, simple graph (i.e.,
no multi-edges) where V is its vertex set and E is its edge set. Let A be a
set of agents. We assume that initial and goal locations on G given by the
injective maps XI : A → V and XG : A → V , respectively. Let XI ∩XG = ∅.
A collision-free unit-distance graph [19] is a connected, undirected graph G
satisfying the following.
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1. Every edge is of unit length;

2. Given any two distinct edges (u[1], v[1]) and (u[2], v[2]) of G with u[1] �=
u[2], v[1] �= v[2], two disc shapes agents of radius less than 0.5 traveling
at unit speed through these edges (starting simultaneously at u[1], u[2],
respectively) will never collide.

Let σ be a bijection that acts on the elements of XG. A feasible path [19]
for a single agent a[i] is a map p[i] : N∪{0} → V with the following properties.

1. p[i](0) = XI(a[i]).

2. There exists a smallest k ∈ N ∪ {0} such that p[i](k) = σXG(a[i]) for
some fixed σ.

3. For any r > k, p[i](r) = σXG(a[i]).

4. For any 0 ≤ r < k, (p[i](r), p[i+ 1](r)) ∈ E or (p[i+ 1](r), p[i](r)) ∈ E.

We say that two paths p[i], p[j] are in collision [19] if there exists k ∈ N∪{0}
such that p[i](k) = p[j](k) or (p[i](k), p[i](k + 1)) = (p[j](k + 1), p[j](k)).

Now we consider the multi-agent path planning problem on collision-free
unit-distance graphs [19].

MAPP:
Instance: Given A = {a[1], a[2], . . . , a[n]}, collision-free unit-distance

graph G, XI , XG.
Task: Find a set of paths P = {p[1], p[2], . . . , p[n]} such that p[i] is a

feasible path for a[i], 1 ≤ i ≤ n, with σ being the identity map and no two
paths p[i] and p[j], 1 ≤ i < j ≤ n, are in collision.

Note that it is NP-hard to optimally (i.e., using least number of moves)
solve the N × N extension of the 15-puzzle [25]. Since MAPP is a general-
ization of multi-agent path planning on 2D grids, it is NP-hard to find the
shortest total path length for MAPP.

The decision version of MAPP can be formulated as following.
MAPP-D:
Instance: Given A = {a[1], a[2], . . . , a[n]}, collision-free unit-distance

graph G, XI , XG, and positive integer k.
Question: Is there a set of paths P = {p[1], p[2], . . . , p[n]} such that p[i]

is a feasible path for a[i], 1 ≤ i ≤ n, with σ being the identity map, no two
paths p[i] and p[j], 1 ≤ i < j ≤ n, are in collision, and for any r > k,
p[i](r) = σXG(a[i])?

Note that many very efficient algorithms have been developed for solving
the satisfiability problem. So, it is natural to use a reduction to different
variants of the satisfiability problem to solve computational hard problems
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(see e.g. [26] – [28]). In this paper we consider reductions from MAPP-D to
SAT and 3SAT.

Let

V = {v[1], v[2], . . . , v[m]},
ϕ[1] = ∧n

i=1 ∧k+1
j=0 ∨m

s=1x[i, j, s],

ϕ[2] = ∧n
i=1 ∧k+1

j=0 ∧1≤s[1]<s[2]≤m(¬x[i, j, s[1]] ∨ ¬x[i, j, s[2]]),

ϕ[3] = ∧n
i=1 ∧k

j=0 ∧1≤s[1]<s[2]≤m,

(v[s[1]],v[s[2]])/∈E

(¬x[i, j, s[1]] ∨ ¬x[i, j + 1, s[2]]),

ϕ[4] = ∧1≤i[1]<i[2]≤n ∧k+1
j=0 ∧1≤s≤m(¬x[i[1], j, s] ∨ ¬x[i[2], j, s]),

ϕ[5] = ∧1≤i[1]<i[2]≤n ∧k
j=0 ∧1≤s[1]≤m,

1≤s[2]≤m

(¬x[i[1], j, s[1]]∨

¬x[i[1], j + 1, s[2]] ∨ ¬x[i[2], j + 1, s[1]] ∨ ¬x[i[2], j, s[2]]),

ψ[1] = ∧n
i=1 ∧XI (a[i])=v[s] x[i, 0, s],

ψ[2] = ∧n
i=1 ∧σXG(a[i])=v[s] x[i, k + 1, s],

ξ = ∧1≤i≤5ϕ[i] ∧ ∧1≤j≤2ψ[j].

It is easy to check that there is a set of paths P = {p[1], p[2], . . . , p[n]} such
that p[i] is a feasible path for a[i], 1 ≤ i ≤ n, with σ being the identity map,
no two paths p[i] and p[j], 1 ≤ i < j ≤ n, are in collision, and for any r > k,
p[i](r) = σXG(a[i]) if and only if ξ is satisfiable. Clearly, ξ is a CNF. So, ξ
give us an explicit reduction from MAPP-D to SAT.

Using standard transformations (see e.g. [29]) we can easily obtain an
explicit transformation ξ into ζ such that ξ ⇔ ζ and ζ is a 3-CNF. It is clear
that ζ gives us an explicit reduction from MAPP-D to 3SAT.

In papers [5, 30] the authors considered some satisfiability algorithms. Our
computational experiments have shown that these algorithms can be used to
solve MAPP-D.
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