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Abstract

Approximate periods of strings can be used to find approximate
repetitive regularities in strings. In this paper we consider the approxi-
mate period problem for different absolute distances.
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Regularities in many different experimentally obtained data reveal impor-
tant information about the underlying physical system (see e.g. [1] – [8]). In
particular, we can use such regularities to create various efficient algorithms
(see e.g. [9] – [11]). Finding regularities in strings is a widely studied problem
(see e.g. [12] – [15]). The genomes of eukaryotes contain many approximate
regularities (see e.g. [16, 17]). In particular, consecutive occurrences of the
same string are the most frequent. Note that searching for exact tandem re-
peats can be too restrictive because of experimental errors. This gave us an
additional motivation to search allowing errors. To find approximate repetitive
regularities we can consider approximate periods of strings. In particular, we
can consider the approximate period problem (AP) [18].

Let Σ = {a1, a2, . . . , ak} be an alphabet. A conventional way to measure
the approximate similarity between two sequences x = x1x2 . . . xm and y =
y1y2 . . . yn, xi ∈ Σ, yj ∈ Σ, 1 ≤ i ≤ m, 1 ≤ j ≤ n, is to calculate costs of
local transformations. Usually, the local transformations are the following:
substitution: ap → aq; insertion: Δ → aq; deletion: ap → Δ.

Symbol Δ is called an indel and represents the insertion or deletion of a
particular symbol in one string relative to another [19].

To define a distance between sequences, one should first fix the set of local
transformations and cost function δ that gives for each transformation u → v
a cost δ(u, v). If some transformation u → v not used, then δ(u, v) = +∞.
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A penalty matrix M specifies the substitution cost for each pair of char-
acters and the insertion/deletion cost for each character. Usually, suitable
values of δ(u, v) can be obtained only by experiments. Therefore, it is natural
to assume that δ(u, v) ∈ Q ∪ {+∞} where Q is the set of rational numbers.

The differences appearing in the considered two sequences can be viewed
differently. For instance, one substitution can be viewed as one insertion and
one deletion. Therefore, it is natural to observe the minimum cost of such
differences. In particular, if δ(a1, Δ) = 1, δ(Δ, a2) = 1, and δ(a1, a2) = 3,
then it is natural to replace δ(a1, a2) = 3 by δ(a1, a2) = 1. In general case, we
want to replace any number in M by the minimum cost. However, it is not
always possible. For instance, we can consider δ(a1, Δ) = −3, δ(Δ, a2) = 1,
and δ(a2, a1) = 1. To solve this problem, we can assume that δ(a1, Δ) =
−∞. In general case, we can consider M as edge-weighted complete digraph
G such that Σ ∪ {Δ} is the set of nodes and δ(u, v) defines weight of edge
u → v. Using G we can easily define new penalty matrix M ′ such that for
each transformation u → v a cost δ′(u, v) defined by M ′ is the minimum
cost to convert u to v using a penalty matrix M . At first, we can assume
that δ′(u, v) = δ(u, v). After this, if (u, v1, v2, . . . , vp) is a simple cycle such
that δ′(u, v1) +

∑p−1
i=1 δ′(vi, vi+1) + δ′(vp, u) < 0, then δ′(u, v) = −∞ for any v.

Finally, δ′(u, v) = min(u,v1,v2,...,vp,v)∈Pu,v{δ′(u, v1) +
∑p−1

i=1 δ′(vi, vi+1) + δ′(vp, v)}
where Pu,v is the set of all simple paths from u to v.

It is easy to check that we can obtain M ′ in polynomial time. Now, we can
consider only penalty matrices such that for each transformation u → v a cost
δ(u, v) defined by M is the minimum cost to convert u to v using a penalty
matrix M .

The weighted edit distance δ(x, y) between sequences x and y is the mini-
mum cost to convert x to y using a penalty matrix. We can use the alignment
notation [19] to illustrate a comparison between two or more sequences. Given
a set of strings X = {x1, x2, . . . , xp} on an alphabet Σ, a multiple alignment
of X is a set of strings A = {A1, A2, . . . , Ap}, |A1| = |A2| = . . . |Ap| = r, on
alphabet Γ = Σ ∪ {Δ} such that each string Ai is a copy of xi into which
r − |xi| copies of Δ have been inserted.

Let Ax1,x2 be the set of all multiple alignments of {x1, x2}. Let A1 =
b1b2 . . . br, A2 = c1c2 . . . cr. Using the alignment notation we can define the
weighted edit distance as follows: δ(x1, x2) = min{A1,A2}∈Ax1,x2

{∑r
i=1 δ(bi, ci)}.

Let δ be a distance function which specified by a penalty matrix. Given
two strings x, p and distance function δ, we can define approximate periods as
follows. If there exists a partition of x into disjoint blocks of substrings, i.e.,
x = p1 . . . pr, pi �= ε, r > 2, such that δ(p, pi) ≤ t for 1 ≤ i < r, and δ(p′, pi) ≤ t
where p′ is some prefix of p, we say that p is a t-approximate period of x (see
[18]).

Let us consider the following problem (see [18]):

The approximate period problem (AP)
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Instance: A finite alphabet Σ, a string x from Σ∗, a penalty matrix M ,
and a positive integer t.

Question: Is there a string u ∈ Σ∗ such that u is a t-approximate period
of x?

Note that if |Γ| ≥ 9 then there exists δ such that δ(a, a) = 0, δ(a, b) = δ(b, a)
for all a, b ∈ Γ, and AP problem is NP-complete [18]. It is shown in [20] that
AP problem is NP-complete for |Γ| ≥ 5. If |Γ| ≥ 7 then there exists δ such
that δ(a, a) = 0, δ(a, b) = δ(b, a) for all a, b ∈ Γ, and AP problem is NP-
complete [21].

Theorem 1. If there exists a ∈ Γ such that δ(a, Δ) = −∞ and δ(u, v) <
+∞ for all u, v ∈ Γ, then for any string x from Σ∗ such that |x| > 2 and
positive integer t there is a string y ∈ Σ∗ such that y is a t-approximate period
of x.

Proof. Assume that there exists a ∈ Γ such that δ(a, Δ) = −∞ and
δ(u, v) < +∞ for all u, v ∈ Γ. Let x be a string from Σ∗ such that |x| > 2. Let
t be a positive integer. Since |x| > 2, we can suppose that x = x1x2x3 where
x1, x2, x3 ∈ Σ+. Let y = a, xi = c[i, 1]c[i, 2] . . . c[i, ni] where c[i, j] ∈ Σ. It is
easy to see that δ(y, xi) ≤ δ(a, Δ) +

∑ni
j=1 δ(Δ, c[i, j]). Since δ(u, v) < +∞ for

all u, v ∈ Γ and δ(a, Δ) = −∞, it is clear that δ(a, Δ) +
∑ni

j=1 δ(Δ, c[i, j]) =
−∞. Therefore, δ(y, xi) ≤ t.

It is clear that Theorem solves AP for penalty matrix M such that there
exists a ∈ Γ such that δ(a, Δ) = −∞ and δ(u, v) < +∞ for all u, v ∈ Γ.

Theorem 2. If there exists a ∈ Γ such that δ(a, Δ) = −∞ and δ(u, u) <
+∞ for all u ∈ Γ, then for any string x from Σ∗ such that |x| > 2 and positive
integer t there is a string y ∈ Σ∗ such that y is a t-approximate period of
x if z is a periodic word where x = c[1]c[2] . . . c[n], c[i] ∈ Σ, and z is a the
subsequence of x such that c[i] ∈ z if and only if δ(Δ, c[i]) = +∞.

Proof. Assume that a ∈ Γ such that δ(a, Δ) = −∞ and δ(u, u) < +∞ for
all u ∈ Γ. Let x be a string from Σ∗ such that |x| > 2. Let t be a positive
integer. Let z is a periodic word where x = c[1]c[2] . . . c[n], c[i] ∈ Σ, and z is
a the subsequence of x such that c[i] ∈ z if and only if δ(Δ, c[i]) = +∞. Since
z is a periodic word, we can assume that z = wkw′ where w is a period of z
and w′ is some prefix of w. It is easy to see that

x = x[1, 1]w[1]x[1, 2]w[2] . . . x[1, r]w[r]x[2, 1]w[1]x[2, 2]w[2] . . . x[2, r]w[r] . . .

x[k, 1]w[1]x[k, 2]w[2] . . . x[k, r]w[r]

x[k + 1, 1]w[1]x[k + 1, 2]w[2] . . . x[k + 1, q]w[q]x[k + 1, q + 1]

where x[i, j] ∈ Σ∗, w[j] ∈ Σ, w = w[1]w[2] . . .w[r], and w′ = w[1]w[2] . . . w[q].
Let

y = aw[1]w[2] . . .w[r], y′ = aw[1]w[2] . . . w[q],

xs = x[s, 1]w[1]x[s, 2]w[2] . . . x[s, r]w[r],
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x′ = x[k + 1, 1]w[1]x[k + 1, 2]w[2] . . . x[k + 1, q]w[q]x[k + 1, q + 1].

It is easy to check that δ(y, xs) < t and δ(y′, x′).
Now we consider penalty matrix M (see figure 1). It is easy to see that

there exists a ∈ Γ such that δ(a, Δ) = −∞ and δ(u, u) < +∞ for all u ∈ Γ.
Let x = b2c. In this case, z = b2c. It is clear that z is nonperiodic word.
However, y = b is t-approximate period of x for any positive integer t.

a b c Δ
a 0 +∞ +∞ −∞
b +∞ 0 0 +∞
c +∞ 0 0 +∞
Δ +∞ +∞ +∞ 0

Figure 1: The penalty matrix M

References

[1] A. Gorbenko and V. Popov, Programming for Modular Reconfigurable
Robots, Programming and Computer Software, 38 (2012), 13-23.

[2] A. Gorbenko and V. Popov, Anticipation in Simple Robot Navigation and
Learning of Effects of Robot’s Actions and Changes of the Environment,
International Journal of Mathematical Analysis, 6 (2012), 2747-2751.

[3] A. Gorbenko and V. Popov, A Real-World Experiments Setup for Investi-
gations of the Problem of Visual Landmarks Selection for Mobile Robots,
Applied Mathematical Sciences, 6 (2012), 4767-4771.

[4] A. Gorbenko, V. Popov, and A. Sheka, Localization on Discrete Grid
Graphs, Lecture Notes in Electrical Engineering, 107 (2012), 971-978.

[5] A. Gorbenko and V. Popov, Robot Self-Awareness: Occam’s Razor for
Fluents, International Journal of Mathematical Analysis, 6 (2012), 1453-
1455.

[6] A. Gorbenko and V. Popov, The Force Law Design of Artificial Physics
Optimization for Robot Anticipation of Motion, Advanced Studies in The-
oretical Physics, 6 (2012), 625-628.

[7] A. Gorbenko, V. Popov, and A. Sheka, Robot Self-Awareness: Explo-
ration of Internal States, Applied Mathematical Sciences, 6 (2012), 675-
688.



Approximate periods of strings for absolute distances 6717

[8] A. Gorbenko, V. Popov, and A. Sheka, Robot Self-Awareness: Temporal
Relation Based Data Mining, Engineering Letters, 19 (2011), 169-178.

[9] A. Gorbenko and V. Popov, Computational Experiments for the Problem
of Selection of a Minimal Set of Visual Landmarks, Applied Mathematical
Sciences, 6 (2012), 5775-5780.

[10] A. Gorbenko and V. Popov, Task-resource Scheduling Problem, Interna-
tional Journal of Automation and Computing, 9 (2012), 429-441.

[11] A. Gorbenko and V. Popov, Self-Learning Algorithm for Visual Recogni-
tion and Object Categorization for Autonomous Mobile Robots, Lecture
Notes in Electrical Engineering, 107 (2012), 1289-1295.

[12] A. Gorbenko and V. Popov, The c-Fragment Longest Arc-Preserving
Common Subsequence Problem, IAENG International Journal of Com-
puter Science, 39 (2012), 231-238.

[13] A. Gorbenko and V. Popov, The set of parameterized k-covers problem,
Theoretical Computer Science, 423 (2012), 19-24.

[14] A. Gorbenko and V. Popov, On the Longest Common Subsequence Prob-
lem, Applied Mathematical Sciences, 6 (2012), 5781-5787.

[15] A. Gorbenko and V. Popov, The Longest Common Parameterized Subse-
quence Problem, Applied Mathematical Sciences, 6 (2012), 2851-2855.

[16] V. Yu. Popov, Computational complexity of problems related to DNA
sequencing by hybridization, Doklady Mathematics, 72 (2005), 642-644.

[17] V. Popov, Multiple genome rearrangement by swaps and by element du-
plications, Theoretical Computer Science, 385 (2007), 115-126.

[18] J. S. Sim, C. S. Iliopoulos, K. Park, and W. F. Smyth, Approximate
periods of strings, Theoretical Computer Science, 262 (2001), 557-568.

[19] P. A. Pevzner, Multiple alignment, communication cost, and graph match-
ing, SIAM Journal on Applied Mathematics, 52 (1992), 1763-1779.

[20] V. Popov, The approximate period problem for DNA alphabet, Theoret-
ical Computer Science, 304 (2003), 443-447.

[21] V. Popov, The Approximate Period Problem, IAENG International Jour-
nal of Computer Science, 36 (2009), 268-274.

Received: September, 2012


