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1. Introduction

The dynamical systems is one of the leading areas of researches in Mathemat-
ics. Many researchers across the globe are contributing towards the researches
on dynamical properties and chaotic behaviour of maps in topological dynam-
ical systems. This kind of work is also closely related with many applicable
branches of Mathematics in particular, and Sciences in general. A dynamical
system can be obtained by iterating a function or letting evolve in time the
solutions of equations. Even if the rule of evolution is deterministic, the long
term behaviour of system is often chaotic.

The study of topological dynamics begins with a flow which is just a con-
tinuous group action of the group T of additive reals on the topological space
X. The theory has been extended to cover the action of more general topo-
logical groups T , usually countable and discrete or locally compact or Polish.
Also lots of study is being done related to actions of Lie groups in dynamical
systems.

If f : X −→ X is topologically conjugate to g : Y −→ Y then dynamics
of f and g are regarded as same in topological sense because there is a home-
omorphic correspondence between orbits of f and orbits of g. A property of
continuous maps which is preserved under topological conjugacy is called a dy-
namical property for example expansivity, shadowing, transitivity, minimality,
chaos etc. for homeomorphisms on compact metric spaces.

Mainly there are two types of dynamical systems, one is discrete and other
is continuous. In the recent past, lots of interesting study has been done for
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discrete dynamical systems of the form xn+1 = f(xn), n = 0, 1, 2, ......, where
(X, d) is an infinite metric space and f is a continuous self map on X.

A special class of dynamical systems known as chaotic dynamical systems
has been studied in detail in the past [3, 4, 5, 12, 14, 16]. Any chaotic sys-
tem is based on the idea of unpredictability and can not be decomposed into
two invariant open subsets. There are several definitions of chaos known but
Devaney’s definition of chaos [12] for discrete dynamical systems is most pop-
ular and widely accepted definition. In [14] Tian and Chen have defined and
studied Devaney’s chaos for a sequence of maps in iterative and successive
ways on a metric space and have given several interesting examples to illus-
trate such chaotic systems. In [15], authors study uniform convergence, mixing
and chaos. In [16], Devenay’s chaos of uniform limit functions is studied. In
[1, 2, 13] topological transitivity of uniform limit functions is studied. In [8],
we have studied topological transitivity of uniform limit functions on metric
G−spaces. In [11] different kinds of convergence of sequence of real valued
functions have been studied.

In Section 2, we give preliminaries required for other sections. In Section 3,
we define G−chaos for a sequence of maps in iterative and successive ways on a
metric G−space. In Section 4, we give some interesting examples to illustrate
such G−chaotic systems.

2. Preliminaries

Let N denote the set of positive integers, (X, d) denote metric space X with
metric d and f : X → X be a continuous map. Then f is said to have dense
set of periodic points if the set of all periodic points of f is dense in X. If for
any two non-empty open subsets U and V of X, there exists n ∈ N such that
fn(U) ∩ V �= ∅ then f is called topologically transitive on X. If there exists
δ > 0 such that for every x ∈ X and any neighborhood U of x, there exists
y ∈ U and an integer n ≥ 0 such that d(fn(x), fn(y) > δ then f is said to have
sensitive dependence on initial conditions.

The map f is said to be chaotic on X in the sense of Devaney if (i) f is
transitive on X; (ii) the set of periodic points of f is dense in X; and (iii) f
has sensitive dependence on initial conditions. In [3], Banks et al have shown
that if X is compact then (iii) is implied by other two conditions.

By a G-space we mean a triple (X, G, θ), where X is a Hausdorff space,
G is a topological group and θ : G × X → X is a continuous action of G
on X [6]. Henceforth, θ(g, x) will be denoted by gx. For A ⊂ X, g ∈ X we
have gA = {ga|a ∈ A}. For x ∈ X, the set G(x) = {gx|g ∈ G}, is called
the G-orbit of x in X. By trivial action of G on X we mean gx = x for all
g ∈ G, x ∈ X. If X, Y are G-spaces, then a continuous map h : X → Y is
called equivariant if h(gx) = gh(x) for each g in G and each x in X. We call h
pseudoequivariant if h(G(x)) = G(h(x)) for each x in X. An equivariant map
is clearly pseudoequivariant but converse is not true [7]. In [7, 9, 10] several
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interesting results using pseudoequivariant maps have been obtained. By a
metric G-space, we mean a metric space (X, d) on which a topological group
G acts.

Definition 2.1. [14] For any sequence F = {fk}∞k=1 of maps defined on a
metric space (X, d), denote map Fk : X → X for any k ∈ N by Fk =
fk(fk−1(...f1(x))) = fk ◦ .... ◦ f2 ◦ f1(x) for all x ∈ X and F0(x) = x for
any x ∈ X. An element x ∈ X is called periodic point of F = {fk}∞k=1 in
iterative (or successive) way if there exists m ∈ N such that Fm(x) = x (or
fm(x) = x).

Definition 2.2. [14] Let (X, d) be a metric space and fk : X → X be a
sequence of maps, k ∈ N. If for any two open sets U and V of X, there exists
a positive integer k such that Fk(U) ∩ V �= ∅ or fk(U) ∩ V �= ∅, then the
sequence F = {fk}∞k=1 of maps is said to be transitive (on X) in the iterative
way or successive way respectively.

Definition 2.3. [14] Let (X, d) be a metric space and fk : X → X be a
sequence of maps, k ∈ N. If there exists a constant δ > 0 such that for any
point x ∈ X and any neighborhood U of x, there exists a point y ∈ U and a
positive integer k such that d(Fk(x), Fk(y)) > δ or d(fk(x), fk(y)) > δ, then
F = {fk}∞k=1 is said to have sensitive dependence on initial condition in the
iterative way or successive way respectively.

Definition 2.4. [14] Let (X, d) be a metric space and fk : X → X, k ∈ N,
be a sequence of maps. Then F = {fk}∞k=1 is said to be chaotic on X in the
iterative (or successive) way in the sense of Devaney if following conditions are
satisfied:

(i) F is transitive on X in the iterative (or successive) way.
(ii) the set of periodic points is dense in X in the iterative (or successive)

way.
(iii) F has sensitive dependence on initial conditions in the iterative (or suc-

cessive) way.

Remark 2.5. Devaney’s chaos is a particular case of chaos defined in Defini-
tion 2.4 in the iterative (or successive) way if fk = f (or fk = fk) for all k ∈ N

where f1, ...fn are maps on metric space (X, d) .

Definition 2.6. [14] Let (X, d), (Y, d̃) be two metric spaces and F = {fk}∞k=1,

 = {gk}∞k=1 be two sequences of maps on X, Y respectively. If there exists a
homeomorphism h : X → Y such that for any k ∈ N, (h ◦ fk)(x) = (gk ◦ h)(x)
for all x ∈ X then F and 
 are called h−conjugate.

Definition 2.7. [14] Let (X, d), (Y, d̃) be two metric spaces and h : X → Y
be a homeomorphism such that h and h−1 both are uniformly continuous then
h is called a uniform homeomorphism.

In [14] Tian and Chen have proved the following result:
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Theorem 2.8. Let (X, d), (Y, d̃) be two metric spaces and F = {fk}∞k=1, 
 =
{gk}∞k=1 be two sequences of maps on X, Y respectively. If there exists a uniform
homeomorphism h : X → Y such that F and 
 are h−conjugate, then F is
chaotic on X in the iterative ( or successive) way if and only if 
 is chaotic
on Y in the iterative (or successive) way.

3. Chaos for a sequence of maps in a metric G−space

We have following definitions:

Definition 3.1. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then x ∈ X is said to be a G−periodic point of F = {fk}∞k=1

in iterative way if for some g ∈ G and some integer m > 0, Fm(x) = gx.

Definition 3.2. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then x ∈ X is said to be a G−periodic point of F = {fk}∞k=1

in successive way if for some g ∈ G and some integer m > 0, fm(x) = gx.

Definition 3.3. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then F = {fk}∞k=1 is said to be G− transitive on X in the
iterative way if for some g ∈ G and some integer m > 0, gFm(U)

⋂
V �= φ.

Definition 3.4. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then F = {fk}∞k=1 is said to be G− transitive on X in the
successive way if for some g ∈ G and some integer m > 0, gfm(U)

⋂
V �= φ.

Definition 3.5. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then F = {fk}∞k=1 is said to have G− sensitive dependence
on initial conditions in the iterative way if there exists a δ > 0 such that for
any x ∈ X and any neighborhood U of x in X, there exists a y ∈ U with
G(x) �= G(y) and a positive integer k such that d(Fk(gx), Fk(py)) > δ, for all
g, p in G.

Definition 3.6. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then F = {fk}∞k=1 is said to have G− sensitive dependence
on initial conditions in the successive way if there exists a δ > 0 such that
for any x ∈ X and any neighborhood U of x in X, there exists a y ∈ U with
G(x) �= G(y) and a positive integer k such that d(fk(gx), fk(py)) > δ, for all
g, p in G

Definition 3.7. Let (X, d) be a metric G−space and fk : X → X, k ∈ N, be
a sequence of maps then F = {fk}∞k=1 is said to be G− chaotic in the iterative
(or successive) way in the sense of Devaney if following conditions are satisfied:

(i) F is G-transitive on X in the iterative (or successive) way.
(ii) the set of G−periodic points is dense in X in the iterative ( or successive)

way.
(iii) F has G−sensitive dependence on initial condition in the iterative (or

successive) way.
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Remark 3.8. Under trivial action of G on X, the above notions coincide with
those defined by Tian and Chen in [14] .

We have the following result:

Theorem 3.9. Let (X, d), (Y, d̃) be two metric G−spaces and F = {fk}∞k=1,

 = {gk}∞k=1 be two sequences of maps on X, Y respectively. If there exists
an equivariant uniform homeomorphism h : X → Y such that F and 
 are
h−conjugate, then F is G−chaotic on X in the iterative ( or successive way )
if and only if 
 is G−chaotic on Y in the iterative ( or successive way ).

Proof. Suppose F is G−chaotic on X in the iterative way. Then F is G−transitive
on X in iterative way. We first prove 
 is G−transitive on Y in the iterative
way. Choose any two non empty open sets U, V in Y . Then h being continuous,
h−1(U), h−1(V ) are open in X. Now F being G−transitive on X in the itera-
tive way, there exists an integer k > 0 such that gFk(h

−1(U)) ∩ h−1(V ) �= ∅.
Observe that

gFk(h
−1(U)) ∩ h−1(V )

= g(fk ◦ ...... ◦ f1)(h
−1(U)) ∩ h−1(V )

= gh−1Gk((U)) ∩ h−1(V ),

where Gk = gk ◦ ...... ◦ g1, and equivariancy of h implies equivariancy of h−1

and we get
h−1(gGk(U)) ∩ h−1(V ) �= ∅

which implies
gGk(U)) ∩ (V ) �= ∅

establishing G−transitivity of 
 on Y in the iterative way. Our second aim is
to show that 
 = {gk}∞k=1 has dense set of G−periodic points in Y in iterative
way. Let W be an open set in Y . Then h−1(W ) is an open set in X. Since
F = {fk}∞k=1 has dense set of G−periodic points in X, therefore there exists
x ∈ h−1(W ) which is G−periodic point of F and hence there exists a positive
integer m and a g ∈ G such that Fm(x) = gx. Let ỹ = h(x). Then ỹ ∈ W and

Gm(ỹ) = (gm ◦ .... ◦ g1(h(x)) = gm(.....g2(g1(h(x)))).

Note that for any k ∈ N, (h ◦ fk) = (gk ◦ h), therefore

gm(.....g2(g1(h(x)))) = h(fm(......f2(f1(x)))) = hFm(x).

Since Fm(x) = gx and h is equivariant we have

Gm(ỹ) = hFm(x) = h(gx) = gh(x) = gỹ,

which implies ỹ is a G−periodic point of 
. Thus it follows that the set of
G−periodic points of 
 = {gk}∞k=1 is dense in Y in the iterative way.

Finally, we need to show that 
 = {gk}∞k=1 has G−sensitive dependence on
initial conditions. Since F = {fk}∞k=1 has G−sensitive dependence on initial
conditions in the iterative way, there exists a constant θ > 0 such that for any
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x ∈ X and any neighborhood U of x there exists a x̃ ∈ U with G(x) �= G(x̃)
and a positive integer k satisfying

d(Fk(gx), Fk(px̃)) > δ

for all g, p ∈ G, where Fk = (fk ◦ .... ◦ f1). Since h−1 is uniformly continuous
therefore there exists a δ > 0 such that for any y1, y2 ∈ Y with d(y1, y2) < δ,

d(x1, x2) = d(h−1(y1), h
−1(y2)) < θ,

where x1 = h−1(y1), x2 = h−1(y2). Hence for any y1 = h(x1), y2 = h(x2) ∈ Y ,
we have

d(x1, x2) ≥ θ ⇒ d̃(y1, y2) ≥ δ. (∗)
Observe that for any y ∈ Y and any neighborhood W of y, h−1(W ) is a
neighborhood of h−1(y) = x. We therefore have x̃ ∈ h−1(W ) with G(x) �= G(x̃)
and a k ∈ N such that

d(Fk(gx), Fk(px̃)) > θ

for all g, p ∈ G. Now we use (*) and observe that for all g, p ∈ G

d̃(hFk(gx), hFk(px̃)) ≥ δ.

Since h ◦ Fk = Gk ◦ h and h is equivariant we have

d̃(Gk(gh(x)), Gk(ph(x̃))) ≥ δ

and hence
d̃(Gk(gy), Gk(pỹ)) ≥ δ

for all g, p ∈ G, where ỹ = h(x̃) ∈ W . This establishes 
 = {gk}∞k=1 has
G−sensitive dependence on initial conditions in the iterative way. We have
therefore proved that 
 = {gk}∞k=1 is G−chaotic in the iterative way. The
converse statement can be proved similarly. The case of G−chaoticity in suc-
cessive way also follows analogously. �

Remark 3.10. Under the trivial action of G on X, the above result gives
Theorem 2.8.

4. Some examples of G− chaotic sequence of maps

Example 4.1. Consider sequence F = {fk}∞k=1 of maps on X = [0, 1), where
fn : X → X is defined by fn(x) = 〈(n + 1)x〉, where 〈c〉 is decimal part of
real number c. Then as observed in [14], F = {fk}∞k=1 is chaotic on X in
the successive way but not in iterative way in the the sense of Devaney. We
observe that under the action of discrete group G = {−1, 1} on X defined by
(−1)x = 1 − x and 1x = x, x ∈ X, is G−chaotic on X in the successive way
but not G−chaotic on X in iterative way in the the sense of Devaney.

Example 4.2. Consider sequence F = {fk}∞k=1 of maps on X = [0, 1), where

fn : X → X is defined by fn(x) = 〈(1 + 1+(−1)n

2
)x〉, where 〈c〉 is decimal part

of real number c. Then as observed in [14], F = {fk}∞k=1 is not chaotic on X
in the successive way but is chaotic in the iterative way in the the sense of
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Devaney. We observe that under the action of discrete group G = {−1, 1} on
X defined by (−1)x = 1 − x and 1x = x, x ∈ X, is not G−chaotic on X in
the successive way but is G−chaotic on Xin the iterative way in the the sense
of Devaney.

Example 4.3. Consider sequence F = {fk}∞k=1 of maps in X = [0, 1), where
fn : X → X is defined by fn(x) = 〈2nx〉, where 〈c〉 is decimal part of real
number c. Then as observed in [14], F = {fk}∞k=1 is chaotic on X in both,
the successive way and in iterative way in the the sense of Devaney. We
observe that under the action of discrete group G = {−1, 1} on X defined by
(−1)x = 1 − x and 1x = x, x ∈ X, is G−chaotic on X in both, the successive
way and in the iterative way in the the sense of Devaney.
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