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Abstract

We consider the problem of maintaining of graph properties that
arise in its tree decomposition. We propose a dynamic algorithm that
supports operations of deleting and/or inserting edges or vertices for
weakly chordal graphs. Moreover, we update the changes on the pa-
rameters tree-width and tree-length for this class when the operations
occurs. An implementation of the algorithm is presented in O(m2) com-
putational complexity order when considering a worst-case analysis.
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1 Introduction

The tree decomposition of a graph is a fundamental concept in graph theory
and was introduced by Robertson and Seymour [20] to solve various problems.
Tree-width is a widely investigated parameter [1,4,17,20]. Many intractable
problems can be solved in polynomial time for graph classes of bounded tree-
width [1,12]. Tree-length is a recent graph parameter introduced by Gavoille
and Dourisboure [9]. This notion is motivated by the fact that graphs with
bounded tree-length have sparse additive spanners and admits compact routing
schemes [8,10,19].

Chordal graphs is a most investigated class of graphs. One of the reasons is
that the class has a natural tree decomposition called a clique tree, constructed
in linear time [8,11,13]. Since chordal graphs admits clique tree representation,
their tree-width and tree-length are known (at most ω(G) for tree-width, where
ω(G) is the size of the largest clique in G, and the tree-length is equal to one).

The class of weakly chordal graphs is also well studied and has many known
applications [7,15,21]. This class of graph was introduced by Hayward [14], and
is a subclass of perfect graphs that include chordal graphs and their comple-
ments.

A first dynamic algorithm that maintain a clique tree representation of
a chordal graph was introduced by L. Ibarra [16]. This algorithm supports
operations of deleting or inserting an arbitrary edges. Later, in [6] the author
generalizes this algorithm to maintain some properties on any graph. In our
paper, we present a dynamic algorithm that maintain the tree decomposition
representation for weakly chordal graphs and supports operations of deleting or
inserting edges or vertices. Moreover, we update the changes on the parameters
tree-width and tree-length for this class when the operations occurs. The paper
is organized as follow; In section 2, we give some important definitions about
graphs and their tree decompositions. In section 3, some characterizations
dealing with the maintaining of weakly chordal graphs are listed. The dynamic
algorithm is presented in section 4. An implementation of the algorithm is
presented in section 5, and we finish with a conclusion.

2 Main Definitions

2.1 General definitions

In this section, we give some basic definitions concerning graphs. Given a
graph G, we denote by V (G) the set of vertices of G, and by E(G) the set of
edges. Usually we use n = |V (G)| and m = |E(G)|.

- We denote the neighbors of a vertex v by NG(v) and the set NG(v) ∪ v
by NG[v].
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- The distance distG(u, v) between vertices u and v of a graph G = (V, E)
is the number of edges in a shortest path connecting u and v.

- The induced diameter of S denoted by diam(S) is maxv,u∈S{distG(v, u)}.
- We denote by C a cycle in a graph G.
- A chord of C is an edge of G joining two vertices of C which are not

consecutive.

Definition 2.1 A graph G is called a chordal (or triangulated) graph if and
only if every cycle in G of length 4 or more has a chord.

Definition 2.2 In a connected graph G, a separator S is a subset of ver-
tices whose removal separates G into at least two connected components. S
is called a (a, b)−separator if and only if it disconnects vertices a and b. A
(a, b)−separator is said to be a minimal separator if and only if it does not
contain any other (a, b)−separator.

The notion of tree decomposition was introduced by Robertson and Sey-
mour [20] in their studies of the minors of graphs.

Definition 2.3 A tree decomposition of a graph G is a tree T whose ver-
tices, called bags, are subsets of V (G) such that:

1. ∪X∈V (T ) X = V (G)

2. for all {u, v} ∈ E(G), there exist X ⊂ V (T ) such that u, v ∈ X

3. for all X, Y, Z ⊂ V (T ), if Y is on the path between X and Z in T then
X ∩ Z ⊂ Y (also called the subtree property).

A tree decomposition is reduced if no bags are contained in another one.
A leaf of such decomposition contains necessarily a vertex contained in none
other bags.

Definition 2.4 The width of a tree decomposition T is denoted by width(T )
and we have width(T )= max

X∈V (T )
(|X | − 1). The length of a tree decomposition T

is length(T )= max
X∈V (T )

diamG(X).

Definition 2.5 The tree-width and the tree-length of G, denoted by tw(G)
and tl(G), are, respectively, min

T
(width(T )) and min

T
(length(T )), where the

minimum is taken over all tree decompositions of G.

We use the following conventions: we refer to the vertices of G and the
nodes of T and use s, t, u, v as vertex names and W, X, Y, Z as node names
respectively. A node X ∈ T corresponds to an induced subgraph BX of G.
We denote by G + (x, y) (resp. G − (x, y)), the graph obtained by adding
(resp. removing) an edge (x, y). We denote by G + x (resp. G− x), the graph
obtained by adding (resp. removing) a vertex x.
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2.2 Weakly Chordal graphs

In this section, we give some definitions yielding with weakly chordal graphs.

Definition 2.6 A graph G=(V,E) is said to be weakly chordal or weakly
triangulated if no G nor G contain a chordless cycle of more than 4 vertices.

Definition 2.7 A pair x, y of distinct, non-adjacent vertices is a two-pair
if every induced path from x to y consists of exactly two edges.

The following result, due to Hayward, Hoàng, and Maffray [15], demon-
strates the close relationship between two-pairs and weakly chordal graphs.

Theorem 2.8 (15) If G is a weakly chordal graph, then every induced sub-
graph of G that is not a clique contains a two-pair.

Remark 2.9 In a chordal graph G = (V, E), for every minimal separator
S, every component C of G[V − S] contains a confluence point. While, in a
weakly chordal graph G, for every minimal separator S, every full component
C contains either a confluence point or a confluence edge [ie; an edge e such
that N(C) ⊆ N(e)].

These observations show that an edge in a weakly chordal graph plays a
role similar to a vertex in a chordal graph.

Now, we explore the notion of an S−saturating edge, which is a stronger
version of a confluence edge due to Berry et Al [2,3].

Definition 2.10 Given a set S of vertices, an edge e of G[V − S] is said
to be S−saturating if, for each connected components Sj of G(S), at least one
endpoint of e see all vertices of Sj.

Definition 2.11 An edge e is LB-simplicial if for each minimal separator
S included in the neighborhood of e, e is S−saturating.

Theorem 2.12 [18] A graph G = (V, E) is weakly chordal if and only if
every edge of E is LB-simplicial.

Lemma 2.13 [18] In a given graph G, an edge that belong to a hole cannot
be LB-simplicial.

Lemma 2.14 [18] In a given graph G, each antihole contains an edge that
is not LB-simplicial.

Theorem 2.15 [3] Let G be a weakly chordal graph, and let S be a minimal
separator of G, such that G(S) is connected. then, in each full component C
of C(S), there is a vertex that see all the vertices of S.
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3 Maintaining Weakly Chordal Graphs

3.1 Edge Insertion

In this subsection, we give some observations where, when the insertion of an
edge from a weakly chordal graph, keeps the graph weakly chordal.

Lemma 3.1 (21) Given a weakly chordal graph G = (V, E), a two pair
{x, y}, then the graph obtained by inserting the edge (x, y) to G is weakly
chordal.

Now, suppose that (x, y) extremities are not a two pair

Lemma 3.2 (3) Given a weakly chordal graph G = (V, E), then the graph
obtained by adding the edge (x, y) to G is weakly chordal if and only if (x, y)
is not a middle edge of any P4 in G.

3.2 Edge Deletion

We give some obvious observations where, when the deletion of an edge from
a weakly chordal graph, keeps the graph weakly chordal.

Claim 3.3 If G− (x, y) contains a C5 then (x, y) is a unique chord of a C5

in G.

Claim 3.4 If G− (x, y) contains a C6 then (x, y) is a unique chord of a C6

in G and belongs to at least two C4.

Claim 3.5 If G − (x, y) contains a Ck k ≥ 7 then (x, y) is a unique chord
of a C7 in G which implies that G contains a C5 (contradiction with the fact
that G is weakly chordal.

Proposition 3.1 Given a weakly chordal graph G = (V, E), then the graph
obtained by removing the edge (x, y) to G fail to be weakly chordal if and only
(x, y) is a unique chord of a C5 or a C6 in G.

Proof. The necessary condition comes from Fact 1 and Fact 2. For prove
the sufficient condition, let e = (x, y) be an edge of G which is the unique
chord of a C5 (respectively a C6). Then from lemma 2.13, every edge of C5

(resp.C6) can not be LB-simplicial and from theorem 2.12, G − (x, y) is not
weakly chordal.
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3.3 Vertex Insertion

Let G = (V, E) be a weakly chordal graph. Given a vertex x incident to a set
N(x) ⊆ V . The insertion of x to G induce a graph G + x = (V ∪ {x} , E ∪
{xy/y ∈ N(x)}) .

We give a characterization where, when the insertion of a vertex to a weakly
chordal graph, keeps the graph weakly chordal.

Claim 3.6 Let Ex = {xy/y ∈ N(x)}, then G + x is weakly chordal if and
only if every edge in Ex is LB-simplicial.

Proof. From theorem 2.12.

3.4 Vertex Deletion

Let G = (V, E) be a weakly chordal graph. Given a vertex x incident to a set
N(x) ⊆ V . The deletion of x from G induce a graph G − x = (V \ {x} , E \
{xy/y ∈ N(x)}).

We give a characterization where, when the removal of a vertex from a
weakly chordal graph, keeps the graph weakly chordal.

Claim 3.7 Let x ∈ V , then G − x is weakly chordal.

Proof. From heredity of weakly chordal graphs.

4 A Dynamic Algorithm

Authors in [4,23] have given an algorithm which compute the tree-width for
graphs of polynomial number of minimal separators. They showed that weakly
chordal graphs have a polynomial number of minimal separators and that this
algorithm compute tree decomposition of minimum width. This tree decompo-
sition has its bags labeled by either cliques or maximal potential cliques that
have the following form (N(x)∩N(y))∪ {x} or (N(x)∩N(y))∪ {y} with x, y
a two pair.

Proposition 4.1 [5] The tree decomposition of minimum width for weakly
chordal graphs has length at most 2.

All graphs considered here are weakly chordal and connected. To maintain
the graph’s tree decomposition in a unified way in our dynamic algorithm, we
can extend the definitions in a disconnected case as explained in the end of
section 2.1.
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4.1 Edge Insertion

We show how to update T for G + {u, v}. Let T ′ be the tree decomposition of
G + {u, v}. We have three cases:

Case 1. ∃BX such that uv ∈ BX

BX is of form (N(x)∩N(y))∪ {x} or (N(x)∩N(y))∪ {y} with x, y a two
pair. Then, no change T = T ′, tw(G) = tw(G′) and tl(G) = tl(G′).

case 2. u ∈ BX , v ∈ BY and {X, Y } ∈ E(T ).

Proposition 4.2 Let I = Bx ∩By, then there is a tree decomposition T ′ of
G + u, v where I ∪ {u, v} is a bag of maximum diameter 2.

Proof. Let T ′ be a tree defined by T + (I ∪ {u, v}). Then, we have that
I ∪ {u, v} contains only vertices of G. The edge u, v ∈ G + u, v implies that
conditions 1 and 2 of definition 2.3 are satisfied for T ′ and the third condition
of definition 2.3 is satisfied by definition of I. Then, I ∪ {u, v} is a bag in T ′.
Moreover, u and v are adjacent in I∪{u, v} and ∀x, y ∈ I we have dI(x, y) ≤ 2.
Hence ∀x, y ∈ I ∪ {u, v} we have dI∪{u,v}(x, y) ≤ 2.

And we have the following result concerning the tree-width and tree-length
of G + {u, v}.

Proposition 4.3 We have tw(G′) ≤ tw(G) and tl(G′) ≤ 2.

Proof. Since width(T ) = maxX∈V (T ) |X |−1, if Bz is the unique node that
determine the tree-width of T , then tw(G′) = tw(G). tl(G′) ≤ 2 from prop
4.1.

case 3. {X, Y } /∈ T.
We will explicitly use the fact that if Tu and Tv are the subtrees of T

induced by BG(u) and BG(v) respectively 1, then Tu and Tv do not intersect
(because no bag contains {u, v}).

Let Tuv be a minimal BG(u),BG(v)-separator, then Tuv is a minimal node
separator in T . Moreover, Tuv is a subtree of T induced by the nodes of the
minimal separator.

Proposition 4.4 For T ′ the tree decomposition of G′ = G + {u, v} with
{X, Y } /∈ T , then we have ; tw(G′) ≤ tw(G) + 1 and tl(G′) ≤ 2.

Proof. If Tu contains at least one bag with (tw(G) + 1) vertices, then the
insertion of a vertex v to the bags of Tu implies that Tu will contain at least
one bag with (tw(G) + 2) vertices and hence

1BG(u) : bags that contain u and BG(v) : bags that contain v.
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tw(G′) = tw(G) + 1, otherwise, tw(G′) = tw(G). Same reasoning for Tv.
tl(G′) ≤ tl(G) ; it is clear that the insertion of an edge makes the distances
in the graph G′ reduce and consequently the length of T ′, the bound of the
tree-length of G′ is the same one for G.

Algorithm Insert Edge

Begin
If ∃BX such that uv ∈ BX

Then no change T = T ′, tw(G) = tw(G′) and tl(G) = tl(G′).
If{X, Y } ∈ T

Then
- Find the closest nodes X, Y ∈ T such that u ∈ Bx, v ∈ By

- Replace edge {X, Y } in T with new node Z representing
Bz = I ∪ {u, v} and add edges {X, Z} , {Z, Y }

If {X, Y } /∈ T
Then

- Find the closest nodes X, Y ∈ T such that u ∈ Bx, v ∈ By;
- Find Tu and Tv the subtrees of T respectively induced by

BG(u) and BG(v) and Find Tuv the minimal node separator of X and Y in T ;
- Compare between |Tu| and |Tv|.

If |Tu| ≤ |Tv| ;
Then add the vertex v to each bag of Tuv and Bx;

Else Add the vertex u to each bag of Tuv and By.
End

Algorithm Insert Edge updates T , so that T ′ is a tree decomposition
for G + {u, v}. Furthermore, T ′ has the induced subtree property and both
extremities of the edge {u, v} belongs to Z ∈ T ′, which satisfies all three
conditions of definition 2.1.

4.2 Edge Deletion

We show now how we obtain T ′ for G− (u, v) starting from T the tree decom-
position of G. Here, we give an algorithm delete edge for this case.
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Algorithm Delete Edge

Begin
Ifuv ∈ BX such that BX is a clique
Then No change, T = T ′

Ifuv ∈ BX such that BX is a non-clique
Then

- BX is of form (N(x) ∩ N(y)) ∪ {x} or (N(x) ∩ N(y)) ∪ {y} with
x, y a two pair.

- Partition the set N(X) of X’s neighbors into;
Nu = {Y ∈ N(X) / u ∈ By}
Nv = {Z ∈ N(X) /v ∈ Bz}
Nuv = {W ∈ N(X)/u, v /∈ Bw}

For every node X of T such that {u, v} ∈ Bx let Bu
x = Bx − {v},

Bv
x = Bx − {u} In G − {u, v}, every bag Bx is split into two bags Bu

x and Bv
x.

- Replace node X with new nodes X1 and X2 respectively represent-
ing Bu

x and Bv
x and add edge {X1, X2}
If Y ∈ Nu, Replace {X, Y } with {X1, Y }
If Z ∈ Nv, Replace {X, Z} with {X2, Z}
If W ∈ Nuv, Replace {X, W} with {X1, W} or {X2, W}, choos-

ing arbitrarily.
End

We observe that T has the induced subtree property. Thus we have the
following proposition ;

Proposition 4.5 tw(G′) ≤ tw(G) and tl(G′) ≤ 2.

Proof. We have width(T ) = maxX∈V (T ) |X | − 1, if Bx is the unique node
that determine the tree-width of T , then, the fact that we split Bx into two
bags Bu

x and Bv
x, reduce the width of T , and we have tw(G′) < tw(G). Else

tw(G′) = tw(G). Furthermore, one has tl(G′) ≤ 2; indeed, it is clear that the
removal of an edge create two bags Bu

x and Bv
x in such a way that the diameter

of each bag do not exceed 2.

4.3 Vertex Insertion

We next show how to updateT for G′ = G + u, where u is a vertex such that
u /∈ V (G).

Let E ′ = E(G + u), then E ′ = E ∪ {{u, vi}; vi ∈ NG′(u) and vi ∈ V (G).
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Algorithm Insert Vertex

Begin
If there exist X ∈ T such that vi ∈ Bx, ∀i
Then X ′ = Bx ∪ {u} is a bag is T ′.
Else Insert u to every node in T ,
Then

- For every node X which is a leaf in T do ; Remove X while it exist
at least one node that contain u and vi, ∀i

End

At the end of the procedure, we obtain a subtree denoted Tu induced by
BG′(u). Hence, T ′ is obtained from T by updating the bags of the subtree Tu

only, other bags remaining unchanged.
T ′ is a tree decomposition for G + {u} satisfying the property of induced

subtree. And we have the following result ;

Proposition 4.6 We have ; tw(G) ≤ tw(G′) ≤ tw(G) + 1 and tl(G′) ≤ 3.

Proof. if Bx is the unique node that determine the tree-width of T , then
the fact that we add a new vertex to Bx will imply that
tw(G′) = tw(G) + 1, else, we have, tw(G′) = tw(G).

We have : tl(G′) ≤ LengthT ′, and LengthT ′ = MaxB∈V (T ′)diamG′B and
LengthT ′

x = MaxBx∈V (T ′)diamG′Bx with Bx bag containing u in T ′, and
diamG′′Bx = maxv,u∈Bx{distG′(v, u)} ≤ maxv,u∈Bx{distG(v, u)}+ 1 which im-
plies that tl(G′) ≤ tl(G) + 1 ≤ 3.

4.4 Vertex Deletion

We next show how to updateT for G′ = G − {u}, ie, when we delete a vertex
u from the graph G.

For every node X ∈ T such that u ∈ Bx, let Bx′ = Bx −{u}. In G−{u},
every bag Bx is replaced by Bx′.

Algorithm Delete Vertex

Begin
If there exist Byi

such that Bx′ ⊂ Byi
, for some Yi ∈ N(X ′),

Then Choose one such Yi arbitrarily,
- Contract {X ′, Yi} and
- Replace X ′ with Yi.

End

The tree decomposition obtained will be inevitably reduced.
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Proposition 4.7 We have ; tw(G) − 1 ≤ tw(G′) ≤ tw(G) and tl(G′) ≤ 2

Proof. Indeed, if all the bags of T which contain (tw(G) + 1) vertices are
among the bags to which, one removed the vertex u, then ; tw(G′) = tw(G)−1.
Else tw(G′) = tw(G). It is obvious that, tl(G′) ≤ tl(G) ≤ 2 (by definition).

5 Implementation

5.1 Data Structure

Given an input weakly chordal graph G represented with an adjacency list, as
an initial preprocessing step, we can find the degrees of all vertices in linear
time and store the values in a list. Since we suppose that the tree decompo-
sition representation of a graph is given, the vertices can be partitioned into
bags Xi according to the tree decomposition T in linear time. Each element in
the degree list, indicates both its corresponding bag, and vertex of the graph.

In this way, finding out which set a given vertex belongs to or its degree,
deleting a given vertex from a set, and adding a given vertex to a set take
constant time. Consequently, moving a given set A of vertices, takes at most
O(|A|) time.

Given this structure, to scan or return a node of the tree decomposition
takes time linear in the size of the node, since the degree lists are all connected
by pointers, thus we can just scan them one after the other, starting with the
one corresponding to the minimum degree in the array, to which we have a
pointer as well.

As noted before, the size of a degree list is n, but since we allow addition
of vertices to the graph, for every such operation we should increase the size
of the list by 1. This can be done in amortized constant time using dynamic
lists, or allocating from the beginning a list of size n+n′, where n′ is an upper
bound to the number of possible vertex additions given by the user of the
algorithm. Notice that this is something every dynamic algorithm has to deal
with, independently from the tree decomposition.

5.2 Operations

In this section we show how our data structure can be updated efficiently after
a modification that maintains the tree decomposition representation of the
input graph in a minimal way when adding or deleting a vertex, or adding or
deleting an edge.

Before starting the implementation, we need to know the complexity of
determining the minimal a, b− separators in weakly chordal graphs which was
done in a paper of (Bouchitté and Todinca [4] which have given an efficient
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algorithm listing all minimal vertex separators of any weakly chordal graph.
An implementation of the algorithm is done in [22]. The algorithm determine
all minimal a, b−separators in O(m2), where m is the number of edges of G.

Recall however that, we suppose that the tree decomposition representation
T of a graph G already exists.

We implement the procedure Insert Edge, by searching the closest node
X and Y such that u ∈ BX and v ∈ BY , and determining if {X, Y } ∈ T or
not. This takes polynomial time. Two cases arise: If {X, Y } /∈ T , we compute
Tu and Tv subtrees of T , and the minimal node X, Y −separator in T , which
is done in polynomial time, and if {X, Y } ∈ T , we replace the edge {X, Y }
with node Z and we add the edges {X, Z} and {Z, Y }. Since T has at most
n nodes and each vector has length n, The procedures of insertion of an edge
runs in O(m2) time.

We implement the procedure Delete Edge by finding the node X and
then examining X’s neighbors in polynomial time.

We implement the procedure Insert Vertex by finding the X node, and
adding u to them, then to remove it when there exist at least one node that
contain u and vi , where vi ∈ E

′
. This is done in polynomial time.

We implement the procedure of Delete Vertex by finding the node X,
and to remove u from them. This is done in polynomial time.

Finally, the total cost of the dynamic algorithm is O(m2).

6 Conclusion

A polynomial dynamic algorithm that maintains the tree decomposition rep-
resentation of weakly chordal graphs is presented. The algorithm supports the
updates on the graph parameters tree-length and tree-width for the cases of
deletion/insertion of an arbitrary edge or node. Moreover, an implementation
of the algorithm is presented in O(m2) computational complexity order when
considering a worst-case analysis.
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