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Abstract

In this paper a computational method to find the solutions of a
system of nonlinear equations as the utopia points of a suitable multi-
objective optimization problem is proposed. These utopia points are
points that minimize/maximize all the objective functions of the multi-
objective problem at once. The proposed algorithm finds the utopia
points as limit points of trajectories which are solutions of suitable initial
value problems for ordinary differential equations. Moreover, it is locally
convergent and even works when the number of unknowns is greater
than the number of equations. The computational method has been
validated on several test problems. A comparison with “fminsearch”
Matlab solver has also been carried out.
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1 Introduction

Let Rn be the n-dimensional real Euclidean space, x = (x1, x2, . . . , xn)T ∈ Rn

be a generic vector, 0 =(0, 0, . . . , 0)T , where T is the transposition. Let x,
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y ∈ Rn. We denote with yT x the Euclidean scalar product, ‖x‖ = (xT x)1/2

the Euclidean norm and with the symbols x < y and x ≤ y, x, y ∈ Rn the
inequalities componentwise, that is: xi < yi, xi ≤ yi, i = 1, 2, . . . , n.

Let gi : Rn −→ R, i = 1, 2, . . . , s, be Lipschitz continuously differentiable
functions on Rn we consider the following nonlinear system of equations:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
g1(x) = 0
g2(x) = 0

...
gs(x) = 0

(1)

Without loss of generality we can assume that the solutions of the system of
equations (1) are contained in a box B ⊂ Rn given by:

B = { x ∈ Rn | l ≤ x ≤ u } (2)

where l ∈ Rn, u ∈ Rn, l ≤ u are two given vectors and we denote by intB the
interior of B.

We solve the following problem:

Problem 1: Find the solutions of the nonlinear system (1) belonging to the
box B.

The most common approach to solve Problem 1 minimizes the sum of the
squared residuals, that is Problem 1 is reformulated as follows:

Problem 2: Find the global minimizers of the following scalar function
f : B → R, f(x) =

∑s
i=1(gi(x))2, x ∈ B.

We propose an alternative reformulation of Problem 1 as the following
multi-criteria optimization problem:

Problem 3: Find the “utopia points” of the vector function f : B → Rs,

f(x) = (f1(x), f2(x), . . . , fs(x)) = ((g1(x))2, (g2(x))2, . . . , (gs(x))2)T , x ∈ B.

The “utopia” or “ideal” points are points that minimize all the functions f1,
f2, . . . , fs at once in B.

In the scientific literature we can find a large variety of algorithms to solve
Problem 2. However, we concentrate our attention on deterministic path fol-
lowing methods such as steepest descent methods. These methods work for
any value of s and n (i.e. s < n, s = n, s > n) and are comparable to the
approach proposed here.

These computational methods determine the critical points of Problem
2, that are points satisfying some necessary conditions for optimality. Only
suitable assumptions on the objective function guarantee the optimality of
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these critical points. Our approach to solve Problem 3 suffers from the same
drawback but it has the advantage that the number of critical points of Problem
3 is smaller than the number of critical points of Problem 2.

Let ∇fi(x), i = 1, 2, . . . , s and Jf (x)T = (∇f1(x)|∇f2(x)| · · · |∇fs(x)) ∈
Rn×s denote respectively the gradient vector of fi, i = 1, 2, . . . , s, and the
transposed Jacobian matrix of f evaluated at the point x and let Rα

l,u(x) ∈
Rn×n be a symmetric positive definite matrix in the box B, for any α ≥ 0
(see Lemma 2.3). We find the solutions of Problem 3 as the limit points of the
trajectories of the following initial value problems for a system of first-order
ordinary differential equations:

dx
dt

(t) = h(x(t)), t > 0 , (3)

with initial condition:

x(0) = x0 ∈ intB, (4)

where the vector field h(x) appearing in (3) is chosen depending on the eigen-
vector corresponding to the largest eigenvalue of the matrix
Jf (x)Rα

l,u(x)−1Jf(x)T ∈ Rs×s, x ∈ B. As shown in the following section the
vector field h is a kind of “steepest descent” direction with respect a suitable
variable metric defined via the matrix of Rα

l,u(x), x ∈ B (see Lemma 2.3). The
choice of the metric slightly influences the convergence of the trajectories to
the limit points (see Tables 2 and 3).

As we will show in the following section the limit points of the trajectories
solutions of the dynamical system (3) with initial condition (4) belong to B
and satisfy the following conditions:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
g1(x)∇g1(x) = 0,
g2(x)∇g2(x) = 0,

...
gs(x)∇gs(x) = 0,

, (5)

where ∇gi denote the gradient vector of gi, i = 1, . . . , s. Note that when x
satisfies (5) the matrix Jf(x) is identically equal to the null matrix.

Let V , V ⊆ B, denote the set of the solutions x∗ ∈ B of (5), that is, V
is the set of the critical points of Problem 3. When the system of nonlinear
equations (1) has solutions belonging to B, they also belong to the set V . The
limit points of the trajectories solutions of (3) belonging to the interior of B
are a suitable subset of V obtained following the descent trajectories defined
by the initial value problem (3), (4).

Note that this approach outperforms the deterministic computational meth-
ods that solve Problem 1 minimizing the sum of the squared residual functions
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especially when the ratio n/s is large. This better performance is due to the
smaller number of critical points of Problem 3 as shown in the following ex-
ample.

Example 1.1 Let r : Rn → R be a real twice continuously differentiable
function defined in Rn and x0 ∈ Rn be a point such that r(x0) 
= 0. Further-
more let Q(x) ∈ Rn×n be a continuously differentiable matrix such that Q(x0)
is a positive definite matrix and let g : Rn → R be the following function:

g(x) = 1 − 2

r(x0)
∇r(x0)

T (x − x0) +
1

2
(x − x0)

T A(x)(x − x0),

where

A(x) =
2

r(x0)

(
2

r(x0)
∇r(x0)∇r(x0)

T − Hr(x0)

)
+ Q(x), x ∈ B, (6)

and Hr(x0) is the Hessian matrix of function r evaluated at x0.
We consider the following system of nonlinear equations:{

g1(x) = r(x) = 0 ,
g2(x) = r(x)g(x) = 0 .

(7)

The sum of the squared residual functions associated to system (7) is given by:

f(x) = (r(x))2 + (r(x)g(x))2,

and its gradient vector and Hessian matrix are given by:

∇f(x) = 2r(x)
(
1 + (g(x))2

)∇r(x) + 2(r(x))2g(x)∇g(x) ,

Hf(x) = 2
(
1 + (g(x))2

)∇r(x)∇r(x)T + 4r(x)g(x)∇r(x)∇g(x)T

+2r(x)
(
1 + (g(x))2

)
Hr(x) + 4r(x)g(x)∇g(x)∇r(x)T

+2(r(x))2∇g(x)∇g(x)T + 2(r(x))2g(x)Hg(x). (8)

Evaluating ∇f and Hf at x0 we can see that x0 is a local minimizer of f . In
fact we have:

∇f(x0) = 4r(x0)∇r(x0) + 2r(x0)

(
− 2

r(x0)
∇r(x0)

)
= 0 ,

Hf(x0) = −4∇r(x0)∇r(x0)
T + 4r(x0)Hr(x0) + 2(r(x0))

2Hg(x0)

= 2(r(x0))
2Q(x0). (9)

Hence x0 is a local minimizer of the sum f of the squared residual functions,
but it does not solve the nonlinear systems (7) and (5). In fact r(x0) 
= 0
and the matrix Jf(x) is not identically equal to null matrix at x = x0. This
example shows that the set V (i.e. the set of the solutions of system (5)) is
smaller than the set of the critical points of the sum of the squared residual
functions.
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We develop a computational method (we refer to is as A-method) that
approximates the solutions of Problem 3, which are the solutions of the system
of nonlinear equations (5). This choice is motivated by the fact the solutions
of (5) are a set of critical points of Problem 3 smaller than the set of critical
points of Problem 2 as shown in the Example.

As mentioned previously, the A-method approximates the solution of Prob-
lem 3 following descent directions with respect to suitable variable Riemannian
metric for at least one component of the vector objective function.

The use of a variable metric in path following algorithms to solve scalar
optimization problem has been explored, for example, in [20], [15], [18].

We study the convergence of the A-method and we show that the use of
variable metric slightly influence the convergence of the method. Moreover,
the A-method works in both cases: n ≤ s and n > s. This is not true for
solvers for systems of nonlinear equations based on the Levenberg-Marquardt
algorithm that work under the assumption n ≤ s (see, for example, ISML
“UNLSF” and Matlab “fsolve” solvers).

We compare the performance of the A-method and the Matlab “fmin-
search” solver in term of accuracy and number of iterations. We choose “fmin-
search” Matlab routine for the comparison since it allows us to minimize the
sum of the residual functions in both cases s ≥ n and s < n. In Section
3 we show that “fminsearch” solver gives approximations of the solution less
satisfactory than those obtained by the A-method when the ratio n/s of the
number of equations to the number of unknowns is large. (see Table 3).

Recent studies have proposed computational methods to solve multi-criteria
optimization problems. Roughly speaking, these computational methods ap-
proximate the local optimal Pareto set and they can be divided in two classes.
The first one contains deterministic algorithms that approximate the solutions
of the multi-criteria optimization problems looking at the limit points of suit-
able trajectories such as, for example, [6], [17], [8], [9], [14] and [11]. The
second class contains stochastic algorithms such as genetic and evolutionary
algorithms, see for example, [2], [1], [3], [4] [10].

The A-method proposed in this paper belongs to the first class. However,
it has been developed to find the “utopia points” of multicriteria optimization
problems and not their optimal Pareto set.

In Section 2 we define the initial value problem (3) and we prove that the
limit points of the trajectories solutions of (3) satisfy necessary conditions to
be a solution of Problem 3. In Section 3 we integrate numerically the initial
value problem (3) and we apply this method to solve some test problems. In
Section 4 we draw some conclusions.
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2 Problem 3 : necessary conditions for opti-

mality and suitable dynamical systems

In this section we give necessary conditions for optimality of Problem 3 and
we associate to it a suitable dynamical system whose limit points satisfy these
necessary conditions.

Let gi : E ⊆ Rn −→ R, i = 1, 2, . . . , s, be the functions defining the
nonlinear system of equations (1), let f = (f1, f2, . . . , fs)

T ∈ Rs be a vec-
tor function, whose components fi = (gi)

2, i = 1, 2, . . . , s, are continuously
differentiable on the open set E with B ⊂ E.

Let l ∈ Rn and u ∈ Rn be the vectors given in (2) and α be a non-negative
constant, we denote with Dα

l (x) ∈ Rn×n and Dα
u(x) ∈ Rn×n, the diagonal

matrices defined by:

(
Dα

l (x)
)

i,j
=

{
(xi − li)

α i = j
0 i 
= j

(
Dα

u(x)
)

i,j
=

{
(ui − xi)

α i = j
0 i 
= j

, x ∈ B.

(10)

Note that the matrices Dα
l and Dα

u reduce to the identity matrix when α = 0.
Let us consider the following matrix:

Mα(x) = Jf (x)Dα
l (x)Dα

u(x)JT
f , (11)

we are going to show that its eigenvalues are non-negative.

Lemma 2.1 Let gi, i = 1, 2, . . . , s be continuously differentiable functions
on E, then the matrix Mα(x), x ∈ B, α ≥ 0 defined in (11) is a positive
semi-definite matrix.

Proof: It is easy to see that the following equality holds:

Mα(x) = Jf(x)Dα
l (x)Dα

u(x)Jf(x)T

=
(
D

α/2
l (x)Dα/2

u (x)Jf(x)T
)T (

D
α/2
l (x)Dα/2

u (x)Jf (x)T
)

, x ∈ B (12)

The result follows from equation (12).�
Let us denote by λmax(x), x ∈ B the largest eigenvalues of Mα(x), x ∈ B,

α ≥ 0, and with vmax(x), x ∈ B a properly chosen corresponding eigenvector.
We show that the solutions of Problem 1, and consequently of Problem

3, are related to the points x ∈ B where the spectrum of the matrix Mα(x)
consists of eigenvalues which are all equal to zero, that is λmax(x) = 0.

Lemma 2.2 Let gi : E ⊂ R → R, i = 1, 2, . . . , s be continuously differen-
tiable functions and let x∗ ∈ B be a point solution of Problem 1 (i.e. Problem
3) then for any α ≥ 0 we have:

λmax(x
∗) = 0. (13)
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Proof: We have:(
D

α/2
l (x)Dα/2

u (x)Jf(x)T
)

ji
= 2(xj − lj)

α/2(uj − xj)
α/2gi(x)

∂gi(x)

∂xj
,

i = 1, 2, . . . , s, j = 1, 2, . . . , n. (14)

The result is a trivial consequence of (12) and of the fact that a point x∗ ∈ B
solution of Problem 3 must satisfy the following conditions:

2(x∗
j − lj)

α/2(uj − x∗
j )

α/2gi(x)
∂gi(x

∗)
∂xj

= 0, i = 1, 2, . . . , s, j = 1, 2, . . . , n.

(15)

Equation (15) implies that all the entries of the matrix Mα(x∗) are equal to
zero, that is λmax(x

∗) = 0. �

Let U ⊂ Rn be the set of the points solution of Problem 1 (i.e.: Problem
3) and let Ṽ be the set defined by:

Ṽ = { x ∈ B | λmax(x) = 0 }. (16)

It is easy to see that Lemma 2.2 implies:

U ⊆ V ⊆ Ṽ , (17)

where V is the set of the solutions of system (5) introduced in Section 1.
Lemma 2.2 suggests to find the solution of Problem 1 as limit points of

the trajectories solutions of the following initial value problems for a system
of ordinary differential equations:

{
dx
dt

(t) = h(x(t)) = −Dα
l (x)Dα

u(x)JT
f (x)vmax(x), t > 0,

x(0) = x0 ∈ intB .
(18)

Note that the system in (18) is an autonomous system and we recall that a
“positive limiting set” of a trajectory x(t) solution of (18) is whatever the
trajectory x(t) tends to with infinite time. In particular when the trajectory
is bounded for t ≥ 0 then its positive limiting set is a nonempty, compact set
(for further details see [12] p. 57-58). As we will show in the following section
the numerical integration of the initial value problem (18) provides a practical
tool to determine the solutions of Problem 1.

It is easy to see that equations (18) can be rewritten as follows:

{
dx
dt

(t) = −∑s
i=1 vmax,i(x)Dα

l (x)Dα
u (x)∇fi(x) t > 0,

x(0) = x0 ∈ intB .
(19)

The formulation (19) of the dynamical system (18) allows us to show that
the trajectories solutions of this dynamical system are a “steepest descent”
trajectories. We have:
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Lemma 2.3 Let gi : E ⊂ R → R, i = 1, 2, . . . , s be continuously dif-
ferentiable functions, let α ≥ 0, then the vector fields −Dα

l (x)Dα
u (x)∇fi(x),

i = 1, 2, . . . , s are the steepest descent directions with respect to the Rieman-
nian metric Rα

l,u(x) = D−α
l (x)D−α

u (x) defined for x ∈ intB of the functions
fi, i = 1, 2, . . . , s.

Proof: We remind that the steepest descent direction d ∈ Rn of a function
fi with respect to the Riemannian metric dx2 =

∑n
j=1 dxj

(
Rα

l,u(x)
)

j,j
dxj at

x ∈ Rn is the direction that minimizes the linear functional ∇fi(x)T d on
the ellipsoid dT Rα

l,u(x)d = r2 for a given r. The Lagrange conditions for this
problem lead us to the following expression for d:

d = −Rα
l,u(x)−1∇fi(x) = −Dα

l (x)Dα
u(x)∇fi(x). (20)

This concludes the proof. �

To prove the main result of the paper we use the following assumption:

Assumption 2.4 : The components fi of the vector function
f = (f1, f2, . . . , fs)

T ∈ Rs, fi : E ⊆ Rn −→ R, i = 1, 2, . . . , s, are twice
continuously differentiable functions on the open set E and are not constant
in any open subset of E. Furthermore there exists a choice of the eigenvector
vmax(x) that makes vmax,i(x), i = 1, 2, . . . , s, to be continuously differentiable
functions on B.

Note that when fi, i = 1, 2, . . . , s, are twice continuously differentiable
functions on E the largest eigenvalue λmax(x) is a continuously differentiable
function on B (see [19] pp. 37). On the other hand the same assumption on fi,
i = 1, 2, . . . , s does not guarantees the existence of a corresponding eigenvector
having the same regularity. It is not easy to check if assumption 2.4 holds,
however, as we will show in the following sections, computing the eigenvectors
with Jacobi’s method for symmetric eigenvalue problem (see [7] Section 8.5)
the computational method works satisfactory.

Theorem 2.5 Let Assumption 2.4 hold, then for α > 0 the trajectory x(t)
solution of the initial value problem (18) exists for t ∈ [0, +∞) and belongs
to B. Moreover if there exists x∗ ∈ B such that x∗ = limt→+∞ x(t) then x∗

belongs to Ṽ , and λmax(x
∗) = 0. If x∗ belongs intB we have x∗ ∈ V .

Proof: We note that x(t) ∈ B for the values of t > 0 where x(t) is defined
since x(0) ∈ intB and the right hand side of (18) is equal to zero when xi = li
or xi = ui, i = 1, 2, . . . , n. This proves that x(t) is bounded.

Now we prove the existence of x(t) for t ≥ 0. The local existence of the
solution of problem (18) follows by Assumption 2.4 that guarantees the regu-
larity of the eigenvector vmax(x) as function of x ∈ B and from the standard
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existence and uniqueness theorem for initial value problems for ordinary dif-
ferential equations. Since x(t) ∈ B and B is a compact set, the existence of
x(t) for t ∈ [0, +∞) follows from [16] Corollary 2 p. 90.

Now let x∗ ∈ B be a limit point of x(t). The point x∗ is a zero of the vector
field on the right hand side of equation (18), that is:

Dα
l (x∗)Dα

u(x∗)JT
f (x∗)vmax(x

∗) = 0. (21)

Applying to both hand sides of equation (21) the matrix Jf(x
∗) we obtain:

0 = Jf(x
∗)Dα

l (x∗)Dα
u(x∗)JT

f (x∗)vmax(x
∗) = λmax(x

∗)vmax(x
∗) . (22)

Since the eigenvector vmax(x
∗) is not identically equal to zero equation (22)

implies that λmax(x
∗)=0. This concludes the proof. �

Theorem 2.6 Let Assumption 2.4 hold, let Ṽ consist of isolated points and
let x∗ be a solution of the nonlinear system (1) then for any α > 0 there exists
a neighborhood Iα,x∗ ⊂ Rn of x∗ such that the trajectory x(t) solution of the
initial value problem (18) with initial point x(0) ∈ Iα,x∗ ∩ intB converges to
x∗, that is limt→+∞ x(t) = x∗.

Proof: Since the eigenvector vmax(x
∗) is not identically equal to zero we can

assume without loss of generality that at least a component of the eigenvector
is positive. Let this component be indexed by j. By virtue of Theorem 2.5 we
have that x(t) exists for any t > 0 and as a consequence of Assumption 2.4
we have that there exists a neighborhood of x∗ such that this j-th component
remains positive. This last result implies that fj is a Liapunov’s function (see
[12]). In fact, it is easy to see that fj(x) = (gj(x

∗))2 > 0, x ∈ Iα,x∗ \ { x∗ },
fj(x

∗) = 0 and that there exists a positive constant t∗ such that:

dfj(x(t))

dt
= −λmax(x(t))vmax,j(x(t)) < 0, t > t∗ . (23)

The local convergence follows from Theorem VII page 59 in [12]. �

We note that Theorem 2.6 holds even if α = 0. In fact the local convergence
of the trajectory x(t) as t → +∞ is guaranteed by the fact that the initial
point belongs to a suitable neighborhood of the solution x∗ of the nonlinear
system (1).

3 The computational method and some nu-

merical results

In this section we propose a computational method to compute the positive
limiting set of the dynamical system (18) and we show some numerical ex-
periments. As mentioned above we refer to this computational method as
A-method.
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Let x(t), t > 0, be the trajectory solution of the initial problem (18),
let {tk}k=0,1,2,..., t0 = 0, be a divergent sequence and let {dk}k=1,2,... be the
sequence given in (25) . For α ≥ 0, we approximate x(tk), k = 1, 2, . . . , with
the following finite difference schemes:

xk = xk−1 − dkD
α
l (xk−1)Dα

u (xk−1)JT
f (xk−1)vmax(x

k−1), k = 1, 2, . . . , (24)

with the initial condition x0 = x0 ∈ intB. As mentioned in Section 2, the
vector field vmax(x), x ∈ B is a properly chosen eigenvector of the matrix
Mα(x) (see equation (11)) associated with the largest eigenvalue λmax(x). The
computation of λmax(x) and of vmax(x), x ∈ B, is made using Jacobi’s method
for symmetric eigenvalue problems (see [7] Section 8.5).

Note that the scheme (24) is obtained applying the forward Euler method
with variable step-size to solve the system of ordinary differential equations
(18).

The variable step-length dk is adjusted in order to guarantee that xk,
k = 0, 1, 2, . . . , belongs to the box B and that the components of the vec-
tor objective function f corresponding to positive entries of vmax decrease.
Let dmax be a positive constant, let j1,j2, . . . jp, p ≤ s be the indices of the
positive entries of vmax (i.e. vmax,j > 0, j = j1, j2, . . . , jp). We choose the
step-size dk as follows:

dk =
dmax

‖Dα
l (xk−1)Dα

u(xk−1)JT
f (xk−1)vmax(x

k−1)‖0.9
, k = 1, 2, . . . ,

if exists i, i = 1, 2, . . . , n, or μ, μ = 1, 2, . . . , p, such that

(xk
i < li or xk

i > ui) or (fjµ(xk) > fjµ(xk−1)) then dk = 0.95dk. (25)

We consider four test problems.
The first one consists in the solution of a nonlinear system of the form (7).

This test problem shows that algorithms based on the minimization of the sum
of the residuals do not work satisfactorily on this class of test problems (see
Table 1).

The second and third test problems are generated using well known test
functions for unconstrained global optimization (see [13]). The test problems
are generated as follows:

let e be the vector e = (1, 1, . . . , 1)T ∈ Rn and let g̃i, i = 1, 2, . . . , s be
assigned functions. The nonlinear system to solve is defined by:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
g1(x) = g̃1(x) − g̃1(e)
g2(x) = g̃2(x) − g̃2(e)

...
gs(x) = g̃s(x) − g̃s(e)

(26)
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By construction the solution of the nonlinear system (26) is the vector e
(i.e. g(e) = 0).
Test 1 This test belongs to the class of problems described in Example 1.1.
We choose s = 2, n = 2, and the functions r and g as follows:

r(x) = x2
1 + x2

2,
g(x) = 11 − 16 x1 − 16 x2 + 4x2

1 + 4x2
2 + 16x1x2

+1
2
q
(
x2

1 − x1 + 1
4

)
+ 1

2
q
(
x2

2 − x2 + 1
4

)
,

x ∈ B,

(27)

where q is a positive constant and B is the box given by:

B = { x ∈ R2 | − 4 ≤ xi ≤ 4, i = 1, 2 }. (28)

The functions g1 and g2 are given by:

g1(x) = r(x)
g2(x) = r(x)g(x)

x ∈ B. (29)

The solution of the nonlinear system (1) with g1 and g2 given by (29) and
(27) is x = xg = (0, 0). The function f(x) =

∑s
j=1(gj(x))2 has a local (not

global) minimizer at x = xl = (1/2, 1/2) and a global minimizer at x = xg. As
shown in Figure 1 when the value of the constant q increases the attraction
regions of the minimizers become narrower making it difficult for the trajectory
to avoid the attraction of the local (not global) minimizer.

Test 2 We choose s = 2, n = 2, 3, . . . , 20 and the functions g1, g2 be as follows:

g̃1(x) = π
n

{
10 sin2(πx1) +

∑n−1
i=1 (xi − 1)2

(
1 + 10 sin2(πxi+1)

)
+ (xn − 1)2

}
g̃2(x) = − (

∑n
i=1 x2

i ) (
∑n

i=1 x4
i ) + (

∑n
i=1 x3

i )
2

x ∈ B,

(30)

and the box B as follows:

B = { x ∈ Rn | 0 ≤ xi ≤ 12, i = 1, 2, . . . , n }. (31)

The function g̃1 has about 10n local minima in B while the function g̃2 has
several global minimizers obtained setting four components equal to 0.5 and
the remaining ones equal to 1.

Test 3 Let Ai ∈ Rn×n, i = 1, 2, . . . , s, be matrices whose entries ai,j with
i 
= j are random numbers uniformly distributed in [−1, 1] and ai,i = n. The
functions g̃1, g̃2, . . . , g̃s are defined as follows:

g̃i(x) = (x − e)T Ai(x − e) + u(x), x ∈ B, i = 1, 2, . . . , s, (32)
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where u(x) = −(2.5 sinx1 sinx2 +sin 5x1 sin 5x2) is the sinusoidal test function
used in Test 1 and the box B is given by:

B = { x ∈ Rn | − 4 ≤ xi ≤ 4, i = 1, 2, . . . , n }. (33)

Test 4 This is a simple test where the functions gi, i = 1, 2 are strictly convex
functions defined by:

g̃1(x) = (x1 − 1)2 + (x2 − 1)2

g̃2(x) = (x1 − a)2 + (x2 − b)2 x ∈ B, (34)

where a and b are given constants and B is the box defined by:

B = { x ∈ R2 | 0 ≤ xi ≤ 12, i = 1, 2, }. (35)

We use this test to show that when the utopia points do not exist, the A
method does not converge and has more than one limit point as t → +∞.

The algorithm presented in Section 2 has been coded in Fortran 90 using
double precision arithmetic. We use the following stopping criterion:(

εk ≡
∑s

i=1 g2
i (x

k)

s
≤ ε, k = 1, 2, . . .

)
or ( k > itmax ) , (36)

where ε is a positive constant and itmax is a positive integer. We note the
quantity in (36) is a kind of mean value of the functions g2

i at the point xk.
Furthermore, let x∗ ∈ B be the solution of the nonlinear system (1) we define
the quantity rk to be the relative error at the k-th iteration:

rk =
‖xk − x∗‖

‖x∗‖ . (37)

For each test problem considered in the experiments we use 100 starting
points x0,j

i = 1 + μ(2 ξj
i − 1), i = 1, 2, . . . , n, j = 1, 2, . . . , 100, where ξj

i ,
i = 1, 2, . . . , n, j = 1, 2, . . . , 100, are random numbers uniformly distributed
in [0, 1] and μ is a positive constant to be specified later.

In the numerical experiments shown in Tables 1, 2 and 3, we consider four
values of α (α = 0, 0.5, 1, 2) and five values of μ (μ = 0.5, 1, 2, 4 and 8). The
parameters ε and itmax appearing in the stopping criterion (36) are chosen to
be ε = 10−4 and itmax = 10000.

Note that the choice of the stopping criterion (36) is motivated by the
desire to compare the A-method and the Matlab “fminsearch” routine. In
fact, the latter solves the nonlinear equation

∑s
i=1 g̃2

i (x) = 0, x ∈ B, by using
the stopping criterion (36) making it possible to compare the approximations
to the solutions of system (1) obtained with these two computational methods.
This is done despite the fact that the most suitable stopping criterion for the
A-method would be λmax(x

k) ≤ ε.
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Finally, note that the choice α = 0 implies that system (1) is solved in Rn.
In the following tables we use the exponential notation. For example 1.0e−

01 corresponds to 10−1.
Table 1 shows the results obtained solving Test 1 with the A-method

(α = 0, dmax = 10−1) and the Matlab “fminsearch” routine. The first two
columns of Table 1 show respectively the values of parameter q (see formula
(29)) and parameter μ that defines the interval [−μ, μ] where the starting
points are generated. Note that when q is small the attraction region of the
utopia point xg is not well defined and this makes it difficult for the algorithms
to converge when the interval size 2μ increases. However, A-method outper-
forms ”fminsearch” routine. In the worst case twenty percent of the A-method
trajectories converge while only two per cent of the ”fminsearch” trajectories
do.

Table 2 shows the behaviour of the A-method as a function of the pa-
rameters dmax and α. We can see that the choice of α slightly influences the
convergence of the A-method. However, the choice of α = 1 seems to be a
suitable compromise between the two contrasting goals: accuracy and a small
number of iterations. Table 2 shows that the A- method works well both when
s ≤ n and n > s.

Table 3 shows the comparison between the A-method and the Matlab
“fminsearch” routine on Test 3. This experiment shows that the A-method
outperforms the Matlab “fminsearch” routine when the ratio n/s is large. Ta-
ble 3 shows that the Matlab routine fails to converge when the ratio n/s is
four. Table 3 shows that the A-method gives more satisfactory results when
n ≥ s rather than n < s. This is probably due to the fact that when n < s
the matrix Mα(x) (see equation (11)) is a singular matrix for any x ∈ B.

The last experiment shows that when there is no solution of the system (1)
the A-method does not converge.

Figure 2 shows the results of the first 1000 iterations of the A-method
obtained choosing dmax = 4 · 10−4, x0 = (2, 2)T , a = 1 and b = 1 (see Figure
2 (a)) or a = 2 and b = 3 (see Figure 2(b)). Note that when a = 2 and
b = 3 (Figure 2(b)) no solution exists for test problem 4 and consequently
limk→+∞ xk does not exist.

4 Conclusions

The basic ideas proposed in this paper are:

1. the reformulation of Problem 1 (i.e. the problem of finding the solutions of
a nonlinear system) into Problem 2 (i.e. the problem of finding the utopia
points of a box constrained multi-objective optimization problem);
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2. the necessary condition for a point x∗ ∈ B to be a utopia point of Problem
2 (i.e. λmax(x

∗) = 0);

3. the formulation of the initial value problem (18) (i.e. problem whose
trajectories have limit points that satisfy the necessary condition of being
utopia points);

4. the numerical integration of the initial value problem (18) using the forward
Euler scheme with variable step-size.

The numerical experiments show that the A-method significantly outper-
forms the algorithm based on the minimization of the sum of the residuals
when the number of unknowns, n, is greater than the number of equations,
s, (i.e., (n/s) ≥ 2). The A-method gives results comparable in accuracy to
those obtained using the ”fminsearch” Matlab routine when n ≤ s. The A-
method always requires less computational time for any n and s. Note that
when n < s the matrix Mα(x) is singular for any x ∈ B. However this fact
does not significantly influence the convergence of the numerical sequence xk,
k = 0, 1, . . . given in (24).

The integration of the initial value problem (18) could be improved using
numerical methods other than the forward Euler method. However, the choice
of the forward Euler method with variable step-size to solve the initial value
problem (18) is motivated by our interest in the approximation of the limit
points of the trajectory solutions of problem (18) (i.e. the value of the trajec-
tories for a sufficiently large value of t). We are not interested in accurately
computing the values of the trajectory for each t.
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Table 1: Comparison A-method (α = 0, dmax = 0.1) and
”fminsearch” on Test 1 (see Example 1.1)

q μ rM
k rA

k εM
k εA

k itM itA pM pA
1
2

0.5 1.05e-02 1.34e-02 9.56e-06 2.05e-05 18 4 80% 97%
1
2

1 8.70e-03 1.40e-02 6.58e-06 2.40e-05 22 5 35% 57%
1
2

2 1.20e-02 9.86e-03 1.45e-05 8.14e-06 21 13 14% 40%
1
2

4 1.22e-02 1.33e-02 1.83e-05 2.26e-05 21 10 4% 31%
1
2

8 1.32e-02 9.86e-03 4.01e-05 2.26e-05 22 13 2% 20%

2 0.5 1.03e-02 1.32e-02 9.66e-06 2.13e-05 18 4 79% 96%
2 1 8.96e-03 1.37e-02 7.46e-06 2.31e-05 22 5 35% 59%
2 2 1.12e-02 1.26e-02 9.89e-06 1.58e-05 22 7 16% 42%
2 4 1.19e-02 1.14e-02 1.08e-05 2.54e-05 24 10 8% 32%
2 8 1.33e-02 1.36e-02 4.45e-05 2.26e-05 25 14 2% 22%

8 0.5 9.5e-03 1.36e-02 9.18e-06 2.91e-05 19 3 80% 94%
8 1 9.08e-03 1.34e-02 6.44e-06 2.67e-05 23 5 52% 60%
8 2 1.07e-02 1.49e-02 1.24e-05 3.17e-05 26 7 30% 44%
8 4 9.95e-03 1.22e-02 1.30e-05 2.02e-05 26 10 11% 33%
8 8 9.95e-03 1.22e-02 1.30e-05 2.02e-05 26 10 11% 33%

q: parameter appearing in the objective functions;
μ: parameter that assign the interval [−μ, μ] where the starting points are generated;
rM
k relative error associated with the Matlab routine (see (37));

rA
k : relative error associated with A-method (see (37));

εM
k : mean value of gi(xk), i = 1, 2, . . . , s (see (36)) computed by Matlab routine;

εA
k : mean value of gi(xk), i = 1, 2, . . . , s (see (36)) computed by A-method

itM : number of iterations to satisfy the stopping criterion required by the Matlab
routine;

itA: number of iterations required to satisfy the stopping criterion by the A-method;
pM : number of executions (in percent) completed successfully by the ”fminsearch”

(i.e. the global minimizer is determined);
pA: number of executions (in percent) completed successfully by the A-method

(i.e. the global minimizer is determined).
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Table 2: Behavior of the algorithm with respect to α (Test 2)
Test α s n rk λmax(x

k) εk it dmax pA

Test 2 0.5 2 2 5.48e-02 2.36e-03 9.35e-05 380 1.0e-03 100%
Test 2 1 2 2 5.47e-02 7.88e-03 9.35e-05 380 1.0e-03 100%
Test 2 2 2 2 5.43e-02 9.41e-02 9.36e-05 380 1.0e-03 100%
Test 2 0.5 2 2 4.97e-02 3.75e-03 8.23e-05 65 1.0e-02 100%
Test 2 1 2 2 4.88e-02 1.38e-02 8.21e-05 68 1.0e-02 100%
Test 2 2 2 2 4.85e-02 1.52e-01 8.01e-05 72 1.0e-02 100%
Test 2 0.5 2 2 9.73e-03 2.19e-03 1.65e-05 108 1.0e-01 98%
Test 2 1 2 2 9.13e-03 7.80e-02 1.61e-05 113 1.0e-01 99%
Test 2 2 2 2 9.06e-03 7.84e-02 1.51e-05 113 1.0e-01 99%

Test 2 0.5 2 8 3.98e-02 7.86e-04 9.26e-05 315 1.0e-02 96%
Test 2 1 2 8 4.01e-02 2.56e-03 9.23e-05 373 1.0e-02 98%
Test 2 2 2 8 9.26e-03 2.71e-02 9.26e-05 428 1.0e-02 88%
Test 2 0.5 2 8 9.96e-03 6.28e-04 2.13e-05 88 1.0e-01 83%
Test 2 1 2 8 1.05e-02 1.95e-03 2.05e-05 86 1.0e-01 91%
Test 2 2 2 8 9.38e-03 2.29e-02 1.88e-05 103 1.0e-01 85%

Test 2 0.5 8 2 6.96e-02 2.47e-02 7.92e-05 52 1.0e-02 100%
Test 2 1 8 2 6.97e-02 7.73e-02 7.91e-05 54 1.0e-02 100%
Test 2 2 8 2 6.92e-02 7.82e-01 7.72e-05 57 1.0e-02 100%
Test 2 0.5 8 2 1.68e-02 1.97e-02 2.12e-05 88 1.0e-01 98%
Test 2 1 8 2 1.67e-02 8.75e-02 2.40e-05 93 1.0e-01 99%
Test 2 2 8 2 1.86e-02 7.76e-01 2.27e-05 90 1.0e-01 99%
Test: Test problem;
α: positive number exponent of the diagonal matrices Dα

u (x), Dα
l (x);

s: number of nonlinear equations;
n: number of unknowns;
rk: relative error (see (37));
λmax(xk): largest eigenvalue of the matrix of the matrix Mα(xk);
εk: mean value of gi(xk), i = 1, 2, . . . , s (see (36))
it: number of iterations required to satisfy the stopping criterion
dmax: maximum size of the step-length dk (see (25))
pA: number of executions (in percent) completed successfully by the A-method.
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Table 3: Comparison A-method and ”fminsearch” routine (Test 3)
Test α s n rM

k rA
k εM

k εA
k itM itA pM pA

Test 3 0 5 10 6.60e-03 7.50e-03 3.22e-05 3.85e-05 948 12 53% 98%
Test 3 0.5 5 10 6.60e-03 7.87e-03 3.22e-05 4.97e-05 948 11 53% 95%
Test 3 1 5 10 6.60e-03 8.13e-03 3.22e-05 6.89e-05 948 12 53% 95%

Test 3 0 10 10 6.41e-03 8.04e-03 3.34e-05 4.67e-05 920 12 54% 97%
Test 3 0.5 10 10 6.41e-03 8.07e-03 3.34e-05 5.96e-05 920 13 54% 97%
Test 3 1 10 10 6.41e-03 7.29e-03 3.34e-05 7.31e-05 920 15 54% 93%

Test 3 0 10 20 1.01e-01 4.11e-03 3.94e-03 7.12e-05 10000 16 0% 100%
Test 3 0.5 10 20 1.01e-01 4.27e-03 3.94e-03 8.28e-05 10000 18 0% 100%
Test 3 1 10 20 1.01e-01 4.01e-03 3.94e-03 7.21e-05 10000 19 0% 100%

Test 3 0 10 40 failure 2.18e-03 failure 8.02e-05 10000 25 0% 100%
Test 3 0.5 10 40 - 2.09e-03 - 8.54e-05 - 26 0% 100%
Test 3 1 10 40 - 2.18e-03 - 8.12e-05 - 28 0% 100%

Test 3 0 10 5 1.02e-02 1.17e-02 9.53e-06 4.37e-05 149 13 98% 87%
Test 3 0.5 10 5 1.02e-02 1.19e-02 9.53e-06 6.37e-05 149 15 98% 84%
Test 3 1 10 5 1.02e-02 1.17e-02 9.53e-06 6.52e-05 149 16 98% 76%

Test 3 0 20 10 6.66e-03 8.02e-03 3.34e-05 4.39e-05 996 12 51% 95%
Test 3 0.5 20 10 6.66e-03 7.90e-03 3.34e-05 6.17e-05 996 13 51% 97%
Test 3 1 20 10 6.66e-03 7.65e-03 3.34e-05 7.65e-05 996 15 51% 91%

Test : Test problem under scrutiny;
α: positive number exponent of the diagonal matrices Du(x), Dl(x);
s: number of nonlinear equations;
n: number of unknowns;
rM
k relative error associated with the Matlab routine (see (37));

rA
k : relative error associated with A-method (see (37));

εM
k : mean value of gi(xk), i = 1, 2, . . . , s (see (36)) computed by Matlab routine;

εA
k : mean value of gi(xk), i = 1, 2, . . . , s (see (36)) computed by A-method

itM : number of iterations to satisfy the stopping criterion required by the Matlab routine;
itA: number of iterations required to satisfy the stopping criterion by the A-method;
pM : number of executions (in percent) completed successfully by the ”fminsearch”;
pA: number of executions (in percent) completed successfully by the A-method.
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Figure 1



A multiobjective optimization algorithm 6423

Figure 2

a)

x
2

x
2

x
1

x
1

b)

Received: July, 2012


