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Abstract

In this paper, we consider multiple occurrences shortest common
superstring problem. In particular, we show that the problem is NP-
complete.
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Investigation of various regularities has become essential in modern com-
puter science (see e.g. [1] – [6]). In particular, usage of regularities allows us
to create systems of robot self-awareness (see e.g. [7] – [12]). In this paper,
we consider multiple occurrences shortest common superstring problem. The
problem allows us to find regularities with elements of novelty.

Let S = {S1, S2, . . . , Sk} be the set of input words, Si ∈ Σ∗, 1 ≤ i ≤ k. Let
|S| denote the total length of all words in S. Let #occ(U, V ) be the number of
occurrences (as a factor) of the word U in the word V . Consider the following
problem.

Multiple occurrences shortest common superstring problem
(MOSCS):

Instance: A fixed alphabet Σ, a positive integer k, a set of input words
S = {S1, S2, . . . , Sk}, nonnegative integers m1, m2, . . . , mk, n1, n2, . . . , nk and
positive integer m.
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Task: Find a shortest word U such that mi ≤ #occ(Si, U) ≤ ni for all
1 ≤ i ≤ k and

∑k
i=1 #occ(Si, U) ≥ m.

Note that in general case, the real size of the output for MOSCS may be
exponential. It is easy to see that if mi and ni are given as sequences of units,
then MOSCS in FNP. Since in practice we are not interested in exponential
output, we can assume that mi and ni are given as sequences of units for all i
such that 1 ≤ i ≤ k.

In the decision version MOSCS can be formulated as following.
MOSCS-D:
Instance: A fixed alphabet Σ, a positive integers k and r, a set of input

words S = {S1, S2, . . . , Sk}, nonnegative integers m1, m2, . . . , mk, n1, n2, . . . , nk

and positive integer m.
Question: Is there a word U such that |U | ≤ r, mi ≤ #occ(Si, U) ≤ ni

for all 1 ≤ i ≤ k and
∑k

i=1 #occ(Si, U) ≥ m?
Theorem. MOSCS-D is NP-complete.
Proof. Suppose that we are given three sets B, G, and H (boys, girls, and

homes), each containing n elements, and a ternary relation T ⊆ B×G×H . We
are asked to find a set of n triples in T , no two of which have a component in
common — that is, each boy is matched to a different girl, and each couple has a
home of its own. We call this problem Tripartite Matching. Tripartite
Matching is NP-complete (see e.g. [13], Theorem 9.9.).

Let

B = {b1, b2, . . . , bn};
G = {g1, g2, . . . , gn};
H = {h1, h2, . . . , hn};
Σ = B ∪ G ∪ H ;

k = |T |;
r = 3n;

S = {bi1gi2hi3 | 1 ≤ i1 ≤ n, 1 ≤ i2 ≤ n,

1 ≤ i3 ≤ n, (bi1 , gi2, hi3) ∈ T} ∪ Σ;

m = 4n;

ni = 1, 1 ≤ i ≤ k;

mi = 0, 1 ≤ i ≤ k.

Suppose that there is a set H of n triples in T , no two of which have a
component in common. Let U = bi1,1gi1,2hi1,3bi2,1gi2,2hi2,3 . . . bin,1gin,2hin,3 where
H = {(bi1,1 , gi1,2 , hi1,3), . . . , (bin,1 , gin,2, hin,3)}.

Since H of n triples in T , no two of which have a component in common, it
is clear that bij,1

�= bil,1 , gij,2
�= gil,2 , hij,3

�= hil,3 for all 1 ≤ j < l ≤ n. Therefore,
if Si ∈ Σ, then #occ(Si, U) = 1. Note that #occ(bj1gj2hj3 , U) ≥ 1 if and only
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if bj1gj2hj3 = bil,1gil,2hil,3 for some 1 ≤ l ≤ n. Since |U | = 3n, it is easy to check

that mi ≤ #occ(Si, U) ≤ ni for all 1 ≤ i ≤ k and
∑k

i=1 #occ(Si, U) ≥ m.

Now suppose that there is a word U such that |U | ≤ r, mi ≤ #occ(Si, U) ≤
ni for all 1 ≤ i ≤ k and

∑k
i=1 #occ(Si, U) ≥ m. Without loss of generality we

can assume that |U | = r. Since r = 3n, it is clear that
∑

Si∈Σ #occ(Si, U) ≤ 3n.
It is easy to see that if j �= l, then bj1gj2hj3 and bil,1gil,2hil,3 do not overlap.

Therefore,
∑

Si∈S\Σ #occ(Si, U) ≤ n. In view of
∑k

i=1 #occ(Si, U) ≥ m and
m = 4n, it is easy to check that there is a set H of n triples in T , no two of
which have a component in common.

We have obtained explicit reductions from MOSCS-D to some variants of
satisfiability, SAT and 3SAT. In papers [14] – [22] we have considered explicit
reductions from different problems to SAT and 3SAT and some satisfiability
algorithms. Our computational experiments have shown that these algorithms
can be used to solve MOSCS-D.
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