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Abstract

Humanoid robot locomotion involves trajectories that are much har-
der to generate and control than the ones for other robots locomotion.
Therefore, motion planning problems for humanoid robots are of partic-
ular interest. We consider the footstep planning problem for humanoid
robots. In particular, we consider a special case of the reachability prob-
lem in a free unbounded environment, the reachability with arbitrary
steps problem. We show NP-completeness of the problem.

Keywords: humanoid robot, footstep planning problem, NP-complete

Many planning and scheduling problems are among the most rapidly devel-
oping areas of modern computer science (see e.g. [1]). In particular, different
planning problems for robots and other mobile vehicles are of considerable
interest for many years (see e.g. [2, 3]). For example, we can mention the ve-
hicle routing problem (see e.g. [4]), general delivery problem [5], multi-robot
forest coverage problems (e.g. [6]), localization problems (e.g. [7]), allocating
complex tasks problems (e.g. [8]), path and motion planning problems (e.g.
[9]), pursuit-evasion problems (e.g. [10]), problems of sensor placement (see
e.g. [11, 12]), visual landmarks problems (see e.g. [13, 14]), etc.

Last decades, humanoid robots have been built and studied for many vari-
ous purposes. They are expected to move about comfortably in environments
designed for humans. However, it should be noted that legged locomotion
involves trajectories that are much harder to generate and control than the
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ones for wheeled locomotion. The problem of generating efficient and reliable
walking motions has been challenging researchers since the beginning of hu-
manoid robotics (see e.g. [15]). In some cases, various advanced systems of
technical vision (see e.g. [16, 17]), reconstruction of sequences systems (see
e.g. [18, 19]), patterns search systems (see e.g. [20, 21]), different intelligent
self-learning algorithms (see e.g. [22]) can be used to facilitate solution of this
problem. Also, we can use different systems of robot self-awareness (see e.g.
[23, 24]). In particular, such systems can be developed to be aware of their
own motion [25], able to change their own models of their physical embodiment
[26], etc. We consider the footstep planning problem [27]. In particular, we
consider the reachability problem in a free unbounded environment [28].

The problem of footstep planning is the problem of motion planning asso-
ciated with walking motion generation. It is the process of computing walking
motions that bring the robot from its initial location to a goal location while
avoiding obstacles. However, in this paper, we suppose that a robot is walking
on a flat ground, free from any obstacle. Also, we consider only mean that
only discrete stepping capabilities where only a finite set of possible steps is
allowed. We can consider in the flat infinite ground a Cartesian coordinate
system of two axes x and y. Let the x axis defines the zero orientation. In this
case, the configuration of the robot feet in the free environment is completely
defined by the position and orientation of the left foot, and the current pos-
ture of the feet. A sequence of two steps is completely defined by the initial
and final posture, and three additional parameters x, y, and θ, where (x, y) is
the position and θ is the orientation of the left foot final placement relatively
to its initial placement. We can assume that orientation change is a rational
number multiplied by π. Also, we assume that only a finite set of absolute
orientations of the left foot are reachable. A posture is defined by the position
(x, y) and orientation ϕ of the right foot relatively to the left foot and by the
left foot absolute orientation ψ. So, a posture is a quadruple (u, v, ϕ, ψ). Let
{p[1], . . . , p[n]} is the set of all the reachable postures. A configuration of the
robot is a posture p[i] and a position of the left foot (x, y). We can assume that
all the vectors (p[i], x, y) are couples of integer numbers. Similarly, a sequence
of two configurations is now completely defined by the initial and final posture
and a vector of two parameters. The whole stepping capabilities of the robot
can be represented by a 2-counter machine, where Q = {p[1], . . . , p[n]} is the
set of states. A configuration of the machine is a triple (p[i], x, y) ∈ Q×Z×Z.
It is easy to see that a configuration of the machine exactly corresponds to a
configuration of the robot. Each allowable sequence of two configurations is
a transition (p[i], x, y, p[j]) ∈ Q × Z × Z × Q. Note that a transition of the
machine exactly corresponds to a step of the robot or a change of the robot
posture. Reachability Problem (RP): given a 2-counter machine with the set
of states Q and the set of transitions T and two configurations (p[i], x, y) and
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(p[j], u, v), is there a finite sequence of transitions that goes from (p[i], x, y)
to (p[j], u, v)? In a free environment, RP is NP-complete (see [28], Theorem
2.2.1.). However, in proof of the Theorem 2.2.1. in [28], the author considered
a 2-counter machine such that x = u and y = v if and only if i = s and j = t
or i = j = 0 for any transitions (p[i], x, y, p[j]), (p[s], u, v, p[t]) ∈ T . Therefore,
hard case of motion contains only different nontrivial steps for different pos-
tures. It is relatively unnatural, especially for a free unbounded environment.
We consider a special case of RP where arbitrary steps allowed.

Reachability with Arbitrary Steps Problem (RASP):
Instance: Given a 2-counter machine with the set of states Q and the set

of transitions T and two configurations (p[i], x, y) and (p[j], u, v) such that if
(p[i], x, y, p[j]) ∈ T for some i, j, x, y, then (p[s], x, y, p[t]) ∈ T for any s and t.

Question: Is there a finite sequence of transitions that goes from (p[i], x, y)
to (p[j], u, v)?

Theorem. In a free environment, RASP is NP-complete.
Proof. Note that RP is in NP and RASP is a special case of RP.

Therefore RASP is in NP.
Now we consider the following modification of the Subset-Sum problem.
Sequence-Sum Problem (SqSP):
Instance: Given a set {a[1], . . . , a[m]} of positive integers and a positive

integer b.
Question: Is there a sequence c[1], . . . , c[k] such that

∑k
i=1 c[i] = b and

c[i] ∈ {a[1], . . . , a[m]} for any i ∈ {1, . . . , k}?
Let Q = {p[1]}, T = {(p[1], a[j], 0, p[1]) | 1 ≤ j ≤ m}. Let (p[1], 0, 0) be

the initial configuration. Let (p[1], b, 0) be the final configuration.
It is easy to check that Q, T , (p[1], 0, 0), (p[1], b, 0) is an instance of

RASP and there is a finite sequence of transitions that goes from (p[1], 0, 0) to
(p[1], b, 0) if and only if there is a sequence c[1], . . . , c[k] such that

∑k
i=1 c[i] = b

and c[i] ∈ {a[1], . . . , a[m]} for any i ∈ {1, . . . , k}. Note that SqSP is NP-
complete [29]. Therefore, RASP is NP-complete.

We have obtained explicit reductions from RASP to some variants of sat-
isfiability, SAT and 3SAT. In papers [1, 12] the authors considered some al-
gorithms to solve logical models. Our computational experiments have shown
that these algorithms can be used to solve the logical models for RASP.

References

[1] A. Gorbenko and V. Popov, Task-resource Scheduling Problem, Interna-
tional Journal of Automation and Computing, 9 (2012), 429-441.

[2] A. Gorbenko and V. Popov, Programming for Modular Reconfigurable
Robots, Programming and Computer Software, 38 (2012), 13-23.



6570 A. Gorbenko and V. Popov

[3] V. Popov, Sorting by prefix reversals, IAENG International Journal of
Applied Mathematics, 40 (2010), 247-250.

[4] G. B. Dantzig and J. H. Ramser, The Truck Dispatching Problem, Man-
agement Science, 6 (1959), 80-91.

[5] L. Lian and E. Castelain, A Decomposition Approach to Solve a General
Delivery Problem, Engineering Letters, 18 (2010), EL 18 1 10.

[6] X. Zheng, S. Koenig, D. Kempe, and S. Jain, Multi-Robot Forest Coverage
for Weighted and Unweighted Terrain, IEEE Transactions on Robotics, 26
(2010), 1018-1031.

[7] A. Gorbenko, V. Popov, and A. Sheka, Localization on Discrete Grid
Graphs, Lecture Notes in Electrical Engineering, 107 (2012), 971-978.

[8] X. Zheng and S. Koenig, K-Swaps: Cooperative Negotiation for Solving
Task-Allocation Problems, Proceedings of the 2009 International Joint
Conference on Artificial Intelligence, (2009), 373-379.

[9] W. Yue and J. Franco, A New Way to Reduce Computing in Navigation
Algorithm, Engineering Letters, 18 (2010), EL 18 4 03.

[10] R. Borie, C. Tovey, and S. Koenig, Algorithms and Complexity Results
for Pursuit-Evasion Problems, Proceedings of the 2009 International Joint
Conference on Artificial Intelligence, (2009), 59-66.

[11] A. Gorbenko and V. Popov, On the Problem of Sensor Placement, Ad-
vanced Studies in Theoretical Physics, 6 (2012), 1117-1120.

[12] A. Gorbenko, M. Mornev, V. Popov, and A. Sheka, The problem of sensor
placement for triangulation-based localisation, International Journal of
Automation and Control, 5 (2011), 245-253.

[13] A. Gorbenko and V. Popov, The Problem of Selection of a Minimal Set of
Visual Landmarks, Applied Mathematical Sciences, 6 (2012), 4729-4732.

[14] A. Gorbenko and V. Popov, On the Problem of Placement of Visual Land-
marks, Applied Mathematical Sciences, 6 (2012), 689-696.

[15] S. Dalibard, A. El Khoury, F. Lamiraux, M. Taix, and J.-P. Laumond,
Small-time controllability of a walking humanoid robot, 11th IEEE-RAS
International Conference on Humanoid Robots, (2011), 739-744.

[16] A. Gorbenko and V. Popov, On Face Detection from Compressed Video
Streams, Applied Mathematical Sciences, 6 (2012), 4763-4766.



Footstep planning for humanoid robots 6571

[17] A. Gorbenko, A. Lutov, M. Mornev, and V. Popov, Algebras of Stepping
Motor Programs, Applied Mathematical Sciences, 5 (2011), 1679-1692.

[18] A. Gorbenko and V. Popov, On the Longest Common Subsequence Prob-
lem, Applied Mathematical Sciences, 6 (2012), 5781-5787.

[19] A. Gorbenko and V. Popov, The set of parameterized k-covers problem,
Theoretical Computer Science, 423 (2012), 19-24.

[20] V. Yu. Popov, Computational complexity of problems related to DNA
sequencing by hybridization, Doklady Mathematics, 72 (2005), 642-644.

[21] V. Popov, Multiple genome rearrangement by swaps and by element du-
plications, Theoretical Computer Science, 385 (2007), 115-126.

[22] A. Gorbenko and V. Popov, Self-Learning Algorithm for Visual Recogni-
tion and Object Categorization for Autonomous Mobile Robots, Lecture
Notes in Electrical Engineering, 107 (2012), 1289-1295.

[23] A. Gorbenko and V. Popov, Anticipation in Simple Robot Navigation and
Learning of Effects of Robot’s Actions and Changes of the Environment,
International Journal of Mathematical Analysis, 6 (2012), 2747-2751.

[24] A. Gorbenko and V. Popov, The c-Fragment Longest Arc-Preserving
Common Subsequence Problem, IAENG International Journal of Com-
puter Science, 39 (2012), 231-238.

[25] P. Michel, K. Gold, and B. Scassellati, Motion-Based Robotic Self-
Recognition, Proceedings of the 2004 IEEE/RSJ International Conference
on Intelligent Robots and Systems, (2004), 2763-2768.

[26] J. Bongard, V. Zykov, and H. Lipson, Resilient machines through contin-
uous self-modeling, Science, 314 (2006), 1118-1121.

[27] J. Chestnutt, K. Nishiwaki, J. J. Kuffner, and S. Kagami, An adaptive
action model for legged navigation planning, 7th IEEE-RAS International
Conference on Humanoid Robots, (2007), 196-202.

[28] N. Perrin, Footstep Planning for Humanoid Robots: Discrete and Contin-
uous Approaches. PhD Dissertation, Institut National Polytechnique de
Toulouse, 2011.

[29] Yu. S. Okulovskii and V. Yu. Popov, On the Complexity of Recognizing a
Set of Vectors by a Neuron, Siberian Advances in Mathematics, 20 (2010),
293-300.

Received: September, 2012


