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Abstract

The main motivation of this paper is to construct an iterative method
which may converge even if the derivative vanishes during the iteration
process. Hence, a scheme is proposed in which the convergence analysis
proves that it is sixteenth-order convergent. This is also substantiated
through the numerical work. It is shown that the method is convergent
even if the derivative vanishes during the iterative process. Compu-
tational results ascertain that the method is efficient and demonstrate
better performance as compared with the other well known methods
when the derivative vanishes.
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1 Introduction

One of the best known and probably the most used method for solving f(x) = 0
is the Newton’s method. The classical Newton method is given as (NM)

xn+1 = xn − f(xn)
f ′(xn)

, n = 0, 1, 2, 3, . . . , and |f ′(xn)| �= 0. The Newton’s

method converges quadratically [9]. There exists numerous modifications of the
Newton’s method which improve the convergence rate (see [1-17] and references
therein). Based upon the well known King’s family [13] and the Newton’s
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method, recently Li et al. constructed a sixteenth order iterative method
(LMMW)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

yn = xn − f(xn)
f ′(xn)

,

zn = yn − 2 f(xn)−f(yn)
2 f(xn)−5 f(yn)

f(yn)
f ′(xn)

,

xn+1 = zn − f(zn)
f ′(zn)

− 2 f(zn)−f
�
zn− f(zn)

f ′(zn)

�

2 f(zn)−5 f
�
zn− f(zn)

f ′(zn)

� f
�
zn− f(zn)

f ′(zn)

�

f ′(zn)
,

(1)

in [20]. The first step in the preceding method is the Newton’s method while
the second step is referred to as the King’s method [13].

We notice that if the derivative of the function vanishes, that is |f ′(xn)| = 0
or |f ′(zn)| = 0, during the iterative process then the sequences generated by
the Newton’s iteration or by the LMMW method (1) are not defined.

For removing these drawbacks from the Newton method, Wu et al. pro-
posed the following modification of the classical Newton’s method

xn+1 = xn − f(xn)

f ′(xn) + α(n) f(xn)
, n = 0, 1, 2, 3, . . . , (2)

[7, 14, 21–24]. Here, α(n) has the same sign as f(xn) f ′(xn) so that the de-
nominator of the method (2) is never zero even if the derivative vanishes,
that is f ′(xn) = 0, during the iterative process. The modification (2) con-
verges quadratically and has two advantages over the Newton’s method. First
one is that the sequence generated by the method (2) is well defined even if
f ′(xn) ≈ 0. And, the second advantage is that the method (2) offers more
numerical stability than the classical Newton’s method [22, 24].

Our motivation is to construct a high order iterative method which may
converge even if the derivative vanishes during the iterative process. In fact,
in this work, we develop a sixteenth order iteration from the modified New-
ton method (2). Computational results show that the family of methods are
convergent even if the derivative vanishes.

2 The method and convergence analysis

From the methods (1), (2) and the use of weight functions, we construct the
following sixteenth order iterative method

⎧⎪⎪⎨
⎪⎪⎩

yn = xn − f(xn)
f ′(xn)+α(n) f(xn)

,

zn = yn − f(yn)
f ′(xn)+α(n) f(xn)

Φ(xn),

xn+1 = zn − f(zn)
f ′(zn)+β(n) f(zn)

− f
�
zn− f(zn)

f ′(zn)+β(n) f(zn)

�

f ′(zn)+β(n) f(zn)
ζ(zn),

(3)
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where the functions Φ(xn) and ζ(zn) are given as

Φ(xn) = 1 + 2
f (xn − f(xn)/(f ′(xn) + α(n) f(xn)))

f(xn)
− α(n)

f(xn)

f ′(xn) + α(n) f(xn)

+ 5

(
f (xn − f(xn)/(f ′(xn) + α(n) f(xn)))

f(xn)

)2

+

(
α(n)

f(xn)

f ′(xn) + α(n) f(xn)

)2

− 5 α(n)

(
f (xn − f(xn)/(f ′(xn) + α(n) f(xn)))

f(xn)

) (
f(xn)

f ′(xn) + α(n) f(xn)

)
,

ζ(zn) = 1 + 2
f (zn − f(zn)/(f ′(zn) + β(n) f(zn)))

f(zn)
− β(n)

f(zn)

f ′(zn) + β(n) f(zn)

+ 5

(
f (zn − f(zn)/(f ′(zn) + β(n) f(zn)))

f(zn)

)2

+

(
β(n)

f(zn)

f ′(zn) + β(n) f(zn)

)2

− 5 β(n)

(
f (zn − f(zn)/(f ′(zn) + β(n) f(zn)))

f(zn)

) (
f(zn)

f ′(zn) + β(n) f(zn)

)
.

Here, the free parameter α(n) has the same sign as f ′(xn) f(xn) and β(n) has
the same sign as that of f ′(zn) f(zn) so that none of the denominators of the
method (3) is zero, provided that xn is not a solution and f ′(xn) = 0, even
if the derivative vanishes during the iterative process. Therefore the sequence
generated by the method (3) is well defined. We prove the convergence of the
method (3) through the following theorem.

Theorem 2.1. Let the function f : D ⊂ R �→ R has a simple root γ ∈ D
in the open interval D. Furthermore the first, second and the third derivatives
of the function f(x) belong in the open interval D. Then the method (3) is at
least sixteenth order convergent.

Proof. By the Taylor’s expansion around the solution γ, we have

f(xn) = c1en + c2en
2 + c3en

3 + c4en
4 + O

(
en

5
)
, (4)

f ′(xn) = c1 + 2 c2en + 3 c3en
2 + 4 c4en

3 + O
(
en

4
)
, (5)

f ′(xn) + α f(xn) = c1 + (2 c2 + α c1) en + (α c2 + 3 c3) en
2 + O

(
en

3
)
. (6)

Dividing the equations (4) and (6) yields

f(xn)

f ′(xn) + α f ′(xn)
= en − c2 + α c1

c1
en

2 + O
(
en

3
)
, (7)

wherein cj = f(j)(α)
j!

, j ≥ 1. Note that for the sake of simplicity, we consider

α = α(n) and β = β(n) in the proof of the theorem. From the proposed
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method yn := xn − f(xn)/(f ′(xn) + α f ′(xn)), and by substituting from the
equations (4) and (6), we have

yn = γ +
c2 + α c1

c1

en
2 − −2 c3c1 + 2 α c2c1 + 2 c2

2 + α2c1
2

c1
2

en
3 + O

(
en

4
)
. (8)

substituting yn − γ from equation (8) in the second step yields in

f(yn) = (c2 + α c1) en
2 − −2 c3c1 + 2 α c2c1 + 2 c2

2 + α2c1
2

c1

en
3 + O

(
en

4
)
,

(9)

from the preceding equation and the equation (6), we obtain

f(yn)

f ′(xn) + α f(xn)
=

c2 + α c1

c1
en

2 − −2 c3c1 + 5 α c2c1 + 4 c2
2 + 2 α2c1

2

c1
2

en
3 + O

(
en

4
)
.

(10)

From the proposed method (3), we obtain

Φ = 1 +
2 c2 + α c1

c1

en +
4 c3c1 − c2

2

c1
2

en
2 + O(e3

n). (11)

From the proposed method (3), we have zn := yn − f(yn)
f ′(xn)+α(n) f(xn)

Φ, thus

zn = γ − (c2 + α c1) c3

c1
2

en
4 + O

(
en

5
)
. (12)

The Taylor expansion of f(zn) around the solution γ is given as

f(zn) := Σ∞
m=1cm (zn − γ)m, with m ≥ 1,

Substituting zn − γ from the equation (12) into the preceding equation results
in

f(zn) = −(c2 + α c1) c3

c1
en

4+
1

c3
1

(
2 c3c1c2

2 − 2 c3
2c1

2 + 30 α2c2
2c1

2 + 35 c1c2
3α + α2c1

3c3

+10 α3c1
3c2 − 2 c1

3α c4 + α4c1
4 + 14 c2

4 − 2 c2c4c1
2 + 2 c3c1

2α c2

)
en

5+O
(
en

6
)
.

(13)

Differentiating the above expression with respect to en we obtain

f ′(zn) = −4 (c2 + α c1) c3

c1

en
3 + O

(
en

4
)
. (14)
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Similarly to (9), using the Taylor’s expansion together with the equations (13),
(14), we get that

f

(
zn − f(zn)

f ′(zn) + β f(zn)

)
= γ +

c3
2

c5
1

(
α2c1

2c2 + 2 c1α c2
2 + c2

3 + c2
2β c1

+α2c1
3β + 2 α c2c1

2β
)
en

8 + O
(
en

9
)
. (15)

Substituting equations (13), (14), (15) into the proposed method, we obtain
the following error equation after simplification finally

en+1 =
1

c11
1

((
6 c2

2c1
5α2 + c1

7α4 + 4 c2
3c1

4α + 4 c2c1
6α3 + c1

3c2
4
)
β3 − 18 c3

2c2
5 +α3c7

2

)
c4
3

c11
1 e16

n + O(e17
n ). (16)

This proves that the proposed method (3) has sixteenth-order convergence.

3 Numerical computations

Let us review various iterative methods for computational purpose. Based
upon the well known Jarratt’s method [10] recently Ren et al. [8,25] proposed
the following sixth order convergent iterative family of methods consisting of
three-steps and two-parameters (RWB)

⎧⎪⎨
⎪⎩

yn = xn − 2
3

f(xn)
f ′(xn)

,

zn = xn − 3 f ′(yn)+f ′(xn)
6 f ′(yn)−2 f ′(xn)

f(xn)
f ′(xn)

,

xn+1 = zn − (2a−b)f′(xn)+bf ′(yn)+cf(xn)
(−a−b)f ′(xn)+(3a+b)f′(yn)+cf(xn)

f(zn)
f ′(xn)

.

(17)

where a, b, c ∈ R and a�=0. Wang et al. [25] also developed a sixth order
convergent variant of the Jarratt’s method. Their method consists of three-
steps and two-parameters (WKL)

⎧⎪⎨
⎪⎩

yn = xn − 2
3

f(xn)
f ′(xn)

,

zn = xn − 3 f ′(yn)+f ′(xn)
6 f ′(yn)−2 f ′(xn)

f(xn)
f ′(xn)

,

xn+1 = zn − (5α+3β)f ′(xn)−(3α+β)f ′(yn)
2 α f ′(xn)+2 β f ′(yn)

f(zn)
f ′(xn)

,

(18)

where α, β ∈ R with α+β �=0. Lately Sharma and Guha [12] modified the Os-
trowski method [1] and developed the following sixth order convergent method
consisting of three steps and one parameter (SG)

⎧⎪⎨
⎪⎩

yn = xn − f(xn)
f ′(xn)

,

zn = yn − f(xn)
f(xn)−2f(yn)

f(yn)
f ′(xn)

,

xn+1 = zn − f(xn)+af(yn)
f(xn)+(a−2)f(yn)

f(zn)
f ′(xn)

,

(19)
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where a ∈ R. Earlier, Neta [3] has developed the sixth order convergent family
of methods consisting of three steps and one parameter (NETA)

⎧⎪⎨
⎪⎩

yn = xn − f(xn)
f ′(xn)

,

zn = yn − f(xn)+af(yn)
f(xn)+(a−2)f(yn)

f(yn)
f ′(xn)

,

xn+1 = zn − f(xn)−f(yn)
f(xn)−3f(yn)

f(zn)
f ′(xn)

.

(20)

We may notice that, in the preceding method, the choice a = −1 produces the
same correcting factor in the last two steps. Chun and Ham [4] also developed
a sixth order modification of the Ostrowski’s method. Their family of methods
consist of the following three steps (CH)

⎧⎪⎨
⎪⎩

yn = xn − f(xn)
f ′(xn)

,

zn = yn − f(xn)
f(xn)−2f(yn)

f(yn)
f ′(xn)

,

xn+1 = zn −H(un) f(zn)
f(xn)

,

(21)

where un = f(yn)/f(xn), and H(t) represents a real valued function satisfying
H(0) = 1, H′(0) = 2. In the case

H(t) =
1 + (β + 2)t

1 + βt
, β ∈ R, (22)

the third sub-step is similar to method of Sharma and Guha [12].

Remark 1. Convergence order of developed method (3) is 16 and it requires
six evaluations during each iterative step. We notice that the methods (17) and
(18) require evaluation of two derivatives and two functions while the methods
(19), (20) and (21) require evaluation of one derivative and three functions
during each iterative step to reach the sixth-order convergence. The efficiency
index of an iterative method is given as: ξ1/m [11]. Here, ξ is the convergence
order of the method and m is the number of evaluations. Efficiency index of
our method is 161/6 which is better than

√
2 (efficiency index of the Newton

method) and 61/4 (efficiency index of methods (17), (18), (19), (20) and (21)).

If the convergence order ξ of an iterative method is defined through the
equation limn→∞

|en+1|
|en|ξ = c �= 0, then the computational order of convergence

(COC) may be approximated as ρ ≈ log |(xn+1−γ)/(xn−γ)|
log |(xn−γ)/(xn−1−γ)| , [5]. All the computa-

tions reported here are done in the programming language C++. For numerical
precision, we are using the C++ library ARPREC [2]. For convergence, it is
required that the distance of two consecutive approximations (|xn+1 − xn|) be
less than ε. And, the absolute value of the function (|f(xn)|) also referred to
as residual be less than ε. Here, ε = 10−320, itr is the iteration counter for
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the algorithm and the maximum allowed iterations maxitr = 100. We test the
methods for the following functions

f1(x) = x3 + 4 x2 − 10, γ≈1.365.

f2(x) = x exp(x2) − sin2(x) + 3 cos(x) + 5, γ≈− 1.207.

f3(x) = sin2(x) − x2 + 1, γ≈± 1.404.

f4(x) = arctanx γ=0.

f5(x) = x4 + sin (π/x2) − 5, γ=
√

2.

f6(x) = exp (−x2 + x + 2) − 1, γ=2.0.

f7(x) = x5 + x4 + 4x2 − 15, γ≈1.347.

f8(x) = (x − 1)3 − 1, γ=2.0.

These functions are taken from the literature [3, 4, 12, 25]. Free parameters

f(x) x0 M-1 LMMW NM SG RWB NETA CH WKL

f1(x) e − 10 (24,16) (306,16) (132,2) div div div (448,6) div
f2(x) 0.2 (30,16) div div div div div div div
f3(x) 0.0 (30,15.9) div div div div div div div
f4(x) 100 (180,15.9) div div div div div div div
f5(x) 0.6 (24,14.5) div div div div div div div
f6(x) 0.5 (30,15.9) div div div div div div div
f6(x) 4.0 (30,16) div div div div div div div
f6(x) −4.0 (24,14.1) div div div div div div div
f7(x) 0.0 (84,15.9) div div div div div div div
f7(x) −1.51 (42,15.9) div div div div div div div
f8(x) −1.0 (36,15.8) div div div div div div div
f8(x) 1.0 (48,16) div div div div div div div

Table 1: (Number of function evaluations, COC) for various iterative methods.

in various methods are randomly chosen as follows: a = 2 in the method by
Sharma et al. (19), a = b = c = 1 in the method by Ren et al. (17), β = 1
in the method by Chun et al. (21), α = β = 1 in the method (18), and in the
method by Neta et al. (20) a = 10.

Computational results are reported in the Table 1. The Table 1 displays
(number of function evaluations, COC during the second last iterative step) for
various iterative methods. An optimal iterative method for solving nonlinear
equations must require least number of function evaluations. In the Table
1, methods which require least number of function evaluations are marked in
bold. We see in the Table 1 that for eight functions, out of eight functions,
our methods are showing better performance.
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4 Conclusions

In this work, we have developed an iterative method for solving nonlinear equa-
tions. Sequence generated by the method is convergent even if the derivative
of the function vanishes during the iterative process. Convergence analysis
shows that the method is sixteenth-order convergent, which is also supported
by the numerical work. Computational results demonstrate that the method
is efficient and exhibit equal or better performance as compared with the other
well known methods and the classical Newton method.
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