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Abstract 
 
In this paper, a barrier method for GPS positioning and multipath mitigation is 

proposed. The present method can effectively eliminate the NLOS (non-line-of-
sight) delay errors and is also able to improve the location accuracy of a satellite 
navigation receiver. A constrained WLS (weighted least-squares) estimator is de-
rived based on the proposed algorithm, which is able to properly estimate and 
eliminate the multipath error contained in each satellite’s pseudorange. In our ex-
perimental result, it is demonstrated that the proposed estimator can compute the 
coordinate of a user location in an accurate fashion after estimating and removing 
the measurement biases. This is done by suitably choosing the barrier functions. 
The proposed method is well suitable in the positioning domain in contrast with 
traditional GPS multipath mitigation methods which usually apply in the signal-
processing  domain.  Furthermore,  it  can  be  used  to  identify  the  NLOS  signal  
where the LOS signal may not present in the received signal. 
 
Keywords: Barrier Method; Global Positioning System (GPS); Interior-Point Op-
timization; Multipath Mitigation; Non-Line-of-Sight (NLOS) 
 
 
1. Introduction 
 
PND (Personal Navigation Device) has become one of the daily consumer elec-
tronic  products.  With  the  help  of  satellite  navigation  systems  (such  as  GPS),  an  
off-the-shelf PND may provide meter-level positioning accuracy in a timely man-
ner. As the field of applications getting broader, many different aspects that did 
not consider in the original system design have now introduced extra difficulties 
in modern day's navigation devices. For the problems that occur in today’s navi-
gation application, we mention among others that non-line of sight (NLOS) recep-
tion of the navigation signal may drastically degrade the quality of the positioning 
result. Although NLOS problem has already addressed as an important issue when  
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GPS product hit the market, it becomes much more critical when using a PND in 
an urban canyon environment, which is an application that wasn’t foreseen when 
GPS was first invented. Multipath error caused by signal reflections, diffractions, 
and scatterings is one of the most important problems in urban navigation. For 
satellite navigation, it may be seen as the major error source other than the iono-
sphere propagation delay. 
 Recently, non-GPS based wireless positioning technologies have emerged as a 
major means for ground-based navigation where GPS signal is not available (or at 
least is degraded dramatically)[18]. Ground-based wireless positioning is more 
vulnerable by multipath interference than satellite-based positioning system; 
hence there is a great deal of multipath mitigation technique developed for 
ground-based wireless positioning systems: In [5][15], the method of averaging 
measurement sequence is introduced. Specifically, LOS reconstruction is pro-
posed in [5], while in [15] a residual weighting method is utilized. Both the LOS 
reconstruction and the residual weighting methods are capable of reducing the ef-
fect of the fast fading noise error caused by multipath errors. In order to improve 
the location accuracy, some methods based on a priori statistics or empirical  da-
tabases of NLOS errors are derived. See, for example, [6][8]. Another method for 
mitigating NLOS effect is the constrained optimization. When there is only lim-
ited information concerning the measurement biases, the constrained optimization 
is particularly useful for estimating desirable parameters [18]. In particular, in [10] 
a three-step method based on interior-point optimization is used to estimate and 
eliminate the measurement bias contained in each pseudorange. Those methods 
introduced above have their own ground in the field of wireless positioning. How-
ever, those concepts seldom apply to the field of satellite-based positioning sys-
tem (such as GPS). In the present paper, we borrow the idea of [10] to develop a 
new position estimator for GPS receivers. 

In this paper, we seek to provide a method to efficiently estimate and elimi-
nate the path-delay error. In the present work, a new position-determination esti-
mator for multi-lateration is proposed. The estimator takes into account the meas-
urement bias resulting from NLOS transmission, and in the mean-time also im-
proves the location accuracy of a satellite positioning system. The present method 
can effectively eliminate the NLOS (non-line-of-sight) delay errors and is also 
able to improve the location accuracy of a satellite navigation receiver. A con-
strained WLS (weighted least-squares) estimator is derived based on the proposed 
algorithm, which is able to properly estimate and eliminate the multipath error 
contained in each satellite’s pseudorange. The proposed method is well suitable in 
the positioning domain in contrast with traditional GPS multipath mitigation 
methods which usually apply in the signal-processing domain. Furthermore, it can 
be used to identify the NLOS signal where the LOS signal may not present in the 
received signal. In our experimental results, it is demonstrated that the proposed 
estimator can compute the coordinate of a user location in an accurate fashion af-
ter estimating and removing the measurement biases. This is done by suitably 
choosing the constraints for the interior-point algorithm. 
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The rest of this paper is organized as follows: In Section 2, the concept of the 

barrier method is introduced. Specifically, the method used in the present paper is 
called the interior-point method in the field of the optimization theory. In Section 
3, the proposed method for GPS multipath mitigation is introduced. The proposed 
algorithm can accurately estimate the bias error, but it is not well suitable for 
identifying the satellite signal which actually contains multipath error. Therefore, 
in Section 4, we introduce a robust nonlinear regression method to help identify-
ing the NLOS propagation prior to using the interior-point method so as to reduce 
the number of constraint equations and improve the positioning accuracy. The ex-
perimental results are given in Section 5, and finally some concluding remarks 
will be described in Section 6. 
 
 
2. Barrier Method 
 
In this section, we introduce the concept of the barrier method for constrained op-
timization problems. Specifically, the method presented here is called the interior-
point optimization. See [3][11] for further details. Consider the inequality con-
strained problem 
   minimize   
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A method that avoids the necessity to explicitly select a set of active constraints is 
based on the logarithmic barrier method, which solves a sequence of equality con-
strained minimization problems. In this case, Equation (1) is modified as follows: 
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and A has full row rank. For fixed m, and setting Si = m/gi, the conditions that the 
barrier problem (2) attains its optimal point may be derived as: 
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where S = diag(s); that is, a diagonal matrix whose diagonal entries are s with s = 
(S1, …, Si),  and is the Jacobian matrix of g(x). If f(x) and gi(x) are convex func-
tions for all i, f(x) – mSilog(–gi(x)) is strictly convex in the interior of the feasible 
region, and the objective level set is bounded, then there is a unique minimiser for  
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the barrier problem. Let (x(m), y(m), s(m)) be the (unique) solution of (3), then 
these values form the primal-dual central path of (2): 
   { }), ( ), ( ) :( .0m m m m> < < ¥= y s 0x  
This can be summarized in the following theorem[11]. 

Theorem 1. Let (x(m), y(m), s(m)) be on the central path. 

I. If f(x) and gi(x) are convex functions for all i, then s(m) is unique. 

II. Furthermore, if f(x) – mSilog(–gi(x)) is strictly convex, (x(m), y(m), s(m)) are 

unique, and they are bounded for 0 < m  m0 for any given m0 > 0. 

III. For 0 < m’ <m,   f(x(m’)) < f(x(m)) if x(m')  x(m). 

IV. (x(m), y(m), s(m)) converges to a point satisfying the first-order necessary 

conditions for a solution of (1) as m  0. 
Once we have an approximation solution point (x, y, s) = (xk, yk, sk) for (3) with 

m = mk > 0, we again use the primal-dual methods to generate a new approximate 

solution to (3) for m = mk+1 < mk. The Newton direction (dx, dy, ds) is found from 
the system of linear equations: 
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where G(x) = diag(g(x)). Usually the functional f(x) is a quadratic function of the 
form f(x) = (1/2)xTQx + cTx and gi(x) = xi for i = 1,…, n; the previous problem 
then turns into a quadratic programming of the following form: 

   minimize 
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where the given matrix n n´ÎQ  is positive definite (that is, the objective is a 
convex function),  ,n m n´Î ÎA c and mÎb . The problem reduces to finding 
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The optimality conditions with the logarithmic barrier function as well as the parameter m 
then become: 
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Note that the inequality constraint is no longer necessary when the logarithmic 
barrier function is utilized. The next step is to find an interior feasible point (x, y, s) 
for Equation (7). Once we have an interior feasible point with m = xTs/n, we can 
apply Newton’s method to compute a new iterate point (x+, y+, s+) by solving for 
(dx, dy, ds) from the system of liner equations: 
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where X and S are two diagonal matrices whose diagonal entries are x > 0 and s > 
0, respectively. Here, g is a fixed positive constant less than 1, which implies that 

our targeted m is reduced by the factor g at each step. 
 To measure the solution’s progress, a primal-dual potential function may be 
used. The potential is reduced at each iteration. There is no restriction on either 
neighborhood or step-size during the iteration process so long as the potential is 
reduced. From a practical point of view, potential-reduction algorithms may have 
an advantage over path-following algorithms where iterates are confined to lie in 
certain neighborhood of the central path. For any interior feasible point (x, y, s) of 
Equation (5) and its dual, a suitable merit function is the potential function of the 
following form: 
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Thus for r >  0,  ( , )n ry + ® -¥x s  implies that 0.T ®x s  More precisely, from 
Inequality (9), it can be seen that 
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The objective of this method is to make the potential function as “negative” (to-
ward minus infinity) as possible. For nr ³ , it can be shown that as a matter of 
fact the potential function is guaranteed to decrease by a fixed amount d, see [1]. 
Specifically, 
   ( , ) ( , )n nr ry y d+ +

+ +- £-x s x s           (10)  
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for a constant d  0.2. Equation (10) provides a theoretical bound on the number 
of required iterations. While the bound is very competitive with other convex op-
timization method, however, a faster algorithm may also be achievable by con-
ducting a line search along direction d to obtain the greatest reduction in the pri-
mal-dual potential function at each iteration. The main result for this is stated in 
the following theorem. 
 
 Theorem 2. Consider (8). Let g = n/(n + r) < 1 for fixed nr ³  and let x+ 

= x + adx, y+ = y + ady, and s+ = s + ads where 
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X and S are defined as above, and (dx, dy, dz) is the optimal direction obtained by 
solving (8). Then 
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 Equation  (11)  in  Theorem  2  provides  a  theoretical  bound  on  the  number  of  
required iterations and a can be regarded as the best propagation step when nu-
merically implements the primal-dual method. Note that although in the previous 
theorem a  can be any positive number less than 1, it is suggested that a line 
search method (such as Newton or cubic fit method) is incorporated to find an ap-
propriate value to speed up the ratio of convergence. For a proof of the theorem, 
please consult [3]. We shall summarize the algorithm in the following steps: 
 
 Consider (5). Let any interior feasible point (x0, y0, s0) be given along with its 
dual point. Set nr ³  and k = 0. 
Step 1. Set (x, s) = (xk, sk) and g = n/(n + r) and compute (dx, dy, dz) by solving 
(8). 
Step 2. Let  1 1, k kk k a a+ ++ = += x yx d y y dx , and 1k k a+ = + ss s d  where 
   

0
arg min ( , ).n k kra

a y a a+³
= + +x sx d s d  

Step 3. Let k = k + 1. If 0 0/T T
k k £s x s x , then (xk, yk, sk) is the answer. Otherwise, 

return to Step 1. 
 
 
3. Least-Squares Estimation and Multipath Mitigation 
 
The GPS observables may be formulated by the following nonlinear equation: 
   r = h(x) + b + v              (12) 
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where 4Îx  is the user 3D position and receiver clock bias to be estimated; 

( 4)m mÎ ³  is the measured pseudorange; h(x) is a vector of true geometric 
ranges between the user and the satellites; b is a vector of measurement biases (in 
the present paper, they are referring to multipath errors); and v is a vector of 
measurement noises assumed to have zero means and covariance Rv. Note that in 
Equation (12) we assume that the GPS observables have already been corrected 
for the ionospheric and tropospheric errors. Equation (12) can be solved for x by 
using a standard least-squares (LS) algorithm. In order to do that, the nonlinear 
function h(x) is firstly linearized about a reference point x0. Upon ignoring high-
er-order terms, it can be shown that 
   0 0 0( ) ( ) ( ),» + -h x h x H x x  
where H0 is the Jacobian matrix of h(x) at x0, namely, 
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Then, locally around the linearization point x0, Equation (12) can be written as 
   y = H0x + b + v 
where y is the linearized measurement, i.e., 
   y = r - (h(x0) – H0x0).            (13)  
Note that in this initial position calculation NLOS errors (i.e., b value) still in-
clude in the measurement equation. In a later step, however, the NLOS bias would 
be estimated to improve the positioning accuracy, which will be explained in the 
next section.  

Define the following quadratic cost function, while assuming that the meas-
urement bias b is known: 
   1

0 0min ( ) ( ) ( )T
vJ -= - - - -x y H x b R y H x b  

By using a standard LS algorithm, it can be shown that the optimal estimate x̂  
that minimise J(x) is given by 

1 1 1 1 1 1
0 0 0 0 0 0ˆ ( ) ( ) .T T T T

v v v v
- - - - - -= -x H R H H R y H R H H R b     (14)  

Suppose for now that the measurement bias b is known, then it can be eliminated 
from the previous equation so that the position estimate in (14) may be written as 
   1 1 1

0 0 0( ) .T T
v v
- - -=x H R H H R y            (15)  

Here x  is the multipath-free estimate. Now suppose that the bias error is pre-
sented, it can be seen from Equation (13) that 
   ˆ ,= +x x Vb               (16)  
where 1 1 1

0 0 0( )T T
v v
- - -= -V H R H H R . In order to gain full advantage of the traditional 

LS method, the multipath error b needs to be estimated. Define 
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0 0 0
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I H V b H x x v Sb w
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where S is defined as S = I + H0V. Note that in Equation (17) all the variables 
other than b are readily obtained: z can be computed from (13) and (15);  w is  a 
zero-mean measurement error with a covariance that may be propagated from v 
and x , i.e., 0 0[ ]T T

vE = +xww H P H R , where 
   1 1

0 0ˆ ˆ[( )( ) ] ( ) .T T
vE - -= - - =xP x x x x H R H  

On a first look, it seems that Equation (17) may also be cast in a weighted LS al-
gorithm by defining suitable mean-squares error criterion. Before proceeding, 
however, let’s make some observation on (17). On the one hand, it is easy to see 
that S is a projection matrix which is orthogonal to a full rank matrix H0. There-
fore S cannot be an invertible matrix. In this case, it is still possible to find LS so-
lutions for (17), but the solutions, nevertheless, would not be unique in general. 
On the other hand, since the multipath error usually ranges from (for GNSS appli-
cations) a few meters to few hundreds of meters), it is therefore better to find a 
best solution falling within a specified range rather than an unconstrained optimal 
solution.  In  view  of  these,  Equation  (17)  is  better  solved  by  some  suitable  con-
strained optimization method. In this paper, because the need to deal with inequal-
ity constraints, we propose the interior-point method for estimating the multipath 
error. We shall proceed as follows. 
 Assume that the upper and lower bounds of a multipath error for a specific 
satellite are known (guessed or estimated based on empirical data); then a con-
strained optimization problem for estimating b may be cast as follows: 

  
subject to      

1min ( ) ( ) ( )
( ) 0 0,( )( ) , 1,..., ,

T
w

i i i i ii ii i

J
g b u b b l i m

-

=
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b z Sb Q z Sb  (18) 

where Qw = E[wwT] is the covariance matrix of w; gi(bi) is a nonlinear barrier 
function; i  is a small positive number which may be chosen arbitrary (provided 
it is small enough); and li and ui are lower and upper bounds, respectively, of the 
multipath error for ith  satellite.  The  problem  (18)  can  be  solved  by  the  interior-
point optimization method as described in Section 2. Practically, it is not easy to 
determine the lower and upper bounds for multipath errors. Although for the TOA 
(time of arrival) measurement the lower bound li ought to be larger than zero in 
general (this may not be the case for GNSS navigation), the upper bounds, how-
ever, may be as low as a few meters in a traditional open-sky navigation scenario, 
while in an urban canyon environment the multipath error may be as high as few 
hundreds of meters. For the simplest way, one may just set the lower bound to ze-
ro and set the upper bound in accordance with some receiver’s parameters that 
may reflect the effect of multipath propagation. Some suitable parameters are S/N 
(signal-to-noise)  ratios  of  reception  signals  and  elevation  angles  of  the  user-
satellite LOS (line-of-sight) vectors, etc. From our experimental results, it can be 
seen that the estimation of multipath errors usually are very poor if only upper and 
lower bounds are available constraint. However, luckily enough, if some  
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geographic constraints are super-imposed, the estimation results may improve 
substantially. For example, in the experimental results shown in next section, we 
adopt the radius of the earth (if the location of the user is roughly known, the ra-
dius of the earth, i.e., Euclidean norm of the user position is approximately a con-
stant.) as a geometric constraint, and the multipath errors can be estimated accu-
rately. Some further constraints may also be incorporated. For example, consider-
ing the geometry of urban environments, imaginary scatters may be applied to add 
constraints to the measured pseudoranges. See [1][12] for more detail. 
 
4. NLOS Detection 
 
In the previous section, we have proposed a constrained optimization method for 
mitigating multipath errors. However, in our experimental results, the perfor-
mance of the proposed method will generally be improved if those pseudoranges 
indeed containing NLOS signals can be identified prior to applying the interior-
point method. In this case, the number of constraints may also be reduced so as to 
enhance the efficiency of the proposed algorithm. Here we introduce a method to 
identify NLOS signals by using a robust nonlinear regression technique. Consider 
the nonlinear GPS observable equation: 

r = h(x) + v := [h1(x) h2(x) … hn(x)]T + v       (19) 
In an urban-canyon environment, multipath interference usually incurred large 
pseudorange errors which can be seen as outliers in the robust regression problem. 
Consider the Wilcoxon norm (actually, it is a semi-norm) given by 

   [ ]    ( ) 1
1 1

: ( ( )) ( ) , :
n n

T
i i i nW

i i

na R u u a i v u u
= =

= Î= =å åu u  

where R(ui) denotes the order of ui among the ui’s so that the outcome of R( ) are 
the ordered values u(1)  …  u(n); a(i) := j[i/(n+1)], and ( ) : 12( 0.5)v vj = -  is 
the Wilcoxon score function. Wilcoxon norm is a semi-norm in the sense that 

0W =u  if and only if u1 = u2 = … = un. Let the Wilcoxon estimator of x be de-
fined as follows: 

ˆ arg min ( ) .W W-=
x

h xx  

The next theorem gives an existence condition for the Wilcoxon estimator. 
 
 Theorem 3. Consider the model (19). Suppose that h(x) is defined and contin-
uous on a compact subset Q of 4. Then the Wilcoxon estimator exists on Q. 
 
 
5. Experimental Results 
 
To solve (18), we employ the interior-point method as described in Section 2. As 
mentioned in the end of Section 3, one may like to apply additional constraints to  
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improve the accuracy of the position estimate. To this end, we introduce one ge-
ometric constraint to (18) so that the interior-point optimization problem can be 
written as follows: 

     
subject to 

   

1

2 2 2
1 2 3

min ( , ) ( ) ( )
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=
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x b z Sb Q z Sb

 (20) 

where gi(bi) is a barrier function defined as before,  and i r  are slack variables, 
(x1, x2, x3) is the user’s geocentric coordinate (first three components of x), and r 
is the (local) radius of curvature of the earth. Note that the information about r can 
be obtained if the coarse position of the user is known a priori.  The  number  of  
barrier functions (or in other words, the number of constrained equations) may 
also be reduced if we incorporate some NLOS detection method, as the one intro-
duced in the last section, so that the scale of the interior-point problem may be 
simplified. Problem (20) is now ready to be solved by the method introduced in 
Section 2. 
 
 To evaluate the performance of the NLOS identification method described in 
the section, a Monte Carlo simulation is conducted. In the present simulation, an 
artificial multipath profile is superimposed on a set of real collected GPS 
pseudorange measurements. A few iterative optimization-based algorithms are 
selected for performance evaluation. Those methods are taken respectively from 
[4][18], and we shall not present the detail in the present paper. The traditional LS 
(least-squares) algorithm is also used for comparison. Note that all the methods 
are originally proposed for multipath mitigation or NLOS detection in the field of 
non-GPS-based wireless position; therefore some minor modification must be 
made before applying those methods to GPS positioning problem. For comparison 
of those methods, Monte Carlo simulation is run for a scenario with ten in-view 
satellites. In order to evaluate the bias mitigation performance, NLOS errors are 
added purposely to the pseudorange measurements. The NLOS error is assume to 
have a Rayleigh distribution with a multipath envelope ranging from 5 to 200 me-
ters. For GNSS navigation, the multipath error usually ranges from 5 (in a moder-
ate environment) to 100 meters (in an urban canyon environment). The much ad-
verse values here are only used for the matter of demonstration and may not re-
flect a real-world situation. Figure 1 shows the CDFs (cumulative distribution 
functions) of the location errors of four different methods when there are six 
measurements  with  NLOS biases.  The  use  of  CDFs to  evaluate  the  performance  
of multipath mitigation algorithms is suggested by [10][18]. Method 1 is the pro-
posed algorithm. Methods 2 and 3 correspond to the algorithms described in ref-
erences [4] and [18], and are denoted by “SQP-based method” and “TS-LQP 
method”, respectively. The fourth method is the traditional LS method. It can be 
easily seen that the proposed method outperforms the other methods. 
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The previous experiment shows that, although the proposed algorithm has better 
performance, the positioning error may be larger than 50 meters for the most of 
time (around 50% CDF). For the second experiment, we assume that the NLOS 
signals can be identified correctly. Under this circumstance, we want to see that 
whether the proposed algorithm is able to estimate the bias errors in an accurate 
manner. The result is show in Figure 2. It can be seen that the positioning error is 
greatly improved if the satellite signals which indeed contaminate by multipath 
effect can be identified prior to applying the proposed method. This is because we 
can impose more specific constraints on the interior-point optimization. 
 

 
 

Figure 1. Positioning error CDPs of four different multipath mitigation algorithms 
in the case of six NLOS measurements among ten satellite signals 

 

    
(a)         (b)        (c)  

 

    
    (d)        (e)        (f)  
 

Figure 2. (a)(b)(c) x, y, z-axes errors, respectively, prior to multipath mitigation; 
(d)(e)(f) x, y, z-axes errors, respectively, after the multipath biases removed by the 

proposed algorithm 
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6. Conclusions 
 
Recent advances in wireless positioning technology have offered many excellent 
works on NLOS mitigation techniques. In this paper, we borrow some of the new 
ideas from this field and apply the corresponding method to the GNSS multipath 
error mitigation. It seems that the present work is the first one that attempt to use 
the interior-point optimization for solving GPS multipath detection and mitigation 
problem. From our experimental results, it can be seen that the proposed algo-
rithm is able to accurately estimate the bias error. We also present a filter-based 
method for identifying the satellite signals that  contain NLOS transmission prior 
to applying the interior-point optimization technique. By doing so, the number of 
constrained equations can be reduced and the result of the estimation can be im-
proved substantially. 
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