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Abstract

Spread of antimalarial drug resistance and superinfection poses a
serious threat in the efficacy of most available antimalarial drugs. In
this paper, a deterministic mathematical model for the spread of drug
resistance malaria in human population is presented. A new way of mod-
eling the superinfection is given by describing primary and secondary
stages of malaria infection. The model also enables us to study the
role of iron supplementation in superinfection. The effect of prolonging
the primary infectious period and supplementation of iron in malaria
superinfection and acquisition of temporal immunity are investigated.
Numerical simulation results show that the duration of individuals in
the primary infectious stage and iron supplements have no effect on the
acquisition of immunity. Increasing the duration of primary infection
period increases the risk of superinfection, and also effects the pattern of
dominant parasite strains over different levels of transmission intensity.
The model further shows that increasing the rate of iron supplemen-
tation increases superinfection with increase in transmission intensity.
This finding has negative implications on the efficacy of antimalarial
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drugs. The major conclusion of this study is for decision makers to
weigh the pros and cons of iron supplementation to individuals living in
malaria endemic regions.

Mathematics Subject Classification: 34D20

Keywords: Antimalarial drug resistance, Superinfection, Immunity, Iron
supplementation, Stability

1 Introduction

Malaria remains a major public health problem and is a leading cause of disease
and death among children and pregnant women in many Sub-Saharan African
countries [49]. Despite the enormous effort invested in controlling and rolling
back the rate of malaria infection in the world, the development of resistance to
nearly all the available anti-malarial drugs poses a major obstacle and hinders
the achievement of desired outcomes [37, 33, 50]. In 1997, the world health
organisation (WHO) defined drug resistance as the ability of parasite strain to
survive or multiply despite the administration and absorption of a drug given
in doses equal to or higher than those usually recommended but within the
tolerance of the subject [50, 51]. The definition was later modified to specify
that the drug in question must gain access to the parasite or the infected
red blood cell for the duration of the time necessary for the normal action
[29]. Chloroquine and increasingly, sulphadoxine pyrimethamine (SP), have
become largely ineffective as monotherapy for the treatment of Plasmodium
falciparum malaria in the large part of the world [31]. WHO has recommended
artemisinin-based combination therapy (ACT) as the first-line treatment for
uncomplicated P.falciparum malaria since 2001 [50]. During the past decade,
most malaria-endemic countries shifted their national treatment policies to
ACT [50]. Recently P.falciparum resistance to ACT was reported on the
Cambodia-Thailand boarder [50, 14]. An increase in the proportion of patients
who were still parasitaemic on the third day indicated change in the pattern of
parasite susceptibility to ACT. This was reported on the Myanmar–Thailand
and China–Myanmar borders and in one province of Vietnam [50, 4].

Low transmission settings are the primary origin of drug resistance [13].
This may be due to the fact that in these areas, most malaria infections are
symptomatic and therefore proportionally more people receive treatment pro-
viding the parasite with more selection advantages [13]. In areas with higher
transmission intensity, the emergence of drug resistance is low because most
malaria infections are asymptomatic and hence relatively low number of indi-
viduals takes drugs. This reduces the selective advantage of resistant parasites
[34]. The individuals in the higher transmission settings gradually acquire
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partial immunity due to repeatedly infection. This is capable of reducing host
susceptibility to infection [22, 44], level of parasitemia [11], likelihood of fever
[40, 41], treatment failure rate for a particular level of antimalarial drug resis-
tance [30, 10] and in increasing the recovery rate of an established infection
[12].

Several authors have already developed mathematical models for transmis-
sion of antimalarial drug resistance [40, 41, 30, 10, 12, 26, 45, 32, 8, 9, 20, 21,
16, 28, 54, 23, and the reference therein]. In 2008, Klein et al. [16] developed a
Susceptible-Infected-Susceptible (SIS) compartmental model with two stage of
immunity (nonimmune and clinically immune) which assumes that individu-
als build up clinical immunity after 10 years of continued exposure to malaria
infections. In particular, they showed that clinical immunity can act as a
refuge for the drug sensitive wild-type, and in so doing, oppose the emergence
of drug resistant parasites at high transmission areas for which population
structure shifts towards providing such refuge. their model was extended by
Artsy-Randrup et al. (2010) [54], who constructed multi-class SIS model which
considered n immunity stages.

The model designed in this paper re-examines the role of acquired immu-
nity in the spread of drug resistant parasites. Our focus is on the effect of
superinfection. Superinfection presents an increased risk of hyperparasitemia
and death in nonimmune individuals [46]. Longitudinal molecular analysis
of the composition of malaria parasites infecting humans has demonstrated
that individuals living in malaria endemic areas are chronically infected with
multiple genotypes [27]. We therefore extend the Klein et al. [16] model to
include the dual infectious compartment. In addition, unlike in [17, 23] whose
there model allow superinfection regardless of the patient disease status, our
model allows the superinfection only on primary infectious individuals while
individuals in the secondary stage of infection remain completely protected
from superinfection. This approach stems from recent work by Portugal et
al. [46] which showed that the ongoing blood-stage infections, above a mini-
mum threshold, impair the growth of subsequently inoculated sporozoites such
that they become growth arrested in liver hepatocytes and fail to develop into
blood-stage parasites and hence reduce the possibility of superinfection. Thus
we define the individuals who are below that parasite density threshold as pri-
mary infectious while those above the threshold as secondary infectious. Our
model also focuses on the role of iron supplementation in the malaria superin-
fection. Since prior research has also shown that iron deficiency can protect a
host with chronic malaria from superinfection [46]. Thus our model explores
the possibility of increase in malaria superinfection with administration of iron
supplements.
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2 Materials and Methods

2.1 Human Dynamics

The model developed in this paper is an SIS (Susceptible-Infectious-Susceptible)
which assumes six possible individual states in each immunity stage namely:
susceptible individuals (Si), individuals in the primary (Yw,i) and secondary
(Iw,i) drug sensitive wild-type malaria infection, individuals in the primary
(Yr,i) and secondary (Ir,i) drug resistant-type malaria infection, and individu-
als infected with the mixture of wild-type and resistant parasites (Irw,i). The
subscripts i = 1, 2 denote the immunity stage (i = 1 stand for nonimmune
and i = 2 stand for clinically immune); while w, r and rw denotes an infection
with a wild-type, resistant and the mixture of resistant and wild-type parasites
respectively. The population is normalized to one and the birth rate (B) is
assumed to be equal to the per capita death rate (μ) of the human population
so that the total population size remains constant.

2.2 Malaria Superinfection and Parasite Clearance

The model assumes that individuals acquire dual infection only through su-
perinfection. Thus, an individual cannot be infected simultaneously with both
strains. They can be infected with either wild or resistant type, followed by the
other. This results in dual infection Irw,i, in the ith immunity stage. The model
further assumes that individuals with mixed infection (Irw,i) can clear the less-
fit parasites through competition. Thus the more virulent a clone is relative to
its competitor, the more likely it will survive the competition [19, 42]. We as-
sume that in the absence of drug pressure the resistant genotype will be less-fit
and will be cleared at the faster rate κr due to the cost of resistance while the
wild type will be cleared at the slow rate κw (i.e. κr > κw ). Similarly in the
presence of drug pressure the wild-type genotype will be less-fit and will be
cleared at the faster rate κw + ρi as compared to the resistant genotype which
will be cleared at the slow rate κr (i.e. κr < κw + ρi ). Here, ρi is the rate
at which the existing infections are cleared by the drugs at the ith immunity
stage. The natural clearance rate for wild-type and resistant type are related
by the equation κr/κw = 1 + ν, where ν is the fitness cost of the resistant par-
asite. We assume that the individuals with primary infections (Ywi and Yri)
spend an average time 1/χi in ith immunity stage, before crossing the minimum
parasite density threshold of ongoing blood stage infection so that they can
be protected from superinfection. The model further assumes that after time
1/χi if they remain infectious, infected individuals develop secondary infection
(Iwi or Iri) such that they are completely protected from superinfection.
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2.3 Vectorial Capacity

As in [16, 18, 15] we denote m as the number of mosquitoes per human
and a the human feeding rate (i.e. the number of bites on humans per
mosquito per day). We define g as the instantaneous death rate whereby
e−g is the probability of a mosquito surviving one day. Let η be the num-
ber of days required for sporogony. The vectorial capacity defined as the
number of infectious bites by mosquito over its lifetime is then given by
V = ma2e−gη/g. The fraction P of bites on humans that infect a mosquito
depends on the transmission probability of the different immunity stages, c1

and c2, and the fraction of infected host in each immunity stage, therefore,
P = c1(Yw,1+Yr,1+Iw,1+Irw,1+Ir,1)+c2(Yw,2+Yr,2+Iw,2+Irw,2+Ir,2). The frac-
tion of infectious mosquitoes or the sporozoite rate is given by aPe−gη/(g+aP ).
The entomological inoculation rate (EIR), gives the number of infectious bites
per person per day. This is calculated as the product of the human bit-
ing rate, ma and the sporozoite rate. The force of infection, or happenings
rate, h, is given by the product of the infectivity rate b and the EIR. Thus,
h = bV P/(1+sP ), where s = a/g is the stability index, defined as the number
of bites on a human per vector per life time. The fraction of infections that
are wild-type is given by Fw =

∑2
i=1 ci(Yw,i + Iw,i + Irw,i)/P and the fraction

that is drug resistant by Fr =
∑2

i=1 ci(Yr,i + Ir,i + Irw,i)/P . Happenings rates
for drug-sensitive and drug-resistant infections are hw = hFw and hr = hFr,
respectively.

2.4 Immunity Acquisition

The model assumes that if the duration of infection within a given class is
relatively short, individuals recover and return to the susceptible state within
their immunity class. When the duration of infection for nonimmune individu-
als is extensive and/or if the infections are repeatedly acquired spending longer
time in the infected state, they acquire clinical immunity at rate θ and move
to the immunity class (that is, from class 1 to class 2). However, if individuals
in an immunity stage 2 remain susceptible for a long duration of time without
renewed infection, they lose their immunity at rate γ and return to the immune
stage one. The structure of the model captures the idea that acquired immu-
nity gradually weakens in the absence of exposure to infection, but strengthens
itself if there is additional exposure within a given time frame from the pre-
vious infection as discussed in [44, 24, 25]. The schematic illustration of the
model dynamics is shown in Figure 1. Based on the outlined description and
assumptions, the model is defined by the following set of non-linear ordinary
differential equations (1);
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Class 1 :

Ṡ1 = B − S1(hw + hr + μ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 = S1hw − Yw,1(hr + χ1 + κw + μ),

Ẏr,1 = S1hr − Yr,1(hw + χ1 + κr + μ),

İw,1 = Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + μ + θ),

İr,1 = Yr,1χ1 + Irw,1(ρ1 + κw) − Ir,1(κr + μ + θ),

İrw,1 = Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + μ + θ).

Class 2 : (1)

Ṡ2 = −S2(hw + hr + μ + γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 = S2hw − Yw,2(hr + χ2 + κw + μ),

Ẏr,2 = S2hr − Yr,2(hw + χ2 + κr + μ),

İw,2 = Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + μ),

İr,2 = Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + μ),

İrw,2 = Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + μ).

3 Equilibria of the Model

Analysis of the system (1) has two steady states, namely disease free equilib-
rium (DFE) and endemic equilibrium. The DFE is obtained by setting all the
infectious compartments to zero while the endemic equilibrium is obtained by
setting the right hand side of system (1) to zero and solve the resulting system
of equations. We analyze these two steady states in the proceeding sections.

3.1 Existence of Disease Free Equilibrium

Disease free equilibrium (DFE) points of the disease model are its steady-state
solutions where the population is entirely free of infections. Let the DFE
be denoted by E0 = [S0

1 , Y
0
w,1, Y

0
r,1, I

0
w,1, I

0
r,1, I

0
rw,1, S

0
2 , Y

0
w,2, Y

0
r,2, I

0
w,2, I

0
r,2, I

0
rw,2].

Then at this point the population will be entirely of nonimmune (i.e. stage
one of immunity). Hence, E0 = (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

3.1.1 Reproductive Number (R0)

The basic reproduction number is an important epidemiological dimensionless
parameter. It gives the basis for determining the global stability of the epi-
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Figure 1: The schematic diagram illustrating the dynamics of malaria with
superinfection in humans. The dotted lines represent non-constant infection
rates while the continuous lines represent the constant transition rates between
different compartments. The birth rate B, and natural mortality rate μ are
not shown in this figure. Details of the model are explained in the material
and method sections.

demiological models. The basic reproduction number is defined as the number
of secondary cases (infections) produced in a completely susceptible popula-
tion, by a single infectious individual (human or mosquito) [36]. Using the next
generation approach as illustrated in [38] we compute the basic reproduction
number for our model. The parasite fitness calculated as the basic reproductive
number (R0) when the population is completely näıve (subscripted by 1) and
fully clinically immune (subscripted by 2) is given by the following equations:
For drug sensitive parasites,

R0,w1 =
bV

χ1 + κw + μ

[
c1 +

χ1

ρ1 + κw + μ + θ

(
c1 + c2

θ

ρ2 + κw + μ

)]
, (2)

R0,w2 =
bV c2

χ2 + κw + μ

(
1 +

χ2

ρ2 + κw + μ

)
,
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and for the resistant strains,

R0,r1 =
bV

χ1 + κr + μ

[
c1 +

χ1

κr + μ + θ

(
c1 + c2

θ

κr + μ

)]
, (3)

R0,r2 =
bV c2

χ2 + κr + μ

(
1 +

χ2

κr + μ

)
.

Where, 1/(χi + κw + μ) is the average duration of the wild-type infectious
lifetime in primary infectious individuals in immune stage i; χ1/(ρ1 + κw +
μ + θ) is the probability that the human will survive the primary wild-type
infectious stage to become secondary wild-type infectious at immune stage one;
θ/(ρ2 + κw + μ) is the probability that a human will survive the stage one of
infections to become infectious with wild-type parasites at immune stage two;
χ2/(ρ2 + κw + μ) is the probability that the human will survive the primary
wild-type infectious stage to become secondary wild-type infectious at stage
two of immunity; 1/(χi + κr + μ) is the average duration of drug resistant-
type infectious lifetime in primary infectious individuals in immune stage i;
χ1/(κr + μ + θ) is the probability that the human will survive the primary
drug resistant-type infectious stage to become secondary drug resistant-type
infectious at immune stage one; θ/(κr +μ+ θ) is the probability that a human
will survive the stage one of infections to become infectious with drug resistant-
type parasites at immune stage two and χ2/(κr +μ) is the probability that the
human will survive the primary drug resistant-type infectious stage to become
secondary drug resistant-type infectious at stage two of immunity.

To find which parasite strain out-competes the other we compute the effec-
tive reproductive ratio of the drug sensitive wild-type and the drug resistant
parasites. Let ζ be the fraction of the population which is immune (i.e. in
stage two of immunity). Then the effective reproductive number for sensitive
strain will be:

Rw = (S1 + S2){(1 − ζ)R0,w1 + ζR0,w2}, (4)

and for drug resistant strain:

Rr = (S1 + S2){(1 − ζ)R0,r1 + ζR0,r2}, (5)

where S1+S2 is the sum of susceptible individuals in stage 1 and 2 of immunity.
Thus when Rr > Rw and Rr > 1 the resistant parasite will spread throughout
the population while the sensitive parasite will disappear and vice versa. In
this case, the fraction of immune individuals will increase as the transmission
rate increases. This in turn reduces the overall drug intake in the population
thereby abrogating the spread of drug resistant parasites.
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3.1.2 Global Stability Analysis of the Disease Free Equilibrium

The global asymptotic stability (GAS) of the disease free equilibrium of model
(1) is investigated by using the theorem given by C. Castillo-Chavez et al. [6].
To apply the theorem, we rewrite model as:

dX

dt
= F (X, Z),

dX

dt
= G(X, Z), G(X, 0) = 0,

where X = (S1, S2) ∈ R2 the number of susceptible individuals and Z =
(Yw,1, Yr,1, Iw,1, Ir,1, Irw,1, Yw,2, Yr,2, Iw,2, Ir,2, Irw,2) ∈ R10 is the number of in-
fected individuals. The DFE is given by

E0 = (X�, 0) = (1, 0).

The conditions in equations (6) must be fulfilled to guarantee local asymptotic:

dX

dt
= F (X, 0), X� is globally asymptotically stable (g.a.s), and

G(X, Z) = AZ − Ĝ(X, Z), Ĝ(X, Z) ≥ 0 for(X, Z) ∈ Ω,

where, A = DZG(X�, 0) is an M-matrix (the off diagonal elements of A are
non-negative); and Ω is the region where the model makes biological sense. If
the system (6) satisfies the condition stated in (6) then the following theorem
holds:

Theorem 3.1 The fixed point E0 = (X�, 0) is a globally asymptotic stable
(g.a.s) equilibrium of system (6) provided that R0 < 1 (l.a.s) and that assump-
tions in (6) are satisfied.

Proof: Our system (1) written in the form given in equation (6), is equiv-
alent to

F (X, 0) =

(
B − μS1

0

)
, and

G(X, Z) = AZ − Ĝ(X, Z),

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 − m1 0 p1 0 p1 p2 0 p2 0 p2

0 p1 − m2 0 p1 p1 0 p2 0 p2 p2

χ1 0 −m3 0 κx 0 0 0 0 0
0 χ1 0 −m5 m4 0 0 0 0 0
0 0 0 0 −m6 0 0 0 0 0
0 0 0 0 0 −m7 0 0 0 0
0 0 0 0 0 0 −m8 0 0 0
0 0 θ 0 0 χ2 0 −m9 0 κx

0 0 0 θ 0 0 χ2 0 −m11 m10

0 0 0 0 θ 0 0 0 0 −m12

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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and

Ĝ(X, Z) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ĝ1(X, Z)

Ĝ2(X, Z)

Ĝ3(X, Z)

Ĝ4(X, Z)

Ĝ5(X, Z)

Ĝ6(X, Z)

Ĝ7(X, Z)

Ĝ8(X, Z)

Ĝ9(X, Z)

Ĝ10(X, Z)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Yw,1hr + hw(1 + sP )
(
1 − S1

1+sP

)
Yr,1hw + hr(1 + sP )

(
1 − S1

1+sP

)
0
0

−(Yw,1hr + Yr,1hw)
Yw,2hr − S2hw

Yr,2hw − S2hr

0
0

−(Yw,2hr + Yr,2hw)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

with m1 = χ1 +κw +μ, m2 = χ1 +κr +μ, m3 = ρ1 +κw +μ+ θ, m4 = ρ1 +κw,
m5 = κr + μ + θ, m6 = ρ1 + κw + κr + μ + θ, p1 = bV c1 and p2 = bV c2.
From matrix A we require p1 < m1 and p1 < m2 to satisfy condition one
of (6) but since Ĝ5(X, Z) < 0 and Ĝ10(X, Z) < 0 the second condition in
(6) is not satisfied, so E0 may not be globally asymptotic stable. However,

Ĝi(X, Z) = 0, for i = 1, 2, · · ·10, if and only if hw = hr = 0. But hw = hFw

and hr = hFr with, h = bV P/(1 + sP ) and V = ma2e−ηg/g. The only way
for hr = 0 and hw = 0 is if V = 0 (i.e m = a = 0) or b = 0 and or Fw = 0
or Fr = 0. This translates into no infectious bites in the population since
there are no mosquitoes or the infectivity rate is zero since the mosquitoes
available in the population are not capable of transmitting infections and or
no infectious individual in the population. Then for this case the DFE is GAS.

3.2 Endemic Equilibrium of the Model

The disease is said to be endemic in a population if it persist in that population.
We study the endemic equilibrium of the model using the Center Manifold
Theorem given by Castillo-Chavez and Song [7]. The system of differential
equations (1) can be re-written as a general system of ODEs with a parameter
V as:

df

dt
= f(x, V ), f : R

n × R → R
nandfεC(Rn × R), (6)

where V is the bifurcation parameter, f(0, V ) ≡ 0 for all V and 0 is DFE.
To analyze the dynamical system (1), we compute the Jacobian of system (6)
around the DFE (i.e A = Dxf(0, 0)). It can be shown that the matrix A has
a right eigenvector given by
ω = (w1, w2, w3, w4, w5, w6, w7, w8, w9, w10, w11, w12)

T with; w6 = w8 =

w9 = w12 = 0, w1 = p1w2+p3(w3−w5)+p5w4+γw7+p8(w10+w11)
μ

, w2 = m3w4

χ1
, w3 =
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m5w5

χ1
, w4 = w4 > 0 w5 = w5 > 0, w7 = w7 > 0, w10 = p2w2+p6w4

p8
, w11 =

maw7−m10w10

κr
. The matrix A has left eigenvector given by

ϑ = (v1, v2, v3, v4, v5, v6, v7, v8, v9, v10 v11, v12) with; v1 = 0, v2 = v2 >

0, v3 = −p2v2

χ1
, v4 = p6v2+θv10

m3
, v5 = p6v3θv11

m5
, v6 = p6(v2+v3)+κrv4m4v5+θv12

m6
, v7 =

0, v8 = −p8v2+χ1v10

m7
, v9 = −p8v3+χ2v11

m8
, v10 = −p8v2

m9
, v11 = −p8v3

m11
,

v12 = −p8(v2+v3)+κrv10m10v11

m12
, where; p1 = −bV c1 + kw, p2 = bV c1 − m1, p3 =

bV c1 + kr, p4 = bV c1 − m2, p5 = −bV c1 + m0, p6 = bV c1, p7 = −2bV c1,
p8 = −bV c2. and m0 = ρ1+κw, ma = μ+γ, m7 = χ2+κw+μ, m8 = χ2+κr+μ,
m9 = ρ2 + κw + μ, m10 = ρ2 + κw, m11 = κr + μ, m12 = ρ2 + κw + κr + μ.
The rate constants mi are as defined in section 3.1.2. Let V = V ∗ be the
bifurcation parameter. Then setting R0,r1 = R0,w1 = 1 we obtain

V = V ∗ =
m1m3m9

b[(m3 + χ1)m9c1 + c2χ1θ]
. (7)

Let fk be the kth component of f and

y∗ =

n∑
k,i,j=1

vkwiwj
∂2fk

∂xi∂xj
(0, 0),

z∗ =

n∑
k,i=1

vkwi
∂2fk

∂xi∂φ
(0, 0). (8)

(9)

Taking the partial derivatives of the model (1) and simplifying, then gives

y∗ = 2bV [v2(A1 − A2) + v3(A3 − A4) + v6A5 + v8A6], and (10)

z∗ = v2b(c1(w2 + w4) + w10c2) + v3b(c1(w3 + w5) + w11c2). (11)

Where

A1 =w1(c1(w2 + w4) + w10c2),

A2 =c1c2s(w10(w5 + 2w4 + 2w2 + w3) + w11(w4 + w2)) + c2
1s(w4(w5

+ 2w2 + 2w3 + w4) + w2(w3 + w5 + w2)) + c2(w11(w10c2s + w2) + w2
10c2s)

+ c1w2(w5 + w3),

A3 =w1(w11c2 + c1(w3 + w5),

A4 =c2
1(s(w3(w2 + w3 + w4) + w5(w5 + w2 + w4)) + 2w5w3)

+ c2sc1(w10(w3 + w5) + w11(2w5 + 2w3 + w2 + w4)) + w10w3c2

+ c1w3(w2 + w4) + c2
2sw11(w11 + w10),

A5 =c1(w2(2w3 + w5) + w4w3) + c2(w11w2 + w10w3),

A6 =w7(c1(w4 + w2) + w10c2), and

A7 =w7(w11c2 + c1(w3 + 2w5)).

(12)
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For the model to be biologically meaningful the vectorial capacity V must be
greater or equal to zero. Therefore, with positive V and parameter values
defined in Table 1, Figure 2 is plotted which show that y∗ is a strictly positive
increasing function of V while z∗ is a strictly negative decreasing function of
V . Since y∗ > 0 and z∗ < 0 then there exist unstable endemic equilibrium
when R0 < 1 and asymptotically stable endemic equilibrium when R0 > 1.
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Figure 2: The graphs of z∗ and y∗ for the positive vectorial capacity

4 Malaria Model with Iron Supplementation

As discussed in the previous sections the iron deficiency can protect the host
from superinfection [46]. Thus by enrolling the individuals with chronic malaria
in a program for iron supplements the risk of developing anemia is reduced [52].
This provides conducive environment for malaria superinfection. To include
this effect in our model, we assume that the community is in an iron supple-
mentation program that alleviates the possibility of developing anemia. Thus
individuals in the secondary stage of malaria infection return to the primary
stage at a constant rate β, in both stages of immunity. This is possible since it
has been observed that this interaction acts independently of and in addition
to acquired immunity [46]. Then model (1) can be rewritten as:
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Class 1 :

Ṡ1 = B − S1(hw + hr + μ) + Yw,1κw + Iw,1(ρ1 + κw) + κr(Yr,1 + Ir,1) + S2γ,

Ẏw,1 = S1hw + Iw,1β − Yw,1(hr + χ1 + κw + μ),

Ẏr,1 = S1hr + Ir,1β − Yr,1(hw + χ1 + κr + μ),

İw,1 = Yw,1χ1 + Irw,1κr − Iw,1(ρ1 + κw + β + μ + θ),

İr,1 = Yr,1χ1 + Irw,1(ρ1 + κw) − Ir,1(κr + β + μ + θ),

İrw,1 = Yw,1hr + Yr,1hw − Irw,1(ρ1 + κw + κr + μ + θ).

Class 2 : (13)

Ṡ2 = −S2(hw + hr + μ + γ) + Yw,2κw + Iw,2(ρ2 + κw) + κr(Yr,2 + Ir,2),

Ẏw,2 = S2hw + Iw,2β − Yw,2(hr + χ2 + κw + μ),

Ẏr,2 = S2hr + Ir,2β − Yr,2(hw + χ2 + κr + μ),

İw,2 = Yw,2χ2 + Irw,2κr + Iw,1θ − Iw,2(ρ2 + κw + β + μ),

İr,2 = Yr,2χ2 + Irw,2(ρ2 + κw) + Ir,1θ − Ir,2(κr + β + μ),

İrw,2 = Yw,2hr + Yr,2hw + Irw,1θ − Irw,2(ρ2 + κw + κr + μ).

We analyse this model as in the previous section.

4.1 Reproductive Number (R0)

Similarly as in model (1), we compute the basic reproduction number using the
next generation approach as illustrated in [38]. The Parasite fitness calculated
as the basic reproductive number (R0) when the population is completely näıve
(subscripted by 1) and fully immune (subscripted by 2) for the model with iron
supplementation will be. The R0-values of the sensitive parasites are:

R′
0,w1 =

bV

K1K2 − χ1β

[
c1K3 +

c2θχ1K4

K5K6 − βχ2

]
,

R′
0,w2 =

bV c2K7

K5K6 − βχ2

,

(14)

and the R0-values of the resistant strains are:

R′
0,r1 =

bV

H1H2 − χ1β

[
c1H3 +

c2θχ1H4

H5H6 − βχ2

]
,

R′
0,r2 =

bV c2H4

H5H6 − βχ2

,

(15)
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where; K1 = χ1+κw+μ, K2 = ρ1+β+θ+κw +μ, K3 = χ1+ρ1+β+θ+κw +μ,
K4 = β + χ2 + κw + μ, K5 = χ2 + κw + μ, K6 = ρ2 + κw + β + μ, K7 =
χ2+ρ2+β+κw+μ, H1 = χ1+κr+μ, H2 = β+θ+κr+μ, H3 = χ1+β+θ+κr+μ,
H4 = β + χ2 + κr + μ, H5 = χ2 + κr + μ, and H6 = κr + β + μ. Then the
effective reproductive number for sensitive strain will be:

Řw = (S1 + S2){(1 − ζ)R′
0,w1 + ζR′

0,w2}, (16)

and for drug resistant strain:

Řr = (S1 + S2){(1 − ζ)R′
0,r1 + ζR′

0,r2}. (17)

Comparing equation (2) and (14) also (3) and (15) it can be deduced that
R0,w1 < R′

0,w1, R0,r1 < R′
0,r1, R0,w2 < R′

0,w2 and R0,r2 = R′
0,r2. This result

implies that the iron supplementation increases the rate of malaria infection
in agreement with [47].

4.2 Numerical Simulations

In this paper we have developed a model similar to those in [54, 16]. Our model
supports a recent call to merge the population dynamics and the population
genetics in the spread of malaria [2]. Parameter values used are shown in Ta-
ble 1. On simulation of the model (1) and (13) we observed that regardless of
the values of χi and β, in the areas of low intensity of malaria transmission
individuals reside in lower immunity class (i.e they do not acquire immunity)
but as the transmission intensity increases the large proportion of the popu-
lation shifts to the higher immunity class (see Figures 3 to 8)a. In model (1)
we observed that when the time nonimmune individual spend in the primary
infectious stage (1/χ1) is short, the dominant parasite strain infecting human
follow this trend; the drug resistant parasites favored at low transmission in-
tensities and the drug sensitive wild-type are favored at intermediate and high
transmission intensities (see Figure 3b). When the values for 1/χ1 and 1/χ2

are increased, this pattern of dominant parasites changes to favor the drug sen-
sitive wild-type parasite at very low and higher level of transmission intensities
while the drug resistant are favored at the intermediate level of transmission
(see Figure: 4b).

The simulation of model (13) reveals a tremendous impact on the dynamics
of parasites infecting hosts when there is iron supplementation. Iron supple-
mentation regulates the host hormone hepcidin [48], and lead to redistribution
of iron in the liver. This increases the chance for superinfection. When small
percentage of chronically infected malaria individual are given iron supple-
ments (assume β ≥ 1%), high proportion of infected hosts in areas of high
transmission are infected with dual parasite strains (Figure 5 to 8)b. This
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agrees with the finding of the data from Zanzibar which showed that chil-
dren who were administered zinc supplements to reduce iron deficiency and
anemia were associated with increased risk of hospitalization and mortality
primarily due to malaria [47]. This observation is important since it has neg-
ative impact on the antimalarial drug efficacy. A study done at seven sites
in Uganda with varying transmission intensity found that, a malaria patient
infected with more than three parasite strains had a 3-fold higher chances of
treatment failure compared to those infected with a single parasite strain [43].

When β = 1%, the simulation of system (13) shows a non-monotonic pat-
tern of the dominant parasite strain infecting the human population. The drug
sensitive wild-type are favored in areas with very low transmission intensity
while the drug resistant are favored in areas with intermediate transmission
intensity. In areas with high transmission intensity individuals are infected
with dual parasite strains (Figure 5 and 6)b. The observed pattern may be
due to the high selective advantage on the resistant parasites since there is
high rate of drug intake in areas with moderate or unstable transmission. This
is confirmed by a follow-up study done in Uganda which observed the highest
proportion of patients reporting previous malaria admissions came from the
area with moderate transmission [39]. When iron supplementation is higher,
the drug sensitive wild-type are favored in areas with low transmission inten-
sities while areas with intermediate and high intensities, large proportional of
individuals in the population are infected with dual parasite strains (Figure 7
and 8)b.
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Parameter Description Value
B, μ: Natural human birth and death rate 1/60/year
γ: Loss of clinical immunity 1/2/year
θ: Acquisition of clinical immunity 1/10/year
c1: Transmission probability 0.7
c2: 0.5
υ: Fitness cost 0.6
κw: Natural clearance rate of wild-type infection 1/150
κr: Natural clearance rate of drug resistant infec-

tion
κw(1 + ν)

a: Human feeding rate 0.3
b: Infectivity rate 0.8
g: Instantaneous death rate of mosquitoes 1/10
η: Number of days required for sporogony 10
ρ1: Rate at which the existing infections are cleared

by drugs in immunity class 1
1/200

ρ2: Rate at which the existing infections are cleared
by drugs in immunity class 2

1/500

χ1, χ2: Transition rates from primary infection to sec-
ondary infection

Assumed

β: Transition rate from secondary infection to pri-
mary infection due to iron supplementation

Assumed

Table 1: Description of parameters for the transmission model. These values
are adopted from [16, 54]
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Figure 5: Immunity acquisition (a) and infecting parasites strain (b) χ1 = 1
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and χ2 = 1
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(per day) β = 1%
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Figure 6: Immunity acquisition (a) and infecting parasites strain (b) χ1 = 1
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5 Discussion and Conclusions

Two versions of a deterministic model for the dynamics of transmission of
drug resistant malaria in the population under different levels of transmis-
sion intensities and immunity are presented. Models with and without iron
supplementations ware studied. Unlike the mathematical models for malaria
superinfection presented in [17, 23], the model developed and analysed in this
paper allow the superinfection on the primary infectious individuals while the
individuals in the secondary stage of infection are completely protected from
superinfection. The designed model also tried to capture the effect of acqui-
sition of immunity by stratifying the population in two stages ’nonimmune’
(stage one) and ’clinically immune’ (stage two). The acquisition and loss of
immunity depends on the extent of exposure to new infections. The effective
reproductive ratio is computed for both models. The model analysis show that
the disease free equilibrium may not be globally asymptotically stable when-
ever the reproduction number in less than unity. It is shown that the DFE is
GAS if and only if there are no mosquitoes (vectors) or the infectivity rate is
zero. Furthermore, using the center manifold theorem it was shown that the
model have unstable endemic equilibrium when reproduction rate is less than
a unity and asymptotically stable otherwise. Numerical simulations show that
there are different dominant parasite patterns depending on the values of 1/χi

(the average time infected individual spends in the primary infectious state)
and β (the rate at which the secondary infectious individual returns to primary
infectious stage upon administration of iron supplements) with different levels
of transmission intensity. These different patterns are also observed in other
mathematical models relating the spread of resistance parasites with different
levels of transmission intensities [54].



Malaria model with superinfection 5895

The model developed in this paper was intended to investigate the out-
come of competition of the two parasite strains (drug sensitive and resistant
parasites) once they are present in a population under different levels of trans-
mission intensities. We also focused on the effect of the duration an infected
individual spends in the primary infectious stage and the role of iron supple-
ments in malaria superinfection as stated in [46]. This paper assumed that
the infectious period for individuals in the population is the same across all
age profiles. Some studies observed the inverse relationship between the age
and duration of infection [1] while others observed that there are considerable
variation in duration of infection with age but no general age trend [53].

Numerical simulation of the model with the component of iron supple-
mentation reveals that, increasing the rate at which secondary infectious in-
dividuals returns to primary infectious stage upon supplementation of iron,
drastically increases the proportion of individuals with superinfection. This is
consistent with the observation made by [46, 47]. Our observation has serious
consequences on the whole issue of antimalarial drug efficacy in the areas of
higher malaria transmission where anemia and iron deficiency is likely to hap-
pen. The major conclusion from this study is for decision makers to weigh the
pros and cons of iron supplementation to curb iron deficiency to individuals
living in malaria endemic regions.
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