
Applied Mathematical Sciences, Vol. 6, 2012, no. 109, 5439 - 5452

A Labeling Order Scheme

for the Maximum Clique Problem

Assia GUEHAM1

- University of algiers 3,
02 street Ahmed Ouaked Dely Ibrahim, Algiers. Algeria

- LITA - UFR MIM - Lorraine University,
Ile-Saulcy 57045 Metz cedex 01. France

assiausthb@yahoo.fr

Hacene AIT HADDADENE

- Operations Research Department, Mathematics Faculty, USTHB University,
BP 32 Bab-Ezzouar, El-Alia 16111, Algiers, Algeria

- LITA - UFR MIM - Lorraine University,
Ile-Saulcy 57045 Metz cedex 01. France

aithaddadenehacene@yahoo.fr

Anass NAGIH

- LITA - UFR MIM - Lorraine University,
Ile-Saulcy 57045 Metz cedex 01. France

nagih@univ-lorraine.fr

Abstract

This article proposes a new polynomial method for the maximum

clique problem. It is based on a labeling order scheme of the vertices

and a method of orienting the edges. The proposed method is proved to

be e�cient for some classes of graphs having certain properties: These

include the bipartite, the 1−split, the split neighborhood and the 2−split
graphs. This possess has well de�ned characteristics whilst exploiting the

properties of the directed graph. In addition, an approximate method

that uses the idea of orientation and order is proposed to determine the

maximum clique and its cardinality.
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1 Introduction

Given a simple undirected graph G = (V,E) where V is the set of vertices and
E ⊆ V × V the set of edges, let A be the set of arcs obtained by orienting
the edges of E and GO = (N,A) the directed graph associated with G. It
is well known that the properties of GO and the complexity of algorithms to
characterize them depend on the original graph G. They also depend on the
orientation schemes that transform edges of E into arcs in A (see [1], [2], [3],
[4], [5], [12], [14] and [17]) and the labeling of vertices (see [7], [8], [15] and [16]).
This article proposes a new labeling scheme and an orientation procedure to
design polynomial algorithms to characterize the maximum clique for speci�c
classes.

This paper proposes a procedure for the orientation of the edges of E which
allows to characterize, in polynomial time, the maximum clique and its size
ω(G) for the graphs satisfying a property of a local labeling order. This method
is found to be e�cient for the following classes of graphs: Bipartite, 1−split,
split neighborhood graphs and the 2−split graphs which have well-de�ned
characteristics. These classes were studied in [9] and [11].

The proposed work is organized as follows: Section 2 recalls preliminary
de�nitions and concepts. Section 3 is devoted to the fundamental result. This
includes the proposed algorithm of the orientation of edges, the induced la-
beling order. The property of a local labeling order and the theorems that
characterize several classes of graphs for which the problem of the maximum
clique can be solved in polynomial time are presented in section 4 and 5. The
method of determining ω(G) and its corresponding clique are presented in the
section 6. Finally, section 7 highlights summaries our main results and some
future work.

2 Notations and preliminary de�nitions

This section recalls some basic de�nitions of graphs and notations that will be
used thereafter in this article.

• A graph G = (V,E) is given by two �nite nonempty sets E and V , where
V represents the set of vertices denoted V (G) and E the set of pairs of
elements of V denoted E(G) (pairs of vertices) which called edges. In
the case of an oriented graph, G(V,A), A ⊂ V × V , denotes the set of
arcs.
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• Two vertices connected by an edge are called adjacent or neighbors.

• dG(v) = |N(v)|, is the degree of a vertex v ∈ G and N(v) is the set of
neighbor of v.

• A graph H is a partial subgraph of a graph G if V (H) ⊆ V (G) and
E(H) ⊆ E(G). If X is a subset of V (G), the subgraph generated by X,
denotedG[X], is given by V (G[X]) = X and E(G[X]) = (v, v0) ∈ E(G)|v, v0 ∈ X.
The graph H is an induced subgraph of G if there exists a subset X of
V (G) such that H = G[X].

• Γ+(v) = {v0 ∈ V | (v, v0) ∈ A}, the set of successors v ∈ V .

• Γ−(v) = {v0 ∈ V | (v0, v) ∈ A}, the set of predecessors v ∈ V .

• The transition T (v) of a vertex v ∈ V , corresponds to the number of
edges from v, |Γ+(v)|.

• The incidence of a vertex v ∈ V (noted incidence(v) ), corresponds to
the number of arcs such that v is the terminal end, |Γ−(v)|.

• A clique is a graph where all vertices are connected (two by two).

• A stable S is formed by a vertices subset of V containing no edge ;
∀vi, vj ∈ S, (vi, vj) /∈ E, i 6= j.

• A split vertex is a vertex whose neighborhood can be partitioned into a
clique and a stable set.

• A vertex is called simplicial if the graph induced by its neighbors is a
complete graph.

• A perfect elimination scheme in a graph with n vertices is an order
v1, ..., vn of vertices such that vi is simplicial in the graph that contains
only the vertices vi, ..., vn.

• A graph G is called split neighborhood 2, if any induced subgraph H of
G has a vertex split.

• A graph is a split graph, also called a 1−split graph, if its vertices can be
partitioned into a clique and a stable set. A graph is a k−split graph if
its vertices can be partitioned into k sets, each one induces a split graph.

• A vertex v of G is called an M-split if v is a split vertex, which belongs
to a maximum clique of G.

2The concept of graphs split neighborhood was introduced by Ma�ray and Preissmann
[13].
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3 A new labeling order

The proposed method for determining the cardinality ω(G) of the maximum
clique of a graph G is a two stage procedure : The �rst orients the graph and
deduces a local labeling order of the vertices while the second determines the
cardinality of the maximum clique.

3.1 The principal of the orientation algorithm

The principle of the method consists of choosing a vertex not yet marked with
the highest degree, directing all the edges which are incident to the outside,
then marking all of its neighbors and considering it as treated. This process
is then re-iterated on the residual partial graph obtained by removing this
treated vertex. At the end of that process, all vertices are marked or treated.
If there are still undirected edges, the procedure is repeated, see algorithm 1.

Remark 1 At the orientation, the initial order of the vertices having the same
degree in the partial subgraph must be maintained.

The following example (�gure 1) provides an illustration of the algorithm 1.

Figure 1: An illustration of the orientation algorithm

Remark 2 The method treats k edges (where the treated vertex is of order
k with k < n) at each step, by orienting the edges incident to the vertex of
maximum degree which is not marked. The process stops when all edges are
oriented.

3.2 Analysis of the algorithm

The proposed algorithm proceeds in a �nite number of steps k such that k < n
and stops when all the m edges are oriented. Thus, its time complexity is
O(k.∆). Indeed, for a vertex x of graph G we look through its neighborhood,
of a size at most ∆, unmarked and/or not previously treated while orienting
the incident edges. The process is repeated with k vertices, where k represents
the number of vertices which can be treated (k < n). Therefore :
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Algorithm 1 : Orientation algorithm

Input : G(V,E)
Output : G0(N,A)

VT : The set of vertices treated such that VT ⊆ V ;
Ṽ : The set of vertices neighboring treaties, VT ;
Ẽ : The set of edges transformed into arcs denoted as Ã such that Ẽ ⊆ E
;
ORIENT(x, y) : A procedure that transforms the edge (x, y) in the arc
(x, y), the procedure ORIENT (Ẽ) gives an output of Ã ;
SGP(Ṽ , Ẽ) : A procedure that returns (Vs, Es) such that Es = E− Ẽ and
Vs ⊆ Ṽ |Vs = {vi, vj ∈ Ṽ |(vi, vj) ∈ Es with i 6= j} ;
stop : Boolean variable valued as true if all edges are oriented.
BEGIN

1: stop← false; N ← V ; VT ← ∅; Ṽ ← ∅; Ẽ ← ∅; Ã← ∅; Vs ← V ; Es ← E;
2: while stop = false do
3: - Determine a vertex x in Vs − (VT ∪ Ṽ ) with maximum degree;

VT ← VT ∪ {x};
4: - For every vertex y ∈ V such that (x, y) ∈ Es :
5: Ẽ ← Ẽ ∪ (x, y); Ṽ ← Ṽ ∪ {y}; ORIENT(x, y);

Ã← Ã ∪ (x, y);
6: if Ẽ 6= E et Vs = Ṽ ∪ VT then
7: (Vs, Es)←SGP(Ṽ , Ẽ); VT ← ∅; Ṽ ← ∅;
8: else if Ẽ = E then
9: stop = true;
10: end if
11: end while
12: A← Ã;

END.

• x1
Orientation of−−−−−−−−→ d1 edges.

• x2
Orientation of−−−−−−−−→ d2 edges.

• .

• .

• .

• xk
Orientation of−−−−−−−−→ dk edges.

With di ≤ d(xi) ≤ ∆.
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3.3 A labeling order scheme

A labeling order scheme consists of de�ning a numbering of vertices of V from
0 to k such that k ≤ |V | − 1. This numbering de�nes a surjective-mapping
from the set of vertices of V into the set of integers {0, 1, ..., k}. If k = |V |−1,
this mapping is bijective and labeling order of the vertices is said to be without
redundancy. The labeling order is said to be local when it concerns a subset
of vertices.

De�nition 1 We de�ne a labeling order scheme of vertices of a graph Go(V,A)
by the following mapping I :

I : V −→ {0, 1, ..., |V | − 1}
v 7−→ I(v) = incidence(v)

The main results concerning the problem of a maximum clique found in this
study are based on this labeling order.
In the previous example (�gure 1) the labeling order of vertices {l, z, h, t, y, x}
under the mapping I, on the graph Go, is the set {0, 0, 1, 2, 2, 3}.

3.4 Comparison

In this part, we compare our order scheme with the classical one perfect elim-
ination scheme(PES) (see [6]).
Appleid on the graph of �gure 2 the PES gives x2, x1, x4, x3, x5, x6. Note that,
we could choose x1, x4, x5 or x6 in the �rst position but not x3. However, in
our method, the vertex x3 must necessarily occupy the �rst position, then the
order obtained is x3, x1, x4, x2, x5, x6 respectively.

Figure 2: Example 1

On the other side, the graph in �gure 3 does not have a perfect elimination
scheme, while our method still gives an order x1, x4, x2, x3, x5.
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Figure 3: Example 2

4 Characterization of the Maximum clique

Theorem 4.1 Any orientation of a clique Ck has a labeling order scheme
without redundancy.

Proof 4.1 Let x be the �rst vertex treated of the clique Ck. All the edges
deriving from the vertex x are oriented outwards. This gives :
d+Co

k
(x) = 0 = incidence(x)⇒ I(x) = 0.

By removing the vertex x of the clique Ck, the partial subgraph induced by the
untreated edges de�nes a clique of cardinality k−1 such that ∀v ∈ Ck−1, where
an orientation from x to v occurs.

Figure 4: Orientation of k − 1 edges deriving from x

Repeating the same process with vertex y of the clique Ck−1, consecutively
to the orientation, edges leaving vertex y are oriented to the outside except
those originated from x.

Figure 5: Orientation of k − 2 edges deriving from y
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Thus, d+Co
k
(y) = 1 =incidence(y)⇒ I(y) = 1.

The residual graph induced by the undirected edges de�nes a clique of cardinal-
ity k − 2. Let z be the next vertex to treat, the edges belonging to the clique
Ck−2 and leaving vertex z are oriented to the outside.

Figure 6: Orientation of k − 3 edges deriving from z

This shows that : d+Co
k
(z) = 2 =incidence(z)⇒ I(z) = 2.

This process is executed until iteration k − 2 where the partial subgraph in-
duced by the untreated edges is a clique of cardinality 2 (an edge formed by
two vertices say t and h) having an orientation in any direction. For instance,
Consider the case from t to h.

Figure 7: Orientation of a clique of cardinality 2, formed by t and h

Thus, incidence(t) = k − 2⇒ I(t) = k − 2;
Incidence(h) = k − 1⇒ I(h) = k − 1.
This brings us to the following property :
For any orientation of a clique of cardinality k, there exists a single vertex
u ∈ Ck such that incidence(u) = k − 1. The vertex u is being the vertex of
maximum incidence, ie I(u) = k−1, the other vertices are strictly ordered from
0 to k− 2 which gives a labeling order scheme of the vertices Ck. We can con-
clude that the function of incidence I takes its values in {0, 1, 2, ..., k−2, k−1}.

Subsequently, this theorem will be used to characterize the maximum clique
for the speci�c graphs.
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Given a vertex of maximum transition x, let Gsp be the partial subgraph in-
duced by Γ+(x).

Theorem 4.2 If the application I de�nes a labeling order scheme without
redundancy on the graph Go

sp, then Go
sp is a maximum clique of order :

max
v∈Vsp

(incidence(v)) + 1.

Proof 4.2 See the proof of Theorem 1.

Theorem 4.3 If the application I de�nes a labeling order scheme on the
graph induced by the vertices of Vsp − {x} then x is adjacent to a maximal
clique of size: max

v∈Vsp−{x}
(incidence(v)) + 2.

Proof 4.3 By contradiction. assume that the vertex of maximum transition x
is a vertex of a clique Ck which is not maximal.
According to the theorem 1, the application I de�nes a local labeling order
scheme on the neighbors of vertex x and the size of this clique Ck has an order
:

max
v∈Vsp−{x}

(incidence(v)) + 2. If Ck is not maximal then one vertex v at least

exists without a label in this order scheme such that v is adjacent to every
vertex of the clique Ck. However x is a vertex of maximum transition thus,
the vertex v concerned by the scheme of labeling order, which is contradictory.

In the following, we present our main results on speci�c graphs based on the ori-
entation algorithm and the labeling order scheme presented in the �rst phase.

5 Some particular classes of graphs

For some well-known classes of graphs, our method characterize the exact value
of the maximum clique problem in polynomial time. The following theorems
summarize these results.
According to our method of orientation of the �rst phase, Go(V,Eo) is the
oriented graph from the graph G(V,E).
Consider the vertex x as the vertex of maximum transition in the graph
Go(V,Eo).
Go

sp(Vsp, E
o
sp) is the partial subgraph generated by this transition,

∀v ∈ Vsp | (x, v) ∈ Eo.

Theorem 5.1 ω(G) = max
v∈Vsp

(incidence(v))+1 For both bipartite and 1-split

graphs.
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Proof 5.1 • Case 1: A bipartite graph is subdivided into two stable par-
titions S1 and S2.
Let G be a bipartite graph, x the vertex of maximum transition and Go

sp

the graph generated latter. Hence, the vertex x is either in S1 or in S2.
Thus, ∀yi, yj ∈ Vsp, (x, yi) ∈ Eo and (x, yj) ∈ Eo, i 6= j such that :
(yi, yj) /∈ E (no relation between the two) ) ; therefore, ∀yi ∈ Vsp, d

+(yi) =
1⇒ incidence(yi) = 1⇒ ω(G) = 2.

Figure 8: An orientation of a bipartite graph

• Case 2: A 1−split graph is a graph divided into a stable S and a clique
Ck, of size k.
Let G be a 1-split graph. For any vertex v ∈ Ck and for every vertex
y ∈ S : dG(v) ≥ dG(y) ⇒ dG(y) ≤ k − 1 else y is a vertex of the
clique Ck. If there exists at least one vertex y ∈ S and one vertex v ∈
Ck | dG(y) = dG(v) then the graph G contains at least two cliques of
equal size and each is formed by one of the vertices y or v. Therefore,
the vertex y can belong to the stable S or to the clique Ck. The same
analysis can be carried out for the vertex v. However, if one of these
vertices is chosen, the other can not be.
Suppose that there is no vertex y of S | dG(y) = dG(v) with v ∈ Ck.
It is clear that the vertex of maximum transition is a vertex of a clique
Ck.
According to the orientation algorithm, in the neighborhood of maximum
transition vertex x, there is no vertex y ∈ S adjacent to a vertex v ∈
Ck | (y, v) ∈ Eo. In this neighborhood the vertex of maximum incidence
is a vertex v′ which belongs to the clique Ck. This vertex receives an
incident from the clique Ck only and by theorem 4.1, I(v′) = k − 1 =
max
v∈Vsp

(incidence(v)).

Therefore, ω(G) = k − 1 + 1 = k.
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Figure 9: An orientation of a split graph

Remark 3 One step of the orientation algorithm is su�cient for bipartite
graphs. The reasoning can be done from the �rst vertex selected that can be
treated. In this case the execution time is of the order ∆.

Theorem 5.2 For any split neighborhood graph where the vertex of max-
imum transition x is a M-split vertex, ω(G) = max

v∈Vsp

(incidence(v)) + 1 where

Go
sp is the graph of transition induced by the vertex x.

Proof 5.2 Let G(V,E) be a split neighborhood graph and the vertex x is M-
split such that x is the vertex of maximum transition. Therefore, the partial
subgraph Go

sp(V,E
o
sp) induced by the transition of x can be split into a maximum

clique and a stable S | Vsp = S
⋃
Ck. This is the same proof as that of the

1-split when considering Go
sp as the graph Go.

A 2-split graph is a graph G(V,E) whose vertex set can accept a partition
(S1, S2, C1, C2), where S1 and S2 are stable and C1 and C2 are cliques.

Theorem 5.3 Let x be the vertex of maximum incidence and Go
sp the partial

subgraph generated by this incidence. For any 2−split graph whose N(x) is a
clique and can be stable such that x is a vertex of Cmax then :
ω(G) = max

v∈Vsp−x
(incidence(v)) + 2.

Proof 5.3 N(x) is a clique Ck and can be a stable S. There are two possible
cases:

Case 1 (S does not exist):

S = {∅} ⇒ the Neighborhood of the vertex x is the clique Ck ⇒ I(x) = k − 1.
By removing the vertex x of Go

sp, G
o
sp − {x} is a clique of cardinality k − 1⇒

max
v∈Vsp−{x}

(I(v)) = k − 2 (see theorem 1), then ω(G) = ((k − 2) + 1) + 1 = k.
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Case 2 (S exists):

S 6= {∅} ⇒ ∀yi ∈ S, (yi, x) ∈ Eo ⇒ d+Go
sp

(yi) = 0. By deleting the vertex x,

Go
sp − {x} is a clique of cardinality k − 1 and a stable, this implies :
max

v∈Vsp−{x}
(I(v)) = k−2 (see the theorem 1). Thus, ω(G) = ((k−2)+1)+1 = k.

Theorem 5.4 Let x be a vertex of maximum incidence. For any 2-split
graph whose neighborhood is a clique, ω(G) = incidence(x) + 1.

Proof 5.4 As v is a vertex of maximum incidence and N(x) is a clique, x is
adjacent to any vertex y of a stable. Thus, the vertex v receives incidence only
from the vertices of the clique. By the Theorem 4.1 the size of the latter is
I(x) + 1 and as v is the vertex of maximum incidence, ω(G) = I(x) + 1.

Proposition 5.1 Consider x the vertex of maximum transition which be-
longs to the maximum clique and Go

sp(Vsp, E
o
sp) the partial subgraph induced by

Γ+(x).
For any 2-split graph that ∀v ∈ Vsp, v is split in a clique and can be a stable,
ω(G) = max

v∈Vsp

(incidence(v)) + 1.

Proof 5.5 This result can be proved in a similar way as the theorem 3.

Let Go(V,A) be the directed graph associated with G(V,E) obtained at the
end of Phase 1 of algorithm 1.

6 Heuristic for determining the maximum clique

The algorithm below proposes a heuristic for determining the maximum clique
and its cardinality ω(G).
The maximum clique is generated by the neighbors of the vertex x having a
downward transition from the vertex y, for which the mapping I de�nes a
labeling order scheme.

E�ectiveness of the algorithm 2

The following result con�rms the e�ectiveness of algorithm 2.
This algorithm provides an optimal solution for the class of bipartite graphs.
Let G be a bipartite graph, x a vertex of maximum incidence and Go

sp(Vsp,
Eo

sp) the partial subgraph generated by the latter. A vertex x receives only the
incidences of a stable set; then ∀y ∈ Vsp, T (y) = 1⇒ ω(G) = 1 + 1 = 2.
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Algorithm 2 : Algorithm of the maximum clique

Input : Go(V,Eo)
Output : ω(G), Cω

Begin
- Determine the vertex of maximum incidence, x such that :
∀v ∈ V , d+Go(x) ≥ d+Go(v) ;
- Construct the partial subgraph generated by the incidence of x, Go

sp(Vsp,
Eo

sp);
- Determine the vertex of maximum transition in this neighborhood, this
is Go

sp, y such that T (y) = max
v∈Vsp

(T (v)) ;

- Construct the partial subgraph generated by the transition of y in Go
sp(x),

which is a clique Cω;
- ω(G)← T (y) + 1
End.

7 Conclusion

In this paper we have presented an e�cient algorithm for the problem of max-
imum clique in a graph, based on a new method of edges orientation and a
labeling order scheme of vertices. In particular, we have proved that our al-
gorithm returns exact solution for the bipartite, 1−split, split neighborhood
and 2−split graphs that have certain proprieties. We have also presented a
new heuristic exploiting the orientation algorithm and the order scheme to
determine the maximum clique and its cardinality.
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