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Abstract
Here, we attempt to solve numerically tow classical differential equa-

tion i.e. Hermite and Chebyshev differential equations. We apply Haar
wavelet methods to solve these differential equations of spring in three
different cases with initial conditions known based on the Chen−Hsiao
method. The result are compared with the exact solution.
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1 Introduction

A wavelet ψ is a function in Hilbert space L2(R) such that image of it un-
der some unitary operators consists an orthonormal basis. There are very
similarity between Fourier analysis and wavelet theory.

The first wavelet was introduced by Haar over in 1909, although he didn’t
call his function a Wavelet. The concept lay dormant until the early 1980,s,
when Grossman, Morlet and some others began using the concept of a wavelet
in doing geological research. Then in 1988, Ingrid Daubechies published her
landmark paper ”Orthonormal Bases of compactly supported wavelet ”which
gave an algorithm for numerically efficient methods for applying wavelets to
real problems. Varity methods have been proposed for numerical solution of
differential equations using of wavelet. There are some methods for solutions
of differential equations by the wavelet [1, 6, 7, 12, 13, 14, 17], as Galerkin and
collocations methods and the Kalman filters. In most papers the Daubechies
wavelets are used, the Gaussian wavelet is applied in [13]. Numerical difficulties
appear in the treatment of nonlinearities, where integrals of products of wavelet
and their derivatives must be computed.

This can be done by introducing the connection coefficients [1,15], but this
method is applicable only for a narrow class of equations. An adaptive method
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for computing such integrals is also proposed [1]. Clearly try to simplify the
wavelet method for solving differential equations are very important. One
possibility for this is to make use of the Haar wavelet family. After that Haar
introduced his function, various generalization and definitions were proposed
[16]. In 1980s it turned out that the Haar is in fact the Daubechies wavelet of
order 1. This enables to in introduce the Haar wavelet, which is the simplest
orthonormal wavelet with compact support. It should be mentioned that the
Haar wavelet has an essential shortcoming, it is not continuous. In the points
of discontinuity the derivatives do not exist, therefore it is not possible to
apply the Haar wavelet directly for solving differential equations. There are
some possibilities to come out from this impasse. First the piecewise constant
Haar function can be regularized with interpolation spines, this technique has
been applied in several papers by Cattani [2, 3].

The second possibility is to make use of the integral method, by which the
highest derivation appearing in the differential equation is expanded into the
Haar series. This approximation is integrated while the boundary conditions
are incorporated by using integration constant [2]. This approach has been
realized for the Haar Wavelet by Chen and Hsiao [4, 5]. The main idea of this
technique is to convert a differential equation into an algebraic accordingly.
Later on this method was successfully applied for solving singular, bilinear
and stiff systems [10, 11].

Cattani observed that computational complexity can be reduced if the in-
terval of integration is derived into some segments [3]; this method has called
the reduced Haar transform. The number of collocation points in each segment
is considerably smaller as in the case of Chen and Hsiao method.

Further simplifying of the solution can be obtained if in each segment only
one collocation point is taken. It is assumed that the highest derivative is
constant in each segment, therefore this method is called piecewise constant
approximation (PCA). This method has been applied by Goedecker and Ivanov
[9] and also by Hsiao and Wang [11]. Because some special differential equa-
tions have been studied for many years, both for the aesthetic beauty of their
solutions and because they lend themselves to many physical applications, they
may be considered classical. We will touch upon two classical equations: the
Chebyshev differential equation, named in honor of Pafnuty Chebyshev (1821-
1894); the Hermite differential equation, so named because of Charles Hermite
(1822-1901).
These two differential equations are:
(i) Chebyshev differential equation

(1 − x2)y′′ − xy′ +m2y = 0 (1)

(ii) Hermite differential equation

y′′ − 2xy′ + 2my = 0 (2)
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One of the most important properties these two equations possess, is the
fact that they have polynomial solutions, naturally called Chebyshev polyno-
mials, Hermite polynomials.

In this paper, we attempt to solve these two classical differential equation
by using Haar wavelet and compare results by exact solution.

2 Wavelet and Haar Wavelet

In this section we present some definition of wavelet theory. We define Haar
wavelet and verify its properties.

Definition 2.1 Let f ∈ L2(R). For n ∈ Z let Tn : L2(R) → L2(R) be
given by (Tnf)(x) = f(x− n) and D : L2(R) → L2(R) be given by (Df)(x) =√

2f(2x) operators Tn and D are called translation and dilation operator.

Definition 2.2 : A function ψ ∈ L2(R) is called an orthonormal wavelet

for L2(R) if {DkTnψ : k, n ∈ Z} = {2 k
2ψ(2Kk − n) : k, n ∈ Z} is an orthonor-

mal basis for L2(R).

Central to the theory and application of wavelet is the concept of Multireso-
lution Analysis, abbreviated MRA, which is defined in the following.

Definition 2.3 : A set of closed subspaces {Vj : j ∈ Z} of L2(R) is called
a Multiresolution Analysis (MRA) if the following four properties hold:
(1) Vj ⊆ Vj+1, for all j ∈ Z;
(2) D(Vj) = D(Vj+1), for all j ∈ Z;
(3) ∪j∈Z Vj = L2(R),and ∩j∈ZVj = 0;
(4) There is a scaling function ϕ for V0.

By a scaling function for V0 we mean that there exists a function ϕ ∈ V0 such
that {Tnϕ : n ∈ Z} is an orthonormal basis for V0. If we think of the core
subspaces V0 as a specified level of resolution then moving to amounts to ”
Zooming in ” and increasing resolution by one level, on the other hand, V−1

represents one lower level of resolution, resulting from ” Zooming out”.

Definition 2.4 : Haar wavelet is defined as follow:

ψ(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 x ∈ [0, 1
2
)

−1 x ∈ [1
2
, 1]

0 otherwise

. (3)
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A proof that ψ is an orthonormal wavelet can be found in [8]. Thus the func-
tions family which is defined as follow is an orthogonal basis.

hi(x) = ψ(2jx− k) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 k
2j ≤ x < k+0.5

2j

−1 k+0.5
2j ≤ x ≤ k+1

2j

0 otherwise

. (4)

Let J be the level of the resolution. Integer m = 2j(j = 0, 1, ..., J) indicates the
level of the wavelet; k = 0, 1, ...,m− 1 is the translation parameter. The index
i is calculated according the formula i = m + k + 1, in the case of minimal
values m = 1, k = 0 we have i = 2, maximal value of i is i = 2M = 2j+1. It is
assumed for i = 1 we have hi ≡ 1 on [0, 1] and zero elsewhere.

3 Method of solution by Haar Wavelet

Let us define coefficient matrix representation

H2m(i, l) = hi(tl).

That tl = (l−0.5)
2m

, l = 1, 2, ..., 2m, which has the dimension 2M × 2M . For
instance, if M = 2 and M = 4 we find

H4 =

⎛
⎜⎜⎝

1 1 1 1
1 1 −1 −1
1 −1 0 0
0 0 1 −1

⎞
⎟⎟⎠ (5)

and

H8 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 0 0 0 0
0 0 0 0 1 1 −1 −1
1 −1 0 0 0 0 0 0
0 0 1 −1 0 0 0 0
0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (6)

The next operational matrix of integration, which is a square matrix, is defined
by the equation

(PH)il =

∫ tl

0

hi(t)dt. (7)
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For instance, if M = 2 and M = 4 we find

P4 =
1

16

⎛
⎜⎜⎝

8 −4 −2 −2
4 0 −2 2
1 1 0 0
1 −1 0 0

⎞
⎟⎟⎠ (8)

and

P8 =
1

64

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

32 −16 −8 −8 −4 −4 −4 −4
16 0 −8 8 −4 −4 4 4
4 4 0 0 −4 −4 0 0
4 −4 0 0 0 0 4 −4
1 1 2 0 0 0 0 0
1 1 −2 0 0 0 0 0
1 1 0 2 0 0 0 0
1 1 0 −2 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (9)

Chen and Hsiao [4] showed that the following matrix equation for calculat-
ing the matrix equation for calculating the matrix P of order 2M holds

P2m =

⎡
⎣ Pm

−1
4m
Hm

1
4m
H−1

m 0

⎤
⎦ . (10)

Also we consider

Pi,1 =

∫ t

0

hi(t)dt.

and

Pi,ν =

∫ t

0

Pi,ν−1(t)dt, ν = 2, 3, ...

Thus

Pi,1(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t− k
m

t ∈ [ k
m
, k+0.5

m
]

k+1
m

− t t ∈ [k+0.5
m

, k+1
m

]

0 otherwise

(11)

and



5354 M. Rashidi-Kouchi

Pi,2(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 t ∈ [0, k
m

]

1
2
(t− k

m
)2 t ∈ [ k

m
, k+0.5

m
]

1
4m2 − 1

2
(t− k+1

m
)2 t ∈ [k+0.5

m
, k+1

m
]

1
4m2 t ∈ [k+1

m
, 1]

. (12)

It is necessary to evaluate these calculations only once, after that they will
applicable for solving whatever differential equation. Now, consider differential
equation with second order

f1(x)y
′′(x) + f2(x)y

′(x) + f3(x)y(x) = f(x) (13)

where x ∈ [A,B] and initial y′(A) conditions y(A) and are known. We follow
the word by consider Δx = B−A

m
where m = 2J+1.Now for solution of equation

of (13) let

y′′(x) =
m∑

i=1

aihi(x)

where ai is the wavelet coefficients that is unknown. Take

y′(x) =
m∑

i=1

aiP1,i(x) + y′(A)

and

y(x) =

m∑
i=1

aiP2,i(x) + y(A) + (x−A)y′(A).

Then by replacement y′′(x), y′(x) and y(x) in equation (13), we obtain

f1(x)

m∑
i=1

aihi(x)+f2(x)(

m∑
i=1

aiP1,i(x)+y
′(A))+f3(x)(

m∑
i=1

aiP2,i(x)+y(A)+(x−A)y′(A)) = f(x)

By calculate the Wavelet coefficients and using of equation (13), y(x) was
obtained.

4 The numerical solution of homogeneous and

inhomogeneous harmonic differential equa-

tion

By last method two examples are solved. All the calculation is done by using
J = 3 for levels for resolution.
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Example 4.1 : Let Chebyshev differential equation (1−x2)y′′(x)−xy′(x)+
25y(x) = 0 where y(0) = 0, y′(0) = 1 and m = 5. The exact solution is
y(x) = x− 4x3 + 16

5
x5.

Numerical solution for Example 4.1
t/32 Numerical solution Exact solution

1 0.0309 0.0311
3 0.0898 0.0905
5 0.1375 0.1413
7 0.1750 0.1758
9 0.1749 0.1979
11 0.1782 0.1966
13 0.1628 0.1735
15 0.1306 0.1292
17 0.0381 0.0669
19 -0.0110 -0.0074
21 -0.0518 -0.0848
23 -0.0837 -0.1527
25 -0.0577 -0.1948
27 -0.0471 -0.1905
29 -0.0083 -0.1148
31 -0.0472 0.0624

Table 1: Numerical solution for Example 4.1.

Example 4.2 : Let Hermite differential equation y′′(x)−2xy′(x)+6y(x) =
0, where y(0) = 0, y′(0) = 1 and m = 3. The exact solution is y(x) = x− 2

3
x3.



5356 M. Rashidi-Kouchi

Numerical solution for Example 4.2
t/32 Numerical solution Exact solution

1 0.0312 0.0312
3 0.0931 0.0932
5 0.1530 0.1537
7 0.2111 0.2118
9 0.2618 0.2664
11 0.3127 0.3167
13 0.3585 0.3616
15 0.3993 0.4001
17 0.4068 0.4313
19 0.4362 0.4542
21 0.4594 0.4678
23 0.4768 0.4712
25 0.4875 0.4634
27 0.4928 0.4433
29 0.4925 0.4101
31 0.4867 0.3627

Table 2: Numerical solution for Example 4.2.
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