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Abstract. In this paper we construct a family of planar (polynomial or
non-polynomial) differential systems with a prescribed hyperbolic limit cycle.
This family constitutes of a version wider than the form given by the work of J.
Gine, M. Grau(2006). The result could be utilized for the synthesis problem,
i.e. the construction of oscillator circuits yielding desired periodic behavior.
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1. Introduction

In this paper we study differential systems defined in the (x, y) plane
·
x = P (x, y)(1.1)
·
y = Q(x, y)

where P , Q ∈ C1(U, R), U is some open set in R2, for which an explicit
expression of the most interesting solution of system 1.1 in the (x, y) phase
plane, that is, an isolated periodic orbit (the limit cycle) can be pretended.
Actually, we mention some preliminary results relating ovals of curves of limit
cycles. The curve F (x, y) = 0 for a real function F : U ⊆ R2 → R, is called
an invariant curve for system 1.1 if

P (x, y)
∂F

∂x
(x, y) + Q(x, y)

∂F

∂y
(x, y) = K(x, y)F (x, y)

where K(x, y) is a polynomial called the cofactor of F (x, y). In fact, the func-
tion (p(x, y), Q(x, y)) · (Fx(x, y), Fy(x, y)) is equal to zero on the points of the
curve F (x, y) = 0. This fact implies that the curve F (x, y) = 0 is formed by
orbits of system 1.1. In particular, if F (x, y) = 0 contains an oval without any
singular point of system 1.1, this oval is a periodic orbit of the system. This
is the most interesting solution of system 1.1 which is an isolated closed path
corresponding to a periodic orbit. Of course, this periodic orbit is independent
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of the initial conditions x(0) and y(0). All other solutions of system 1.1 ap-
proach or move away from this isolated closed orbit either from its interior or
from its exterior asymptotically as the independent variable approaches infin-
ity; these solutions are relatively little interest, in comparison with the periodic
solutions.

Study of the dynamics of 1.1 strongly depends on the existence stability
properties, number and location of special solution such as singular points and
non-constant isolated periodic solutions. In particular, if an attracting non-
constant isolated periodic solution exists, then it dominates the dynamics of
the system 1.1 in an open connected subset of the plane, its region of attrac-
tion, such periodic solution called limit cycles. In some cases such a region of
attraction can extend to cover the whole plane, with the exception of a singu-
lar point. In such a case the limit cycle is unique and dominates the system’s
dynamics. Uniqueness of limit cycles have been extensively studied in many
books and articles, see for instance [1], [7], [8] and the references therein.

The determination of the explicit expression for the limit cycle of system
1.1 is rarely analytically possible. There are some papers written introducing
planar systems with one or more exact limit cycles, see for instance [2], [3],
[4]. There is a huge literature about the limit cycles of 1.1 most of them deal
essentially with their detection, their number and their stability and rare are
papers concerned by giving them explicitly. Studying the number and location
of limit cycles is, by no means, a question of Hilbert 16th problem, see [5].

Most of the results obtained for dynamical systems in the plane are con-
cerned with the systems equivalent to the classical Lie’nard equation

··
x + f(x)

·
x + g(x) = 0(1.2)

One of the most famous Lie’nard differential equations is Van der Pol equa-
tion which appears when studying the vaccume-tube circuit. Relaxation os-
cillators are modeled by the autonomous Lie’nard differential equations 1.2
which can be written in the system form

·
x = y(1.3)
·
y = −f(x)y − g(x)

where f(x) and g(x) are assumed to be even polynomial and odd polynomial,
respectively which characterizes the relaxation oscillator. The damping func-
tion f(x) is negative for small values of x, becoming positive for large values of
x. The control function of g(x) is monotone increasing with x, so that g(0) = 0
and g′(x) > 0 for all x, see [4]. Thus one can construct a desired number of
oscillators for equation 1.2 by choosing appropriate functions f(x) and g(x),
as illustrated in the example in Section 3. All these conditions are contained
in the conditions of the Theorem 1 in the work [3], but in more general form
of [4]. The objective in [3], [4] and in this paper concerns with the inverse
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problem for relaxation oscillators modeled by the autonomous Lie’nard differ-
ential equation, assuming plausible explicit expression for the limit cycles in
the phase plane is given.

In the work [4], system 1.1 is studied and the existence of an explicit limit
cycle is pretended to be given, but he did not give a proof of the fact that the
oval of F (x, y) = 0 which is the curve surrounding the origin is an isolated
periodic orbit, that is, a limit cycle. It is stated as obvious.

In the work [3], the hypothesis appearing in [4] is weakened, getting a big-
ger family of planar systems, and showed that the oval of F (x, y) = 0 is a
hyperbolic limit cycle for the system 1.3.

We have been able to weaken more, getting a much bigger family of planar
systems given in [3] for which the right hand side of the first equation of the
system 1.1 is not only of the form y but any function P (x, y) such that the
relation z = P (x, y) has the property that, for given x, it is one-to-one cor-
respondence between y and z. We make use of this transformation in order
to transform system 1.1 into a system equivalent to system 1.3 in the mean-
ing that the phase portraits of the original and the transformed system are
topologically equivalent. To that end, we impose some conditions on P (x, y)
and Q(x, y) in system 1.1 under which it becomes convertible to a system
equivalent to system 1.3. Then, consequently, we study the limit cycles of 1.2

in the (x,
·
x) phase plane.

Before actually give the result, it may be convenient to restate the following
Theorem which is stated and proved in [3]. We will use the same reasoning
with consideration the change in the hypotheses.

Theorem 1, [3]: We consider a polynomial p(x) such that p(xe) = 0 and
p(xd) = 0 for some xe < 0 and xd > 0, p′(xe) �= 0 and p′(xd) �= 0.We
assume that p(x) > 0 for all x in the interval (xe, xd). We consider another
polynomial q(x) satisfying p(x)q(x)2 �= 1 for all x ∈ (xe, xd) and q′(x) �= 0
for all x ∈ (xe, xd). Then, the algebraic curve given by F (x, y) = 0 with
F (x, y) = (y − p(x)q(x))2 − p(x) has an oval in the band xe ≤ x ≤ xd which is
a hyperbolic limit cycle for the following system:

·
x = y(1.4)

·
y =

(
3

2
q(x)p′(x) + p(x)q′(x)

)
y − p′(x)

2
(p(x)q(x)2 − 1).

It is clear that, the system 1.4 can also be viewed as an autonomous Lie’nard
differential equation 1.2 where f(x) and g(x) are the polynomial given by

f(x) = −3
2
q(x)p′(x) − p(x)q′(x) and g(x) = p′(x)

2
(p(x)q(x)2 − 1). Therefore,

the above theorem may be used to construct models of Lie’nard differen-
tial equations exhibiting at least an algebraic hyperbolic limit cycle, given
by F (x, y) = (y − p(x)q(x))2 − p(x) = 0. Thus one can construct a desired
number of oscillator equation 1.2 by choosing appropriate functions p(x) and
q(x) in the system 1.4.
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This paper is organized as follows. In Section 2, we give the main result with
its proof. The main tool applied in this article is the Theorem 1 presented,
stated and proved, by Jaume Gine and Maite Grau [3] which is mentioned
above for completeness. In Section 3, we present a concrete example to illus-
trate the applicability of the Theorem.

2. The Main Results

We study system 1.1 under the assumption that the functions P (x, y) and
Q(x, y) satisfy the following hypotheses:

H1: For given x, z = P (x, y) is one-to-one correspondence between y and
z.

H2: There exist polynomials u(x) and v(x) such that

∇P (x, y) · (P (x, y), Q(x, y)) = −P (x, y)f(x) − g(x) for all (x, y)

where f(x) = −3
2
v(x)u′(x) − u(x)v′(x) and g(x) = u′(x)

2
(u(x)v(x)2 − 1).

Hypothesis H1 means that, for given x, P (x, y) is invertible in y. That is,
there is a function y = R(x, z) as the inverse of P (x, y), such that, for every
x, P (x,R(x, z)) = z for all z, and R(x, P (x, y)) = y for all y. This implies that
one of the possible cases is, the function P (x, y) may be in the form

P (x, y) = a0(x) + y +
N∑

i=1

a2i+1(x)y2i+1

where a0(0) = 0 and all the coefficients ak(x), k = 0, 3, 5, ... are positive for all
x.

Hypothesis H2 insures that system 1.1 can be viewed as an autonomous
Lie’nard differential equation 1.2 since

··
x =

·
P = ∇P · (P, Q) = −P (x, y)f(x) − g(x) = −f(x)

·
x − g(x)

Theorem 1. Suppose that system 1.1 satisfies Hyperbolic H1. Consider a
polynomial u(x) such that u(xe) = 0 and u(xd) = 0 for some xe < 0 and
xd > 0, u′(xe) �= 0 and u′(xd) �= 0. Assume that u(x) > 0 for all x in the
interval (xe, xd). Consider another polynomial v(x) satisfying u(x)v2(x) �= 1
for all x ∈ (xe, xd), provided that

∇P · (P, Q) = (
3

2
v(x)u′(x) − u(x)v′(x))P (x, y) − u′(x)

2
(u(x)v(x)2 − 1)

Then, the algebraic curve given by F (x, y) = 0 with F (x, y) = (P (x, y) − u(x)v(x))2−
u(x) has an oval in the band xe ≤ x ≤ xd which is a hyperbolic limit cycle for
the system 1.1.

Proof. Consider the change of variables z = P (x, y) on the system 1.1. This
transformation is, from Hypothesis H1, one-to-one correspondence between
y, z , for any given value of x.



Relaxation oscillators with desired periods 5227

System 1.1 will be transformed to the system
·
x = z(2.1)

·
z =

·
P (x,R(x, z))

But
·
P (x,R(x, z)) =

·
P (x, y)

= ∇P (x, y) · (P (x, y), Q(x, y))

= −P (x, y)f(x) − g(x) from Hypothesis H2

where f(x) = −3
2
v(x)u′(x) − u(x)v′(x) and g(x) = u′(x)

2
(u(x)v(x)2 − 1).

Then system 2.1 will be transformed into the form
·
x = z(2.2)
·
z = −zf(x) − g(x)

Applying Theorem 1 [3], we conclude that F (x, z) = 0 where F (x, z) =
(z − u(x)v(x))2 − u(x) is an invariant algebraic curve for systems 2.2 with
cofactor K(x, z) = v(x)u′(x).

Since the change of variables is one-to-one correspondence between y and z,
the phase plane of system 1.1 is equivalent to the phase plane of system 2.2 and
consequently they will be of the same number and stability behavior of limit
cycles for the system 1.1, that the curve given by (P (x, y)−u(x)v(x))2−u(x) =
0 has an oval in the band xe ≤ x ≤ xd which is a hyperbolic limit cycle for
system 1.1. This completes the proof of the theorem.

The result given in this theorem may be used to construct models of Lie’nard
differential equations exhibiting a desired limit cycle. That is, this theorem
can be utilized for the synthesis problem, i.e. the construction of oscillator
circuits yielding desired periodic behavior.

3. Examples

We give here an example for a family of planar differential systems that have
an explicit hyperbolic limit cycle and many more could be easily constructed.

Example 1. Choose u(x) = a(b−x2), v(x) = kx, P (x, y) = Ax2+Cy+Bx2y3,
where a, b, k, B, C > 0, and k2b2(1 − a) > 4.

It is clear that all conditions of Theorem 1 are verified.
From the hypothesis of the theorem we obtain,

Q(x, y) = [−ax − abkCy − abkAx2 − 2ACxy + (a2bk2 − 2A2)x3 − 2akCx2y − 2akAx4

−a2k2x5 − 2BCxy4 − 2akBx2y3 − 4ABx3y3 − 2akBx4y3 − 2x3y6] / (C + 3Bx2y2)
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Some straightforward computations show that the differential system
•
x = Ax2 + Cy + Bx2y3

•
y = [−ax − abkCy − abkAx2 − 2ACxy + (a2bk2 − 2A2)x3

−2akCx2y − 2akAx4 − a2k2x5 − 2BCxy4 − 2akBx2y3

−4ABx3y3 − 2akBx4y3 − 2x3y6] / (C + 3Bx2y2)(3.1)

exhibits the invariant algebraic curve F (x, y) = 0 with

F (x, y) = (Ax2 + Cy + Bx2y3 − abx + abx3)2 − a(b − x2)

We have that F (x, y) = 0 has an oval in the band −√
b ≤ x ≤ √

b, which is
a hyperbolic limit cycle for 3.1 and surrounding the origin.
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