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Abstract

Finding the shortest path is an interesting subject in network flows
problems. Some appropriate methods have been presented to solve this
problem. However, if there are multiple types of cost instead of one,
solving this problem is not as simple as before. In this case, non-
dominated(efficient) path plays the role of the shortest path. In this
paper, an approach is introduced to determine non-dominated path(s)
between any pair of nodes in a multiple cost network.
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1 Introduction

Suppose we are given a network G= (V, A) in which, V (V �= ∅) is the set of
nodes(|V | = n) and A, (A ⊆ V × V ) the set of arcs, cij , associated with each
arc (i, j) in G, is the cost of this arc. The shortest path problem is finding
the shortest(least costly) path from node 1 to node n in G. The cost of the
path is defined as the sum of the costs on the arcs placed on the path. The
mathematical formulation of a shortest path problem becomes:

min z =
∑

(i,j)∈A cijxij

s.t
∑n

j=1 xij −
∑n

k=1 xki =

⎧⎨
⎩

1 if i = 1
0 if i �= 1 or n
−1 if i = n

xij ∈ {0, 1} for(i, j) ∈ A

(1)

There exist simple and efficient procedures for determining the shortest
path without solving the model (1), like Dijkstra’s algorithm[1], Floyd’s algo-
rithm[21], and Bellman’s algorithm[2].
Now suppose there exist multiple types of cost associated with each arc (i, j).
In this case we should deal with the vector of cost for each arc. Consider Cij

as a q−vector associated with the q types of cost on arc (i, j). Now we can
define the cost of a path as a q−vector, in which each element is the sum of
the corresponding elements on the vectors whose arcs are located on the cited
path. The multi criteria shortest path problem between node 1 and node n
can be concisely stated as the following mathematical program:

min zk =
∑

(i,j)∈A ck
ijxij ∀k ∈ {1, 2, ..., q}

s.t
∑n

j=1 xij −
∑n

k=1 xki =

⎧⎨
⎩

1 if i = 1
0 if i �= 1 or n
−1 if i = n

xij ∈ {0, 1} for(i, j) ∈ A

(2)

Because this problem is a case of Multiple Objective Programs, there may
exist a set of non-dominated solutions[6,19]. The purpose of model (2) is to
find the path(s) that exists on no other path with less cost vector. In other
words, the aim is to find the Non-dominated Path(s) among all of the existing
paths. This path is called Efficient path. Note that the efficient path is not
unique and the number of efficient paths, in general, increases exponentially[6,
ch 9],[9]. In fact, even bi-criterion shortest path problem is NP-complete in
acyclic digraphs[18]. Moreover, the multi criteria shortest path problem (2) is
intractable, even for q = 2[10]. For solving the multiple objective minimum
cost flow problem(finding efficient path(s) is a case of this problem), many
approaches have been presented. A number of these methods just correspond



Non-dominated paths in a network 5139

to the bi-objective minimum cost flow problem[13,15,16,17]. In some others the
cost vector may have q− elements(q ≥ 3)[3,7,8]. There are another approaches
that can find the set of all efficient paths in integer multi objective minimum
cost flow problem[11,16], while others can only find a subset of the set of
efficient paths[20]. There have been presented some approaches using Data
Envelopment Analysis to find non-dominated paths[5,12]. We found a label
setting algorithm to find the solutions of the model (2)[14]. Also there is
a label correcting algorithm to solve the model (2)[4]. This algorithm can
be considered as a generalization of Ford and Bellman’s single objective label
correcting method [2], that determines the non-dominated paths between node
1 and node n.

In this paper, we present an approach using a triple operation. This algo-
rithm yields all the non-dominated paths between any pairs of nodes exactly
in n iterations and each iteration includes a set of simple computations. The
computations lead to determination of the length of a path and the path itself.
In section 2 we present this algorithm by its properties. In section 3 we deal
with the algorithm on an example. Finally section 4 presents the conclusions.

2 Literature and Algorithm

As it has been said, the multiple objective minimum cost flow problem is a
case of a multiple criteria decision making problem, so the notion Domination
must be applied in this case:

Definition 1. Domination1: Consider two vectors y and y′ in R
q, (q ≥ 2). y

dominates y′ if y ≤ y′ and y �= y′. In other words y ≤ y′ and the inequality
holds at least in one component.

According to the definition, there exist three cases between two distinct
vectors y1 and y2: y1 dominates y2, y2 dominates y1 and both of them are
non-dominated. In the last case both of vectors are called Efficient.

By the following simple comparison the status of a q−vector with respect
to another one is determined.
Consider two q−vectors y and y′;
Set i = k = s = t = 0
Do until i ≤ q

1Conventionally, the dominance is defined for maximization subjects. But, converting
the definition for minimization goals may not alter the interpretation and approach. Here,
for simplicity we use the minimization definition.
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if k × s > 0 break, both of vectors are non-dominated,
if yi < y′

i then set k = k + 1
if yi > y′

i then set s = s + 1
if yi = y′

i then set t = t + 1
set i = i + 1

If k > 0 and k + t = q, y dominates y′ else,
If s > 0 and s + t = q, y′ dominates y else,
If t = q, y is equal to y′.

Example 1: Considering two vectors (3,5,8,7,4) and (2,4,10,0,6),and using the
proposed comparison we find that both of them are non-dominated. However,
vector (4,7,6,3) dominates vector (8,7,9,4).

2.1 Triple operation

The proposed algorithm is based on the triple operation. Consider three nodes
i, j, k in a network (Figure 1). dik, dkj and dij represent the q−vectors of cost

Figure 1: The triple operation on three nodes.

between these three nodes. If the goal is to determine the non-dominated path
between node i and node j, we should compare two vectors dij and dik + dkj.
If dij dominates dik + dkj, then the direct path i → j is the efficient path. If
dik +dkj dominates dij , the indirect path i → k → j is the efficient path. But if
both of them are non-dominated, two paths i → j and i → k → j are efficient
paths. Based on the latter case there are two non-dominated paths between
node i and node j.
Before presenting the algorithm, the following sub-program should be intro-
duced.

Suppose a is a q−vector and H is a nonempty set of q−vectors. The
notation C−min{a,H} is introduced to determine the status of vector a with
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respect to the elements of set H:

C − min{a, H} =

⎧⎨
⎩

0 if a is dominated by an element (or a number of elements) of H
1 if a and all the elements of H are non-dominated with respect to each other
2 if a is non-dominated, but there exists at least one dominated vector in H

(3)

Using the sub-program defined above would be helpful along with the pro-
cess of finding non-dominated path(s).

2.2 Algorithm

Now, we can present our algorithm to find non-dominated path(s) between
any pairs of nodes in a network.
Step 0) Create the matrix D0 as follows:
If there exists a straightforward path between node i and node j, put dij =
{(cij, {j})} which is a set including a (q + 1)−vector. Its (q + 1)th component
shows the path to reach node j from node i is the path i → j itself. Otherwise,
if there is no directed path between node i and node j set dij = {(M.1, {})},
in which 1 ∈ R

q (1=(1,...,1) and M is a big number. We can assign an empty
set to the q + 1th element, because this element does not play any role in the
iteration of algorithm and probably will be substituted by another set. The
diagonal elements are marked with (-) to indicates that they are blocked which
means there is no arc between a typical node and itself.

Step k) Consider row k and column k as the pivot row and the pivot column
respectively. ā indicates the vector after eliminating the (q + 1)th element of
a. For i �= j, i �= k, k �= j,

For each v ∈ dik

For each w ∈ dkj

If C − min{v̄ + w̄, d̄ij} =0, create Dk by putting dij in Dk−1, If C − min{v̄ +w̄, d̄ij} =1, create Dk by adding the vector v + w to dij in Dk−1,
If C − min{v̄ + w̄, d̄ij} =2, create Dk by adding the vector v + w to dij and
eliminating the dominated vectors from dij in Dk−1.
End for

End for.
v+w can be defined as follows: (v+w)i = vi+wi, for i = 1, ..., q, but its (q+1)th
component shows a set that is created by adding the element(s) of (q + 1)th
component of vector v to its corresponding set in vector w. Repeating step k
for n times obtains the final matrix representing the non-dominated path(s)
between each pair of nodes. At final iteration, if the set in the cell (i, j) is
singleton and its first q elements are equal to M.1(and 1 ∈ R

q) then there is
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no path between node i and node j. Otherwise, any element of the set dij

shows a path, in which the first q elements show the length of the path and
the q +1th element shows the path itself. The next theorem brings a proof for
validation of the proposed algorithm.

Theorem 1. Suppose the (q + 1)th component in v(∈ dik) represents the path
from node i to node k, and the (q + 1)th component in w(∈ dkj) represents
the path from node k to node j, then the (q + 1)th component in v + w(∈ dij)
represents the path from node i to node j via node k.

Proof. If both of the (q + 1)th elements of vector v and vector w are single-
ton, they must be {k} and {j} respectively by definition in D0. Then by
construction of v + w, its (q + 1)th component is a set created by adding j
to set {k}, so set {k, j} is created and shows the path i → k → j. Other-
wise, if at least one of the sets of the (q + 1)th component has more than one
element, for instance vq+1 = {t1, t2, ..., k} and wq+1 = {s1, s2, ..., j} then the
(q+1)th element in v+w will be {t1, t2, ..., k, s1, s2, ..., j} representing the path
i → t1 → t2 → ... → k → s1 → s2 → ... → j to show the non-dominated path.

This algorithm is can be considered as a generalization of Floyd’s algorithm
[21] which determines non-dominated path(s) between every pair of nodes at
the last iteration(iteration n). We apply the proposed approach on example
in the next section.

3 Numerical Example

For the network shown in Figure 2, to find the non-dominated path between
any two nodes we can apply the proposed method. Each arc includes 4 different
types of cost (q = 4) which are given on it by a vector. All arcs are directed
which means the traffic is allowed only along with the direction. The initial
matrix is given by D0.

The result of each iteration obtained by the proposed method is presented
in the table of that iteration. For instance, to create cell (1,4) in table 5(D5)
vector {d15 +d54} must be compared to vector d14 in D4. However, {d15 +d54}
is a set with two elements, so d14 must be compared with each element of
{d15 + d54}. In other words, non-dominated vector(s) must be determined in
set:
{(7, 5, 26, 11) + (5, 1, 3, 7), (15, 18, 22, 15) + (5, 1, 3, 7), (10, 14, 14, 11)}

The shortest path(s) between any pairs of nodes is determined at the last it-
eration by D6. For instance, considering set d16 having two elements(vectors),
it can be concluded that there are two non-dominated paths between node
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D0 1 2 3 4 5 6
1 - {(10, 4, 2, 10, {2})} {(6, 1, 18, 10, {3})} {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}
2 {(M, M, M, M, {})} - {(M, M, M, M, {})}{(0, 10, 12, 11, {4})}{(M, M, M, M, {})}{(M, M, M, M, {})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (M, M, M, M, {})} {(1, 4, 8, 1, {5})} {(M, M, M, M, {})}
4 {(M, M, M, M, {})}{(M, M, M, M, {})} {(4, 0, 0, 3, {3})} - {(M, M, M, M, {})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} -

Table 0: The initial matrix.

D1 1 2 3 4 5 6
1 - {(10, 4, 2, 10, {2})} {(6, 1, 18, 10, {3})} {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}
2 {(M, M, M, M, {})} - {(M, M, M, M, {})}{(0, 10, 12, 11, {4})}{(M, M, M, M, {})}{(M, M, M, M, {})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (M, M, M, M, {})} {(1, 4, 8, 1, {5})} {(M, M, M, M, {})}
4 {(M, M, M, M, {})}{(M, M, M, M, {})} {(4, 0, 0, 3, {3})} - {(M, M, M, M, {})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} -

Table 1.

D2 1 2 3 4 5 6
1 - {(10, 4, 2, 10, {2})} {(6, 1, 18, 10, {3})} {(10, 14, 14, 11, {2, 4})}{(M, M, M, M, {})}{(M, M, M, M, {})}
2 {(M, M, M, M, {})} - {(M, M, M, M, {})} {(0, 10, 12, 11, {4})} {(M, M, M, M, {})}{(M, M, M, M, {})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (6, 12, 22, 11, {2, 4})} {(1, 4, 8, 1, {5})} {(M, M, M, M, {})}
4 {(M, M, M, M, {})}{(M, M, M, M, {})} {(4, 0, 0, 3, {3})} - {(M, M, M, M, {})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})}{(M, M, M, M, {})}{(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} -

Table 2.

D3 1 2 3 4 5 6

1 -
{(10, 4, 2, 10, {2}),

(12, 3, 28, 20, {3, 2})} {(6, 1, 18, 10, {3})} {(10, 14, 14, 11, {2, 4})}{(7, 5, 26, 11, {3, 5})}{(M, M, M, M, {})}
2 {(M, M, M, M, {})} - {(M, M, M, M, {})} {(0, 10, 12, 11, {4})} {(M, M, M, M, {})} {(M, M, M, M, {})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (6, 12, 22, 11, {2, 4})} {(1, 4, 8, 1, {5})} {(M, M, M, M, {})}
4 {(M, M, M, M, {})} {(10, 2, 10, 13, {3, 2})} {(4, 0, 0, 3, {3})} - {(5, 4, 8, 4, {3, 5})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} -

Table 3.

D4 1 2 3 4 5 6

1 -
{(10, 4, 2, 10, {2}),

(12, 3, 28, 20, {3, 2})}
{(6, 1, 18, 10, {3}),

(14, 14, 14, 14, {2, 4, 3})}{(10, 14, 14, 11, {2, 4})} {(7, 5, 26, 11, {3, 5}),
(15, 18, 22, 15, {2, 4, 3, 5})}{(20, 15, 15, 12, {2, 4, 6})}

2 {(M, M, M, M, {})} - {(4, 10, 12, 14, {4, 3})} {(0, 10, 12, 11, {4})} {(5, 14, 20, 15, {4, 3, 5})} {(10, 11, 13, 12, {4, 6})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (6, 12, 22, 11, {2, 4})} {(1, 4, 8, 1, {5})} {(16, 13, 23, 12, {2, 4, 6})}
4 {(M, M, M, M, {})} {(10, 2, 10, 13, {3, 2})} {(4, 0, 0, 3, {3})} - {(5, 4, 8, 4, {3, 5})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(15, 3, 13, 20, {4, 3, 2})} {(9, 1, 3, 10, {4, 3})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} -

Table 4.

D5 1 2 3 4 5 6

1 -
{(10, 4, 2, 10, {2}),

(12, 3, 28, 20, {3, 2})}
{(6, 1, 18, 10, {3}),

(14, 14, 14, 14, {2, 4, 3})}
{(10, 14, 14, 11, {2, 4}),
(12, 6, 29, 18, {3, 5, 4})}

{(7, 5, 26, 11, {3, 5}),
(15, 18, 22, 15, {2, 4, 3, 5})}

{(20, 15, 15, 12, {2, 4, 6}),
(13, 5, 26, 17, {3, 5, 6})}

2 {(M, M, M, M, {})} - {(4, 10, 12, 14, {4, 3})} {(0, 10, 12, 11, {4})} {(5, 14, 20, 15, {4, 3, 5})} {(10, 11, 13, 12, {4, 6})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (6, 5, 11, 8, {5, 4})} {(1, 4, 8, 1, {5})} {(7, 4, 8, 7, {5, 6})}
4 {(M, M, M, M, {})} {(10, 2, 10, 13, {3, 2})} {(4, 0, 0, 3, {3})} - {(5, 4, 8, 4, {3, 5})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(15, 3, 13, 20, {4, 3, 2})} {(9, 1, 3, 10, {4, 3})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} -

Table 5.
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Figure 2: A network with 4 different type4s of cost on each arc.

D6 1 2 3 4 5 6

1 -
{(10, 4, 2, 10, {2}),

(12, 3, 28, 20, {3, 2})}
{(6, 1, 18, 10, {3}),

(14, 14, 14, 14, {2, 4, 3})}
{(10, 14, 14, 11, {2, 4}),
(12, 6, 29, 18, {3, 5, 4})}

{(7, 5, 26, 11, {3, 5}),
(15, 18, 22, 15, {2, 4, 3, 5})}

{(20, 15, 15, 12, {2, 4, 6}),
(13, 5, 26, 17, {3, 5, 6})}

2 {(M, M, M, M, {})} - {(4, 10, 12, 14, {4, 3})} {(0, 10, 12, 11, {4})} {(5, 14, 20, 15, {4, 3, 5})} {(10, 11, 13, 12, {4, 6})}
3 {(M, M, M, M, {})} {(6, 2, 10, 10, {2})} - (6, 5, 11, 8, {5, 4})} {(1, 4, 8, 1, {5})} {(7, 4, 8, 7, {5, 6})}
4 {(M, M, M, M, {})} {(10, 2, 10, 13, {3, 2})} {(4, 0, 0, 3, {3})} - {(5, 4, 8, 4, {3, 5})} {(10, 1, 1, 1, {6})}
5 {(M, M, M, M, {})}{(15, 3, 13, 20, {4, 3, 2})} {(9, 1, 3, 10, {4, 3})} {(5, 1, 3, 7, {4})} - {(6, 0, 0, 6, {6})}
6 {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} {(M, M, M, M, {})} -

Table 6.

1 and node 6. The set in the fifth element of each vector shows the path,
one efficient path is 1 → 2 → 4 → 6 determined by set {2, 4, 6} with cost
vector (20, 15, 15, 12). The second path is 1 → 3 → 5 → 6 with cost vector
(13, 5, 26, 17). Since the set in cell (6,4) is singleton and the first four compo-
nents of the one element are (M, M, M, M), there is no path between node 6
and node 4.

4 Conclusion

In this paper an algorithm to determine the non-dominated(efficient) path be-
tween any two nodes in a given multiple cost network is presented. Moreover,
if there are more than one non-dominated path between two nodes, this algo-
rithm can determine all of them. The proposed algorithm is a generalization
of Floyd’s algorithm and the total iterations are equal to the number of nodes.
By this method the cost vector of non-dominated path(s), and its(their) inter-
mediate nodes are determined too.
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