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Abstract

In this paper we proposed two new confidence intervals for the dif-
ference between normal population means with known coefficients of
variation. This situation occurs normally in environment and agricul-
ture experiments where the scientist knows the coefficients of variation
of two independent groups. We propose two new confidence intervals for
this problem based on the generalized confidence interval (Weerahandi
[9]) and the closed form method of variance estimation (Zou at el. [10]).
Monte Carlo simulation will be used to assess the performance of these
intervals based on their coverage probabilities and expected lengths.
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1 Introduction

The problem of inference concerning the confidence interval for the difference
between normal population means has been studied recently. In the routine
text such as Walpole et al. [8] shows that the confidence intervals for the
difference of normal means when variances are unknown can be constructed
in two cases; a) variances are unknown and assumed they are equal to σ2 b)
variances are unknown and they are not equal. This problem is also known as
the “Bherens-Fisher problem”. Much of research for Bherens-Fisher problem
have been investigated recently, see e.g. Niwitpong and Niwitpong [5] and the
references cited in the mentioned papers. In this paper, we investigate the
Bherens-Fisher problem when we have prior information for the coefficient of
variation(τ), i.e. the coefficients of variation of these two group of data set
are known. This situation arises in area of agricultural, biological, environ-
mental and physical sciences. For example, in environmental studies, Bhat
and Rao [1] argued that there are some situations that show the standard
deviation of a pollutant is directly related to the mean, that means the τ is
known. Furthermore in clinical chemistry, “ when the batches of some sub-
stance (chemicals) are to be analyzed, if sufficient batches of the substances
are analyzed, their coefficients of variation will be known”. Brazauskas and
Ghorai [2] also gave some examples in medical, biological and chemical experi-
ments shown that in practice there are problems concerning that coefficients of
variation are known. Most of this statistical problem is due to the estimation
of the mean of normal distribution with known coefficient of variation see e.g.
Khan [4] , Searls [6]) and the references cited in the mentioned papers. Re-
cent paper of Bhat and Rao [1] extended the mentioned papers to the test for
the normal mean, when its coefficient of variation is known. Their simulation
results shown that, for the two-sided alternatives the likelihood ratio test or
the Wald test is the best test. This paper extends the recent work of Bhat
and Rao [1] to the confidence interval for the difference between normal means
with known coefficients of variation. We propose two new confidence intervals
for the difference between normal means with known coefficients of variation,
one is based on the generalized confidence interval see e.g. Weerahandi [9] and
another one is based on the closed form method of variance estimation (CFM)
of Zou et al. [10]. The generalized confidence interval (GCI) of Weerahandi [9]
is well-known to use when there is no explicit pivotal statistic for that problem.
Further, a confidence interval obtained from GCI method is widely used based
on computational approach. The method of CFM is, however, constructed
based on adjusted the lower limit and upper limit of the confidence interval in
the form of θx + θy by considering the separated confidence interval for θx and
θy. This method performs well, in terms of coverage probability, compared to
the GCI method and the standard methods see e.g. Zou et al. [10] and the
latest paper of Donner and Zou [3] and the references cited in these papers.
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We assess these two new confidence intervals using the coverage probability
and the ratio of expected lengths between confidence intervals. Typically, we
prefer confidence interval with coverage probability at least the nominal value
(1− α) and its expected length is short.

2 Confidence interval for the difference be-

tween two normal means with known coef-

ficients of variation

Suppose Xi ∼ N(µx, σ
2
x), i = 1, 2, ..., n, Yj ∼ N(µy, σ

2
y), j = 1, 2, ..., m and

assume that coefficients of variation, τx = σx/µx, τy = σy/µy, are known where
µx, µy, σ

2
x, σ

2
y are respectively population means and population variances of X

and Y and X̄ = n−1 ∑n
i=1 Xi, Ȳ = m−1 ∑m

i=1 Yi, S2
x = (n−1)−1 ∑n

i=1 (Xi− X̄)2,
S2

y = (m−1)−1 ∑m
i=1 (Yi−Ȳ )2 are estimators of population means and variances

of X and Y respectively. We are interesting in constructing new confidence
intervals for the difference between normal means, θ = µx − µy.

2.1 Generalized Confidence Interval (GCI)

We now give a brief introduction to the GCI idea, based on Weerahandi [9].
Weerahandi argued that the GCI method can be used whenever standard piv-
otal quantity is difficult to obtain and the concept of GCI method is as follows:

G1. Let X be a random variable with probability distribution f(X, θ, δ) where
θ is the parameter of interest and δ is a nuisance parameter.

G2. Let x be the observed value of X. In order to obtain a generalized confi-
dence interval for θ, we start with a generalized pivotal quantity R(X, x, θ, δ),
which is a function of the random variable X, its observed value x and the
parameters (θ, δ).

G3. Also, R(X, x, θ, δ) is required to satisfy the following conditions:

C1. For a fixed x, the probability distribution of R(X, x, θ, δ) is free of unknown
parameters θ and δ.

C2. The observed value of R(X, x, θ, δ), namely r(x, x, θ, δ) is simply θ.

A 100(1 − α)% generalized lower confidence limit for θ is then given by
R1−α, the 100(1 − α)% percentile of R(X, x, θ, δ). Further, for chosen signif-
icant level α ∈ (0, 1) and given the observed value x, let r1 and r2 be such
values that P (r1 < R(X, x, θ, δ) < r2|θ) = 1 − α then the confidence interval
for parameter θ defined by {θ : r1 < R(X, x, θ, δ) < r2} is a 100(1 − α)%
generalized confidence interval for θ.
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2.2 GCI for θ with known coefficients of variation

We now propose the GCI method to construct the confidence interval for θ
with known coefficients of variation, τx = σx/µx and τy = σy/µy.

For prior information τx = σx/µx and τy = σy/µy, it is straightforward to
see that µx = σx

τx
and µy = σy

τy
. Hence,

µx − µy =
σx

τx

− σy

τy

. (1)

From (1), it is easily seen that

µx − µy =
1

τx

√
(n− 1)s2

x

U
− 1

τy

√
(m− 1)s2

y

V

where U ∼ χ2
n−1, V ∼ χ2

m−1, σx ∼
√

(n−1)s2
x

U
and σy ∼

√
(m−1)s2

y

V
. Now let

R(X, x, Y, y, θ, σ2
x, σ

2
y) =

1

τx

√
(n− 1)s2

x

U
− 1

τy

√
(m− 1)s2

y

V
.

It is easily seen that R(X, x, Y, y, θ, σ2
x, σ

2
y) satisfies the conditions (C1)- (C2).

Hence, a 100(1− α)% generalized confidence interval for θ is given by

CIgci = [Rα/2, R1−α/2] (2)

where R1−α/2 is an upper quantile of R(X, x, Y, y, θ, σ2
x, σ

2
y).

2.3 The closed form method of variance estimation: CFM

The estimation idea of confidence interval for the difference between lognormal
means by the closed form method of variance estimation was presented by Zou
et al. [10]. Their strategy is to recover variance estimates from the lower and
upper limits and then to form approximate confidence intervals for functions of
the parameters. We review CFM method by considering a general approach,
using Central Limit Theorem (CLT), to setting two-sided confidence interval
for a function of parameters of interest in the form θ = θ1 + θ2 which is given
by

(θ̂1 + θ̂2)± z1−α/2

√
var(θ̂1) + var(θ̂2)

where z1−α/2 is the 1−α/2 quantile of the standard normal distribution and the

estimators θ̂i, i = 1, 2 and var(θ̂i) are statistically independent of each other
where θ̂i and var(θ̂i) are respectively the estimators and the corresponding
variances of each parameter θi. Zou et al. [10] assumed that a 100(1 − α)%
two-sided confidence intervals for θi is given by (li, ui). They argued that the
plausible values of l1 + l2 is near L and u1 + u2 is near U where (L,U) is a
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target confidence interval for θ. The estimation methods for var(θ̂i) to obtain
L is based on the condition θ1 = l1 and θ2 = l2. Using the CLT, under the

condition θi = li, if we have (θ̂i−li)
2

var(θ̂i)
≈ z2

1−α/2 then varl(θ̂i) ≈ (θ̂i−li)
2

z2
1−α/2

. Similarly,

the estimation methods for var(θ̂i) to obtain U is based on the condition

θ1 = u1 and θ2 = u2, it is easy to see that varu(θ̂i) ≈ (ui−θ̂i)
2

z2
1−α/2

. Therefore, the

confidence interval for θ is given by (L,U) where

L = (θ̂1 + θ̂2)− z(1−α/2)

√
v̂ar(θ̂1) + v̂ar(θ̂2)

= (θ̂1 + θ̂2)− z(1−α/2)

√√√√(θ̂1 − l1)2

z2
1−α/2

+
(θ̂2 − l2)2

z2
1−α/2

= (θ̂1 + θ̂2)−
√

(θ̂1 − l1)2 + (θ̂2 − l2)2

U = (θ̂1 + θ̂2) + z(1−α/2)

√
v̂ar(θ̂1) + v̂ar(θ̂2)

= (θ̂1 + θ̂2) + z(1−α/2)

√√√√(u1 − θ̂1)2

z2
1−α/2

+
(u2 − θ̂2)2

z2
1−α/2

= (θ̂1 + θ̂2) +
√

(u1 − θ̂1)2 + (u2 − θ̂2)2

The confidence limits for θ1− θ2 can be constructed by replacing θ1 + θ2 in the
form θ1+(−θ2) and replacing the confidence limits for −θ2 which is (−u2,−l2).
We therefore construct the confidence interval for θ by replacing (l2, u2) with
(−u2,−l2) in the above (L,U) and the 100(1 − α)% two-sided confidence in-
terval for θ1 − θ2 is therefore

CIθ =
(
(θ̂1−θ̂2)−

√
(θ̂1 − l1)2 + (u2 − θ̂2)2, (θ̂1−θ̂2)+

√
(u1 − θ̂1)2 + (θ̂2 − l2)2

)
.

(3)

2.4 CFM for θ with known coefficients of variation

The confidence interval for (1) based on CFM method is easy to construct as
follows. Define

(l∗1, u
∗
1) =

(
1

τx

√√√√ (n− 1)S2
x

χ2
1−α/2,n−1

,
1

τx

√√√√(n− 1)S2
x

χ2
α/2,n−1

)
,

(l∗2, u
∗
2) =

(
1

τy

√√√√ (m− 1)S2
y

χ2
1−α/2,m−1

,
1

τy

√√√√(m− 1)S2
y

χ2
α/2,m−1

)
.

It is know that the unbiased estimators of σx, σy are respectively, cnSx, cmSy, cn =√
2(n− 1)−1Γ(n/2)/Γ((n−1)/2) and cm =

√
2(m− 1)−1Γ(m/2)/Γ((m−1)/2).
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Now, from (3), plugging θ̂1 = τ−1
x cnSx, θ̂2 = τ−1

y cmSy, l
∗
i = li, u

∗ = ui, we have
a new confidence interval for θ1 − θ2 that is given by

CIr =
(
(θ̂1−θ̂2)−

√
(θ̂1 − l∗1)2 + (u∗2 − θ̂2)2, (θ̂1−θ̂2)+

√
(u∗1 − θ̂1)2 + (θ̂2 − l∗2)2

)
.

(4)

3 Simulation studies

In this section, we use Monte Carlo simulation to assess two confidence inter-
vals notified in the previous section: CIgci and CIr based on their coverage
probabilities and average length widths. We design a simulation, without
losing generality, by setting µx = µy = 1, τx = 1, a set values of ratio of
coefficients of variation, τx/τy = 10, 4, 2, 1, 0.5, 0.33, 0.2, 0.1 and the samples
sizes (n = m = 10), (n = 20,m = 10), (n = m = 20), (n = 40,m = 20) and
(n = m = 40). We wrote the function in R program to compute the cover-
age probability and the average length width of each confidence interval. All
results are illustrated in Tables I with a number of simulation run, M=10,000
and the nominal level (1 − α = 0.95). From Tables I, we found that, for
(n = m), the coverage probability of the confidence interval CIr is larger than
that of the confidence interval CIgci for all values of ratio of coefficients of vari-
ation. As a result, the ratio of expected lengths between confidence intervals
is slightly less than one. The length of confidence interval CIgci is therefore
slightly shorter than that of confidence interval CIr. For sample sizes n > m,
i.e n = 40,m = 20, coverage probabilities of these two intervals are not sig-
nificantly different and the coverage probabilities of both confidence intervals
are not at least 0.95. Further in both cases of n > m, n = 40,m = 20 and
n = 20,m = 10, the expected length of confidence interval of CIr is shorter
than the expected length of confidence interval CIgci for all values of ratio of
coefficients of variation.

4 Discussion and conclusions

We propose two new confidence intervals for the difference between normal
means with known coefficients of variation. One of these two intervals, CIr,
is constructed using the closed form method of variance estimation of Zou
et al. [18]. Another confidence interval, based on the generalized confidence
interval, is derived for the first time for this problem. It is shown, by means
of simulation, that coverage probabilities of both intervals are not significantly
different for equalized sample sizes but confidence interval CIgci is slightly
shorter than that of confidence interval CIr. There is, however, only some
cases of different sample sizes that confidence interval CIr outperforms the
confidence interval CIgci both in terms of coverage probability and expected
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length. For practitioner, one may argue that a good confidence interval should
has a large coverage probability and a shorter expected length. In this case,
the confidence interval CIr, whose method is easy to compute, is preferable
than that of the confidence interval CIgci which is based on a computational
approach.
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Table 1: The coverage probabilities of CIgci, CIr and E(CIgci)/E(CIr) with
the number of simulation runs = 10,000

n m τx/τy CIgci CIr E(CIgci)/E(CIr)
10 10 10 0.9454 0.9999 0.9853

4 0.9491 0.9998 0.9861
2 0.9495 0.9999 0.9865
1 0.9495 0.9996 0.9851

0.5 0.9474 0.9998 0.9859
0.33 0.9497 0.9999 0.9861
0.2 0.9469 0.9994 0.9850
0.1 0.9503 0.9999 0.9865

20 10 10 0.9484 0.9647 1.0827
4 0.9520 0.9662 1.0824
2 0.9495 0.9659 1.0825
1 0.9498 0.9646 1.0841

0.5 0.9506 0.9659 1.0834
0.33 0.9515 0.9656 1.0824
0.2 0.9470 0.9640 1.0838
0.1 0.9491 0.9652 1.0839

20 20 10 0.9493 0.9907 0.9931
4 0.9470 0.9898 0.9930
2 0.9500 0.9918 0.9923
1 0.9513 0.9902 0.9934

0.5 0.9477 0.9893 0.9930
0.33 0.9495 0.9921 0.9926
0.2 0.9480 0.9909 0.9933
0.1 0.9496 0.9899 0.9932

40 20 10 0.9509 0.9417 1.1107
4 0.9516 0.9418 1.1101
2 0.9474 0.9359 1.1097
1 0.9443 0.9362 1.1100

0.5 0.9487 0.9440 1.1109
0.33 0.9483 0.9431 1.1110
0.2 0.9479 0.9408 1.1108
0.1 0.9525 0.9378 1.1111

40 40 10 0.9947 0.9729 0.9968
4 0.9522 0.9759 0.9977
2 0.9500 0.9756 0.9970
1 0.9460 0.9731 0.9968

0.5 0.9475 0.9752 0.9967
0.33 0.9515 0.9754 0.9982
0.2 0.9504 0.9740 0.9981
0.1 0.9459 0.9745 0.9980


