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Abstract 

 
    Present models of Data Envelopment Analysis (DEA) depend on static productions 
(independent of time) which can easily lead to erroneous appraisal results due to 
incorrect hypothesis, since in the real world we encounter such situations where input-
output levels are time-dependent like capital stock which  are effective on the output 
levels during the production periods. Such units cannot be evaluated by the classic or 
static DEA. In this paper, a model will be proposed for evaluating relative efficiency 
of units which have time-dependent input-output. Occasionally the Decision Making 
Units (DMU) might, in addition to using and producing desirable input-output, use and 
produce undesirable input-output as well. Segregation of desirable and undesirable 
components from each other in the input vector, and also in the output vector as well 
as study of these factors is a crucial issue which causes improvement of the 
operational trend and increased efficiency of the units. Also in this paper, efficiency 
measuring in presence of desirable and undesirable factors, in the dynamic state has 
been studied. 
 
Keywords: Data envelopment analysis; Dynamic efficiency; Desirable and 
Undesirable Data 
 

1. Introduction 

    Developed for the first time by Charns, DEA is a procedure which has been used 
during the three recent decades in operation researches and in engineering sciences. In  
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standard DEA models, it is assumed that the units are homogeneous and such models 
are designed to measure efficiency during a period. In previous researches Chen and 
Dalen [2] developed a dynamic DEA model that allows intertemporal effects in 
efficiency measuring. Nemoto and Goto [6] considered crucial characteristic for DEA 
in dynamic state which includes two different types of inputs (variable and quasi-fixed 
inputs). The unique characteristics of the quasi inputs are that they are considered as 
output in the actual period and as input in the next period. For example, in power 
generators, workforce (labor) and fuel (variable inputs) are employed to generate 
electricity (as outputs). Most of the generated power is sold to the purchasers; though 
part of the generated power (quasi-output) is reserved in the generator itself which will 
be used to generate power in the next periods. Almost all the economic situations have 
dynamic details and effect of the time-dependent productions is seen in many cases of 
the real world; for example, the effect of education and R&D on economic growth and 
production advancements [1], influence of training human resource on performance of 
corporate [5], effect of advertisement on sale level and investment in IT on corporate 
performance [3][4] are examples of such cases. In 2005, Sekitani, Sueyoshi [7] 
proposed a new method for efficiency measurement in the dynamic DEA state. They 
expanded the Nemoto & Goto procedure in such a way that the concept of returne to 
scale condition is retained in to the dynamic DEA. The objective of this paper is to 
obtain total efficiency of the periods considering desirable and undesirable input-
output. Order of issues in this paper are as follows. Section 2 starts by an explanation 
of the CCR multiple model and follows by an explanation on the dynamic models in 
section 3. In section 4 we define some definitions. In section 5 we illustrate efficiency 
analysis in presence of the undesirable factors. Section 6 concludes the paper. 

 

2. Conventional DEA framework  

    Assume that n unit of  DMUj is available such that each DMUj employs the input 
vector , … ,  to produce its output , … ,  where   0 and 

0   and 0 and 0. Regarding the definition   |
∑  , ∑   ,   0  we will have: 

             

.    λ 0    1, … ,                                                                   1  

               λ             1, … ,       
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            0 

Regarding the dual variables  and  we will have: 

   

.      0        1, … ,                                                     2   

                 1                                

                 0 , 0                                     

    Here, the dual variables , 1, … ,  are related to the first group of constraints 
in (1) and  , 1, … ,  are those related to the second group of constraints. 

    Before introducing the model presented in the dynamic state, first the production 
technologies in the static state and efficiency measurements will be explained. In a 
specific time period, we will consider a group of K DMUs, each employing inputs 

  to produce outputs   where DMUs are 

assumed to be homogeneous. The production possibility set (PPS) under this 
production technology is defined as follows: 

 , : A  can produce  S                                                                          (3) 

and in the given PPS, two set mapping between input and output vectors are defined 
as: 

 : ,  ,      ,      

 ′ : ,  ,      .               (4) 

    Note that the production technologies defined in (3) and (4) are static; i.e., 
productions are independent in different periods and the order of efficiency in the 
output-oriented can be obtained from the optimization problem: 
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: .                                                                                                 (5) 

    Charnes et al.(1978) operationalized this construct by characterizing PPS as a 
polyhedral cone generated by the set of observed production plans; the output 
possibility set can be expressed as: 

: ∑ λ  , 1 , … ,  ,                                               

λ  , 1 , … ,  , λ 0 , 1, … , .                                                   6   

    Constraints in the formula (6) specify that PPS is the minimal enveloping set 
containing all observed production plans, and closed under non-negative linear 
combinations. PPS has been developed to the constant returns-to-scale(CRS) 
assumption and the output-oriented efficiency of DMUk regarding the structure (6) is 
obtained from solution of the following LP: 

, :                                                  7   
    If 1, DMUk is efficient, and if  1 it indicates that DMUk  can increase its 
outputs  proportionately by a factor  with the actual input levels. 

 

3. Dynamic production theory and dynamic DEA model 

     In the dynamic DEA the relation between the inputs and outputs is considered in 
the dynamic productions. Here, we will first define time-dependent parameters and 
then, the dynamic DEA will be formulated. 

    The process of dynamic production studied in 1 to 1 periods and showed as an 
index set T= 1, … , 1 . For the desired time period  in the observation window 
(i.e. m-period) depicts a time-dependent model of the production process where the 
inputs used in the period  can be used in output production in the , 1, … ,  
periods. In the particular case, we only consider the evaluation period ,  such that its 
whole time-dependent effect is fully covered in the observation window; i.e., 

, … , T will be evaluated. Production effects of a specific input  of  DMUk  
at time period  will be indicated with a matrix with the dimensions J×(m+1) as 
follows: 
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Undesirable output: Undesirable output is a factor through reduction (increase) of 
which, increase (decrease) of the efficiency trend is improved. 

 

4. Undesirable data in DEA and efficiency analysis in presence of the 
undesirable factors 

    Sometimes the DMUs might, in addition to using and producing desirable inputs 
and outputs, also use and produce undesirable inputs and outputs. Segregation of 
desirable and undesirable factors from each other in the input and output vectors, and 
also study of the effect of such factors, is a crucial issue leading to improved 
operational trend and increase of efficiency level of the units. The evaluating model 
for such issues should, in order to increase the efficiency level, decrease the level of 
undesirable outputs (and at the same time increase consumption of the undesirable 
inputs) and in the other words in such situations, the DEA models should behave 
differently towards desirable and undesirable factors. One possible procedure is that 
undesirable outputs are treated as inputs and mutually the undesirable inputs be treated 
as if they were outputs. 

    To extend the dynamic model, in a form that it computes efficiency during the 
whole assessment period, first we consider the model.  

     

.         , 1, … , ,                       

            Ś Ś    , 1, … ,                                                                                  

      λ 0  ,   1, … ,                                                                                

           Ś  ,      1, … ,                                                            9  

    We assume that evaluation is done in the period T, i.e. , … ,  and 
, ,  have the previous definitions: 
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1

     

.                ,      1, … ,    , , … ,                     

            Ś Ś         ,     1, … ,   , , … ,                                 

              λ 0     ,           1, … ,  

             Ś  ,   ,          1, … ,   ,   , … ,                10  

5.2. Model expansion considering the desirable and undesirable inputs and outputs 

    Desirable and undesirable inputs and outputs in the static state will be presented by 
AD, SD and AU, SU respectively and desirable and undesirable inputs and outputs in the 
dynamic state will be included by A'D, S′D and A′U , S′U respectively. We consider the 
assessment window as , 1, … , . It is assumed that at the beginning, 
there are no dynamic desirable and undesirable inputs. DA , DA' , UA, UA' are the set of 
desirable and undesirable inputs indices respectively and DS  , DS΄ , US  , US΄  are the 
desirable and undesirable outputs in static and dynamic states respectively. 

    Considering the input-oriented the above fractional form can be written in the 
following multiple form: 

Max  
∑ ∑ ∑ ∑   ∑ ∑  ∑ ∑  
∑ ∑   ∑ ∑  ∑ ∑   ∑ ∑   

  

S.t  
∑ ∑ ∑ ∑  ∑ ∑  ∑ ∑      
∑ ∑   ∑ ∑  ∑ ∑   ∑ ∑    

 ≤1 ,  

       
∑ ∑  ∑  ∑    

∑  ∑  ∑  ∑   
 ≤ 1  ,   , … ,   ,     

       

        Ś  ,      
1, … ,                                                                           11  
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                0 , 0 , 0 ,  0       

Theorem 1:.   
∑ ∑  

∑ ∑   
 is the nonnegative linear combination of 

∑  

∑   
  i.e.  

∑ ∑  

 ∑ ∑   
∑ λ

∑  

∑   
     ,    λ 0 

         
Proof: It is sufficient to show there is a i for which the above equation holds. 

First we let  ∑       ∑     as a result we have: 

∑  
∑

 
 

Now we let       and  ∑   then we have  0  such that: 

       , 0   for    

Regarding the above theorem, the first constraint of the model (11) can be omitted, 
therefore we have:  

Max  
 ∑ ∑ ∑ ∑   ∑ ∑  ∑ ∑  
∑ ∑   ∑ ∑  ∑ ∑   ∑ ∑   

  

.   
 ∑ ∑  ∑  ∑    

 ∑  ∑  ∑  ∑   1  ,      , … ,   ,  

             Ś S  , D                  1, … ,                                            

             0 , 0 , 0 ,  0                                     
12                                

The above fractional model can be written in the following multiple form: 
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.      
  

   

               0        ,  

                
′

 
′

′

     

1  
 

               Ś  ,      1, … ,    

               0 , 0 , 0 ,  0                                   

13  

 Considering the dual variables  ,   and   we have 

  

. ,                                ,     , … ,    

           ,                            ,     , … ,           

           ,                             ,        , … ,                        

           ,                            ,     , … ,                             
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           ,                                   ,     , … ,                              

           ,                               ,     , … ,                              

            ,                                  ,     , … ,                           

            ,                                ,     , … ,                   

            Ś   ,                  1, … ,    ,   , … ,                     

            , 0   ,     1, … ,    ,   

, … ,                                                                                   14  

 

5. Conclusions              

    In this paper a model was presented in which the time-dependent effects with regard 
to undesirable inputs and outputs were considered and time-dependent effects were 
formulated via time-dependent parameters. The presented model is a general state of 
the DEA model. Obtained results indicate that the time-dependent effects can lead to 
modifications in the efficiency scores, rankings, and efficiency classification. 
Therefore, application of the static DEA models could lead to erroneous results. Many 
of the production situations include dynamic stages thus, the model presented in the 
dynamic state can in many of the evaluation situation substitute the DEA models. 

References 

[1] Adams , J., 1990. Fundamental stocks of knowledge and productivity growth. 
Journal political Economics. 98(4), 673-702. 
 
 



 

Mathematical model for dynamic efficiency                                                             151 

 

 
[2] Chen, C.M., Dalen, J.V., 2010. Measuring dynamic efficiency: Theories and 
integrated methodology. European Journal of Operational Research. 203, 749-760. 

[3] Devaraj, s., kohli, R., 2000. Information technology payoff in the health-care 
industry: a longitudinal study. Journal of management Information Systems. 16(4), 41-
67. 
 
[4] Devaraj, s., kohli, R. ,2003 . performance impacts of information technology: is 
actual usage the missing link ? Management Science 49(3), 273-289. 
 
[5] Huselid, M., Becker, B., 1996. Methodological issues in cross-sectional and panel 
estimates of the human resource-firm performance link. Industrial Relations. 35, 400-
422. 

[6] Nemoto, J., Goto, M., 1995. Dynamic data envelopment analysis: modeling 
intertemporal behavior of a firm in the presence of productive inefficiencies. 
Economic Letters. 64,  51-56. 

[7] Sueyoshi,T., Sekitani, K., 2005. Returns to scale in dynamic DEA. European 
Journal of Operational Research. 161, 536-544.   

Received: August, 2011 

 


