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Abstract

In this paper, we extend the generalized Reid inequality to include
the numerical radii for the product of two Hilbert space operators.
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1 Introduction

Let B(H) denotes the C* - algebra of all bounded linear operators on a complex
Hilbert space H with inner product 〈., .〉, here 〈., .〉 denotes the standard inner
product in Cn. For A ∈ B(H), the usual operator norm of an operator A,
denoted by ‖A‖, is defined by

‖A‖ = sup
‖x‖=1

‖Ax‖, for all x ∈ H,

where ‖x‖ = 〈x, x〉 1
2 .

The numerical range of A, known also as the field of values of A, is defined as
the set of complex numbers given by

W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}.
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The most important properties of the numerical range are that it is convex
and its closure contains the spectrum of the operator.
A unitarily invariant norm ‖|.‖| on H is a norm on the ideal C‖|.‖| of B(H),
satisfying ‖|UAV ‖| = ‖|A‖| for all A ∈ B(H) and all unitary operators U and
V in B(H). It is called unitarily invariant norm (or invariant under similarities)
if ‖|UAU∗‖| = ‖|A‖| for all A ∈ B(H) and all unitary operators U in B(H).
The most familiar example of weakly unitarily invariant norm is the numerical
radius w(A) defined by

w(A) = sup{|λ| : λ ∈ W (A)}.
It is well known that w(.) defines a norm on B(H) and that for every A ∈
B(H),

1

2
‖A‖ ≤ w(A) ≤ ‖A‖. (1)

Thus, the usual operator norm and the numerical radius norm are equivalent.
For basic properties of the numerical radius, we refer to [5, 8, 9].
The study of numerical radii inequalities has very recently been of great interest
to mathematicians, see [3], [4], [6], [7]. We join the group of these scholars as
the results obtained in this paper add reasonably to the existing literature. It
is important to clarify here that the breakthrough into the recent development
on this area of study has been facilitated greatly by the use of classical and
operator inequalities that had earlier been widely studied, see for example [2].
On the other hand, the generalized Reid inequality as proved by Halmos [8]
asserts that if A and B are operators in B(H) such that A is positive and AB
is self-adjoint, then

|〈ABx, x〉| ≤ γ(B)〈Ax, x〉for all x ∈ H. (2)

Here γ(B) denotes the spectral radius of B.
A weaker version of this inequality was proved by Reid [10] in which γ(B)
is replaced by ‖B‖ in (2) and this gives the famous Reid inequality. This
inequality has been studied by several authors, see for instance [1] or [2]. In
[1], Lin presented generalizations of Reid’s and Halmos inequalities via polar
decomposition approach.
Kittaneh [2] later extended both the generalized Reid inequality and the gen-
eralized mixed Schwarz inequality. It is shown in [2] that for A, B in B(H)
such that |A|B = B∗|A| and if f and g are nonnegative functions on [0,∞)
which are continuous and satisfying the relation f(t)g(t) = t for all t ∈ [0,∞),
then

|〈ABx, y〉| ≤ γ(B)‖f(|A|)x‖‖g(|A∗|)y‖for allx, y ∈ H. (3)

It is important to note here that |A| = (A∗A)
1
2 and |A∗| = (AA∗)

1
2 .

In the next section of this paper, we extend the Kittaneh’s inequality (3) to
include the numerical radius for the product of two Hilbert space operators.
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2 Generalized Reid Inequality and the Numer-

ical radius

In our work, we shall need the following basic Lemmas. The first Lemma,
which is called Hölder-McCarthy inequality, is a well-known result that follows
from spectral theorem for positive operators and Jensen’s inequality (see [2]).

Lemma 2.1. Let A ∈ B(H) be positive operator and let x ∈ H be any unit
vector. Then

〈Ax, x〉r ≤ 〈Arx, x〉 for all r ≥ 1, and

〈Arx, x〉 ≤ 〈Ax, x〉r for all 0 < r ≤ 1.

The second Lemma also follows from spectral theorem and is due to Kit-
taneh [2].

Lemma 2.2. For a self-adjoint operator A in B(H),

|〈Ax, x〉| ≤ 〈|A|x, x〉 for all x ∈ H.

Our first result is an extension of the generalized Reid inequality.

Theorem 2.3. Let A and B be operators in B(H) such that A is positive
and AB is self-adjoint. Then for r ≥ 1, we have

(i) wr(AB) ≤ ‖|A|r|B|r‖ and

(ii) wr(AB) ≤ γr(B)‖Ar‖.
Proof.

(i) For every unit vector x ∈ H, we have

|〈ABx, x〉|r ≤ 〈|AB|x, x〉r
≤ 〈|AB|rx, x〉
≤ 〈|A|r|B|rx, x〉.

Now the result follows at once by taking the supremum over all unit vectors
in H.

(ii) By the generalized Reid inequality, we have

|〈ABx, x〉|r ≤ γr(B)〈Ax, x〉r
≤ γr(B)〈Arx, x〉.

Hence it immediately follows that

wr(AB) ≤ γr(B)‖Ar‖.
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Next, we extend Kittaneh’s extension of the generalized Reid inequality to
obtain generalized numerical radii inequalities for the product of two Hilbert
space operators.

Theorem 2.4. Let A and B be operators in B(H) such that |A|B = B∗|A|
and let f and g be nonnegative functions on [0,∞) which are continuous and
satisfying the relation f(t)g(t) = t for all t ∈ [0,∞), then

wr(AB) ≤ γr(B)‖f 2r(|A|)g2r(|A∗|)‖ 1
2 , r ≥ 1.

Proof. From the inequality (3), for all x ∈ H we have

|〈ABx, x〉|2r ≤ γ2r(B)‖f(|A|)x‖2r‖g(|A∗|)x‖2r

= γ2r(B)〈f(|A|)x, f(|A|)x〉r〈g(|A∗|)x, g(|A∗|)x〉r
= γ2r(B)〈f 2(|A|)x, x〉r〈g2(|A∗|)x, x〉r
≤ γ2r(B)〈f 2r(|A|)x, x〉〈g2r(|A∗|)x, x〉
≤ γ2r(B)〈f 2r(|A|)g2r(|A∗|)x, x〉.

That is

|〈ABx, x〉|2r ≤ γ2r(B)〈f 2r(|A|)g2r(|A∗|)x, x〉.
Thus by taking supremum over all unit vectors in H, we get

w2r(AB) ≤ γ2r(B)‖f 2r(|A|)g2r(|A∗|)‖.
and so

wr(AB) ≤ γr(B)‖f 2r(|A|)g2r(|A∗|)‖ 1
2 . (4)

Another extension is the following result similar to the result above.

Theorem 2.5. Let A, B, f and g be defined as in Theorem 2.4, then for
r ≥ 1,

wr(AB) ≤ 1

2
γr(B)‖f 2r(|A|) + g2r(|A∗|)‖.

Proof. For all x ∈ H, we have

|〈ABx, x〉|2r ≤ γ2r(B)‖f(|A|)x‖2r‖g(|A∗|)x‖2r

= γ2r(B)〈f(|A|)x, f(|A|)x〉r〈g(|A∗|)x, g(|A∗|)x〉r
≤ γ2r(B)〈f 2r(|A|)x, x〉〈g2r(|A∗|)x, x〉
≤ 1

4
γ2r(B)

(
〈f 2r(|A|)x, x〉 + 〈g2r(|A∗|)x, x〉

)2

(by the arithmetic-geometric

mean inequality)
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Thus

|〈ABx, x〉|r ≤ 1

2
γr(B)

(
〈f 2r(|A|)x, x〉 + 〈g2r(|A∗|)x, x〉

)

and so taking supremum over x ∈ H with ‖x‖ = 1, we obtain

wr(AB) ≤ 1

2
γr(B)‖f 2r(|A|) + g2r(|A∗|)‖ (5)

which is the desired result.
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