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Abstract

In this paper, three types of parabolic inverse problems including
heat conduction and radiation are studied by Adomian decomposition
method, and in order to solve this type of inverse problems, an extra
condition in an internal point of the given area of the problem, is used.
This method with high speed of convergence represents, the numerical
approximation of the exact solution of problem without the need for
discrete linear or building to building. In fact, Adomian decomposition
method, eliminates the need to solve any linear or nonlinear system
of algebraic equations. Numerical results obtained from this method,
indicate high accuracy and speed of the method.
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1 Introduction

In problems partial differential equations, we are usually facing a problem
where, problem conditions, initial conditions and boundary conditions, are
identified and in the main equation only the equation main function is un-
known. In fact, there is just one unknown factor at the problem. These
problems are called direct problems.

On the contrary there is another category of problems wherein, addition to
unknown main factor at the equation, there are other characteristics at equa-
tion at its conditions. This type of problems, are called inverse problems.
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This article contains the following sections:
In the section 2 we explaine the inverse parabolic problems with an unknown
boundary conditions. Section 3 is assigned to the parabolic inverse problems
with an unknown control function. The solutions for the non-homogeneous in-
verse heat conduction problems with an unknown control function, are studied
in section 4. In these three section, Adomian decomposition method is con-
sidered by providing examples and comparing their solution to other methods.
At the end of section 5 the results are concluded.

2 Inverse parabolic problems with unknown

boundary conditions

In the section we are considering the following inverse parabolic problems:

ut = uxx; 0 < x < 1 , 0 < t < T0, (1)

u(x, 0) = f(x) , u(0, t) = g(t) , ux(1, t) = h(t) ; 0 ≤ x ≤ 1 , 0 ≤ t < T0, (2)

Where T0 is constant and the sensors, which is for measuring the temperature,
is located in an interned point of the problem s given area i.e. x1, 0 < x1 < 1.
f is continuous known function, g is infinitely derivative function, while the
temperature u(x, t)and heat flux ux(0, t) and g(t) are remained to be deter-
mined. To determine the amount of flux, the following over extra condition:

u(x1, t) = k1(t) , (3)

is considered where the k1 is a known continuous function. We divide problem
(1) to (3) into two separated problems, direct and inverse, in two intervals
x1 < x < 1 and 0 < x < x1 for 0 < t < T0.
Getting heat flux on the heating surface from a spacecraft or that is returned
to the earth is one of the example of using inverse heat conduction problem.
The other uses of heat inverse conduction are as follows:
Some part of science consider the study of launching amissile, space flying,
aviation industry, manufacturing super power engines. Also, exploring the
oil, knowing the non-destructive materials, determining the inner structure of
earth are the other uses of this problem. Periodic heating in weapons Fuel
inflammation inner engine, glass freezing, indirect thermometry for using in
laboratory and studying of boiling curve are the other uses of this problem.
[1]

Theorem 2.1 (Existence and uniqueness)Let functions f and h, in
their range, are functions as continuous. The function:

u(x, t) = w(x, t)− 2
∫ t

0
θ(x, t− τ)g(τ)dτ + 2

∫ t

0
θ(x− 1, t− τ)h(τ)dτ,



Solution of parabolic inverse problems 3951

where

w(x, t) =
∫ 1

0
(θ(x− ξ, t) + θ(x+ ξ, t))f(ξ)dξ,

and

θ(x, t) =
∞∑

m=−∞
K(x+ 2m, t),

and the fundamental solution K(x, t) is defined by

K(x, t) =
1√
4πt

e
−x2

4t

is a unique solution of problem (1) to (3).[2]

The direct problem, which is defined in {(x, t)|x1 < x < 1 , 0 < t < T0},
include:

ut = uxx; 0 < x1 < x < 1 , 0 < t < T0, (4)

u(x, 0) = f(x), ux(1, t) = h(t), u(x1, t) = k1(t); 0 < x1 < x < 1, 0 < t < T0 (5)

and the inverse problem, which is located in {(x, t)|0 < x < x1 , 0 < t < T0}, is:

ut = uxx; 0 < x < x1 , 0 < t < T0, (6)

u(x, 0) = f(x), ux(1, t) = h(t), u(x1, t) = k1(t); 0 < x < x1, 0 < t < T0. (7)

The inverse problem is of Cauchy type. For solution the problems (1) to (3) by
Adomian decomposition method, first by using the inverse problem (6) to (7) the
approximate values of ux(0, t) and u(0, t) are obtained. Thus to find, ux(0, t), inte-
grate from both sides of equation (6), once to x for obtaining u(0, t) and, double x
compared to the equation (6). Therefore, we have,

ux(0, t) = ux(x1, t)−
∫ x1

0
utdx , (8)

and

u(0, t) = u(x1, t)− x1u(x1, t)−
∫ x1

0

∫ x

0
utdxdx. (9)

as you can see the amount of u(x, t) is unknown in both above mentioned relation.
To find u(x, t) value, we use of the direct problem (4) to (5). Therefore at first we
integrate from both sides of equation (5) to t. To do these have:

u(x, t) = u(x, 0) +

∫ t

0
uxxdt = f(x) +

∫ t

0
uxxdt. (10)

by substituting to u =
∑∞

n=0 un in (10), we will have:

∞∑
n=0

un = f(x) +

∫ t

0
(

∞∑
n=0

un)xxdt
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hence we find:

u0(x, t) = f(x), u1(x, t) =

∫ t

0
(u0)xxdt = tf ′′(x), u2(x, t) =

t2

2!
f (4)(x), · · · (11)

Consequently the approximate value of u(x, t) are obtained, then place them in
formula (8) and (9), to obtain the approximate value of ux(0, t) and u(0, t), respec-
tively.

Example 2.2 Consider the following problem:

ut = uxx; 0 ≤ x ≤ 1 , t > 0,

u(x, 0) = sin(πx), u(x1, t) = e−tπ2

sin(πx1), ux(1, t) = −πe−tπ2

; 0 < x < 1, t > 0. (12)

To determine the approximate value of u(x, t), we use the formula (11) and to
determine the values of u(x, t) in bound x = 0. we use of formula (9) and to
determine the value ux(x, t) in bound x = 0, we use of formula (8). Examples
results are given in the table (1.2) for every x1 = 0.25 and values of u(x, t) for every
x = 0.51 are given in the table (2.2) and its absolute error has been compared to
absolute error obtained in reference [12] by finite difference method. This comparison
shows that the results of the Adomian decomposition method, has a higher accuracy.

Exact Solution Exact Solution Absolute error Absolute error
by Adomian by Adomian

t u(0,t) ux(0, t) u(0,t) ux(0, t)
0.025 0 2.4547 0 8.8818× 10−16

0.225 0 0.3410 0 6.6614× 10−16

0.425 0 0.0474 2.0782× 10−15 3.5111× 10−15

0.625 0 0.0066 1.77367× 10−15 1.7655× 10−14

0.825 0 0.0010 2.59855× 10−12 8.0369× 10−12

1.025 0 0.0001 1.5599× 10−8 4.9008× 10−8

Table(1.2): the absolute error for every x1 = 0.25 and for every different t

t Exact Solution u(x, t) Absolute error by Adomian Absolute error by [12]
0.005 0.99951 0 0
0.01 0.90557 0 0.0000160
0.015 0.82046 0 0.0000153
0.02 0.74336 1.11022× 10−16 0.0000200
0.025 0.67349 1.11022× 10−16 0.0000191
0.03 0.6102 1.11022× 10−16 0.0000112

Table(2.2): the absolute error for every x = 0.51 and for every different t

Example 2.3 Consider the inverse problem:

ut = uxx; 0 ≤ x ≤ 1 , t > 0,

u(x, 0) = cos(x), u(x1, t) = e−t cos(x1), ux(1, t) = −e−t sin 1; 0 < x < 1, t > 0. (13)

is given. In this example, the values of u(x, t) and ux(x, t) are obtained in bound
x = 0 to for every t = 0.225 and for different x1. The results indicate that where x1
is more closer to zero, obtained solution is closer to the exact solution. The results
is given in Table (3.2).
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Adomian method Adomian method Exact Solution Exact Solution

x1 ux(0, t) u(0,t) ux(0, t) u(0,t)

0.3 2.63× 10−14 0.798516 0 0.798516
0.25 2.21× 10−14 0.798516 0 0.798516
0.2 1.77× 10−14 0.798516 0 0.798516
0.15 1.33× 10−14 0.798516 0 0.798516
0.1 8.88× 10−14 0.798516 0 0.798516

Table(3.2):Approximate values of ux(0, t) and ux(0, t) for every x1 different

3 Parabolic inverse problems with unknown

control function

In this section, inverse heat radiation problem

ut = uxx + a(t)u; (x, t) ∈ D ,

u(x, 0) = f(x) , u(0, t) = h(t);h(t) ̸= 0 , x ≥ 0, 0 ≤ t ≤ T , (14)

is considered. Where D = {(x, t)|x > 0, 0 < t < T} and T > 0 is a constant and f
and g are smooth functions on their range. Functions a(t) and u(x, t) are unknown
in this problem. Thus we need an extra additional condition.

−ux(0, t) = g(t); 0 ≤ t ≤ T. (15)

By using conversion:

v(x, t) = r(t)u(x, t); r(t) = e−
∫ t

0
a(s)ds, (16)

problem (14) as:

vt = vxx , v(x, 0) = f(x) , v(0, t) = p(t); x ≥ 0, 0 ≤ t ≤ T , (17)

and over extra additional condition forms:

−vx(0, t) = q(t); 0 ≤ t ≤ T. (18)

are obtained in which we have:

q(t) = r(t)g(t) , p(t) = r(t)h(t).

Problems (17) and (18) has solution the same as [2]

v(x, t) = 2

∫ t

0
K(x, t− s)q(s)ds+

∫ ∞

0
N(x, τ, t)f(τ)dτ , (19)

where K(x, t) = 1√
4πt

e
−x2

4t is the fundamental solution of heat equation and

N(x, τ, t) = K(x− τ, t) +K(x+ τ, t) now from (16) to (19) are obtained:

u(x, t) = 2

∫ t

0
K(x, t−s)eγ(t)−γ(s)g(s)ds+

∫ ∞

0
N(x, τ, t)eγ(t)f(τ)dτ ; γ(τ) =

∫ t

0
a(s)ds .
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if we use of specific condition (16), thus we get:

u(0, t) = 2

∫ t

0
K(0, t− s)eγ(t)−γ(s)g(s)ds+

∫ ∞

0
N(0, τ, t)eγ(t)f(τ)dτ = h(t) ,

and

h(t) = 2

∫ t

0

eγ(t)−γ(s)√
4π(t− s)

g(s)ds+

∫ ∞

0
N(0, τ, t)eγ(t)f(τ)dτ ,

or
√
πp(t)e−γ(t) =

∫ t

0

p(−γ(s))√
t− s

g(s)ds×
∫ ∞

0
N(0, τ, t)f(τ)dτ.

thus Voltra integral equation of type II is obtained as ϕ(t) = φ(t) +
∫ t
0 H(t, s, ϕ(t))

in which we have:

φ(t) =

∫ ∞

0

N(0, τ, t)f(τ)√
πh(t)

, H(t, s, ϕ) =
τ(s)ϕ(s)

√
πh(t)

√
t− s

, ϕ(t) = e−γ(t).

Theorem 3.1 ( Existence and uniqueness) For each piece of continuous
functions φ(t), the integral equation ϕ(t) = φ(t)+

∫ t
0 H(t, s, ϕ(t))ds has a continuous

unique solution. [2]

for solving problem (14) by Adomian decomposition method, first we solve the prob-
lem (17) by mentioned method and we find v(x, t) then by using the over extra
additional condition (18), we calculate r(t) and we calculate a(t) by using:

a(t) = −r′(t)

r(t)
. (20)

also by replacing in (16), we obtain u(x, t).

Example 3.2 The problem:

ut = uxx + a(t)u(x, t); x > 0 , 0 ≤ t ≤ 1,

u(x, 0) = cosx− sinx, u(0, t) = e
t2

2
−t; x > 0, 0 ≤ t ≤ 1, (21)

With an extra additional condition:

ux(0, t) = −e−
t2

2
−t; 0 < t ≤ 1

is given. First by using formula (16), the problem (21) changes to the following
problem:

vt = vxx; x > 0 , 0 < t < 1 ,

v(x, 0) = cosx− sinx, v(0, t) = r(t)e−
t2

2
−t, vx(0, t) = −r(t)e−

t2

2
−t;x > 0, 0 ≤ t ≤ 1,

(22)
and by solving this problem, we find the approximate value of v(x, t). Then by
helping of v(0, t) or vx(0, t), we calculate the value of r(t). To determine the value
of a(t) and u(x, t) we use of formulas (20) and (16), respectively. Numerical results
are given for a(t) and u(x, t) in Table (1.3).
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Exact solution Exact solution Numerical solution Numerical solution
t u(x, t) a(t) u(x, t) a(t)

0.05 0.685463 −0.05 0.685463 −0.05
0.1 0.649592 −0.1 0.649592 −0.0999999
0.15 0.614061 −0.15 0.614061 −0.149999
0.2 0.579024 −0.2 0.579024 −0.199997
0.25 0.544623 −0.25 0.544623 −0.24999
0.3 0.510987 −0.3 0.510987 −0.299973

Table (1.3): Approximate values u(x, t) and a(t) for every x = 0.25

4 Inverse heat conduction problems with non-

homogeneous unknown control function

Equation:

∂u

∂t
=

∂2u

∂x2
+ p(t)u(x, t) + q(x, t) ; 0 ≤ x ≤ l , , 0 ≤ t ≤ T0 , (23)

with initial condition and boundary conditions:

u(x, 0) = f(x), u(0, t) = g0(t), u(l, t) = g1(t); 0 ≤ t ≤ T0, 0 ≤ x ≤ l, (24)

with over extra additional condition

u(x1, t) = k1(t); 0 < x1 < 1 , 0 ≤ t ≤ T0 , (25)

is assumed that f , g0, g1, q and k1 are known functions, x1, T0 and L are identified
positive numbers and u(x, t) and p(t) are unknown functions . In this type of
equation has many applications, for example, a study of heat
conduction process, control theorem and influence of chemical. [3],[4],[5],[6].
Equation (24) is used to describe a heat converting process with a source
parameters and equation (26) displays temperature at point x1 at the time of t.
Therefore, the purpose of solving the inverse problem is to determine the control
parameters that are produced at any time t at the point x1.
Existence and uniqueness of the solution problem has been proved in references
[5],[6],[7],[8],[11].
by using the the conversion

v(x, t) = r(t)u(x, t) ; r(t) = e−
∫ t

0
p(s)s , (26)

equation (23) to (25) becomes as follows:

vt = vxx + r(t)q(x, t); 0 ≤ x ≤ l , 0 < t < T0,

v(x, 0) = f(x), v(0, t) = r(t)g0(t), v(l, t) = r(t)g1(t); 0 ≤ x ≤ l, 0 < t ≤ T0, (27)
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where we have:

r(t) =
v(x1, t)

k1(t)
; 0 < t ≤ T0 , (28)

and

p(t) = −r′(t)

r(t)
; 0 < t ≤ T0 , (29)

to solve problem (27) by Adomian decomposition method, integrate frome both sides
of the equation related to t in the problem (27), for therefore we find:

v(x, t) = v(x, 0) +

∫ t

0
vxxdt+

∫ t

0
r(t)q(x, t)dt = f(x) +

∫ t

0
vxxdt+

∫ t

0
r(t)q(x, t)dt.

by fixing v =
∑∞

n=0 vn and r =
∑∞

n=0 rn in above relation, we obtain

∞∑
n=0

vn = f(x) +

∫ t

0
(

∞∑
n=0

vn)xxdt+

∫ t

0
(

∞∑
n=0

rn(t))q(x, t)dt ,

where:

rn(t) =
vn(x1, t)

k1(t)
; n = 0, 1, 2, . . . .

consequently component v(x,t) is calculated as the following:

v0(x, t) = f(x) , r0(t) =
v0(x1, t)

k1(t)
,

v1(x, t) =

∫ t

0
(v0)xxdt+

∫ t

0
r0(t)q(x, t)dt , r1(t) =

v1(x1, t)

k1(t)
,

...

by substituting v =
∑∞

n=0 vn and r =
∑∞

n=0 rn values in the formula (26) and (29),
we calculate p(t) and u(x, t).

Example 4.1 In this example, the problem:

ut = uxx + p(t)u(x, t) + e−t2(π2 − (1 + t)2)(cos(πx) + sin(πx)) ; 0 < x < 1 , t > 0 ,

u(x, 0) = cos(πx) + sin(πx), u(0, t) = e−t2 , u(1, t) = −e−t2 ; 0 ≤ x ≤ 1, t ≥ 0 , (30)

with extra additional condition u(x1, t) = e−t2(cos(πx1) + sin(πx1)) is checked.
Approximate values of u(x, t) per x1 = 0.25 and t = 1 and different x are obtained
and Absolute error of Adomian decomposition methods are compared with Crank-
Nicholson and implicit crandall method in reference [9] and finite difference method
of reference [10] in table (1.4) are compared and also values of p(t) for every x = 0.25
and variety t are obtained and absolute error of
Adomian decomposition method are compared to two methods, Crank -Nicholson and
implicit Crandall method in reference [9] and finite difference method of reference
[10] in table (2.4). The real solution the problem is:

u(x, t) = e−t2(cos(πx) + sin(πx)) , p(t) = 1 + t2.
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x Adomian decomposition Crank-Nicholson [9] Crandall [9] ref. [10]

0.05 2.849× 10−9 7.0× 10−3 6× 10−6 7.4× 10−9

0.15 3.350× 10−9 7.1× 10−3 6.3× 10−6 8.6× 10−9

0.25 3.522× 10−9 7.0× 10−3 6.5× 10−6 9.2× 10−9

0.35 3.350× 10−9 7.4× 10−3 6.6× 10−6 9.4× 10−9

0.45 2.849× 10−9 7.5× 10−3 6.8× 10−6 7.3× 10−9

0.55 2.070× 10−9 7.3× 10−3 6.8× 10−6 5.2× 10−9

0.65 1.088× 10−9 7.5× 10−3 7.0× 10−6 3.3× 10−9

Table (1.4): Absolute error u(x, t) for every x1 = 0.25 and t = 1

x Adomian decomposition Crank-Nicholson [9] Crandall[9] ref. [10]

0.05 2.665× 10−15 4.9× 10−3 6.6× 10−5 7.1× 10−9

0.1 3.775× 10−15 4.9× 10−3 6.8× 10−5 6.3× 10−9

0.15 4.885× 10−15 4.7× 10−3 6.8× 10−5 9.1× 10−9

0.2 5.995× 10−15 4.7× 10−3 6.7× 10−5 1.1× 10−9

0.25 7.327× 10−15 4.8× 10−3 6.8× 10−5 1.6× 10−9

0.3 9.548× 10−15 4.8× 10−3 6.6× 10−5 3.2× 10−9

0.35 1.243× 10−14 4.6× 10−3 6.5× 10−5 8.1× 10−9

Table (2.4): Absolute error p(t) for every x = 0.25 and t different
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determining this unknown one extra additional condition was considered. For the
numerical solution of these problem, we used of Adomian decomposition method.
Comparison of presented numerical results with exact solution and available numer-
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