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Abstract

In this work, we employ the simple direct method to investigate the generalized mKdV
equation with variable coefficients. By using this scheme, we found some new exact solutions
of the equation, including four new types of Jacobi elliptic function solutions, and these
solutions are degenerated to solitary wave solutions and triangle function solutions in the
limit case when the modulus of the Jacobi elliptic functions m → 1 or m → 0.

PACS: 05.45.Yv, 47.35.Fg, 02.30.Jr, 02.70.-c

Keywords: Generalized mKdV equation with variable coefficients, Exact solutions, Solitary
wave solutions, Simple direct method

1 Introduction

Nonlinear partial differential equations (NPDEs) are widely used to describe complex phenom-
ena in various fields of science, especially in physics. Therefore seeking the exact solutions of
NPDEs has been an interesting and hot topic in mathematics physics for a long time. Many
effective methods to construct explicit solutions of NPDEs have been established, such as inverse
scattering method [1], homogeneous balance method [2], tanh method [3], sine-cosine method
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[4], Jacobi elliptic function expansion method [5], auxiliary equation method [6], exp-function
method [7] and so on.

Meanwhile, symmetry plays a very important role in almost every branch of natural sci-
ence. Full finite Lie point symmetry transformation groups of constant coefficient integrable
systems can be directly obtained with the help of gauge and space-time transformations of Lax
pairs (or linear triads) without using the standard Lie algebra and Lie group theory [8]. For
constant coefficient nonintegrable systems, a direct reduction method is established for finding
Lie point subalgebras [9]. In this paper, we will utilize the direct reduction method for find-
ing the non-auto-Bäcklund transformation between variable coefficient nonlinear systems and
constant coefficient ones. Then taking advantage of the non-auto-Bäcklund transformation and
the known results for the constant coefficient nonlinear equations, the solutions of the variable
coefficient nonlinear systems can be generated.

The rest of this paper is organized as follows: In Section 2, there is a simple outline of the
simple direct method. In Section 3, this method is applied to the generalized mKdV equation
with variable coefficients for constructing new exact solutions. A conclusion is given in Section
4.

2 Description of the method

Considering a given variable coefficient nonlinear evolution equation

F (xi, u, uxi , uxixj , . . . , i, j = 1, 2, . . . , n) = 0, (1)

where u = u(x1, x2, . . . , xn) is an unknown function, F is a polynomial in u = u(x1, x2, . . . , xn)
and its partial derivatives. In the following, we give the main steps of the simple direct method:

Step 1: Suppose that the solution of Eq. (1) is in the form

u = A(x1, x2, . . . , xn) + B(x1, x2, . . . , xn)U(X1,X2, . . . ,Xn), (2)

where Xi = Xi(x1, x2, . . . , xn) (i = 1, 2, . . . , n) are the functions to be determined, U(X1,X2, . . . ,Xn)
satisfies another constant coefficient partial differential equation

G(Xi, U, UXi , UXiXj , . . . , i, j = 1, 2, . . . , n) = 0. (3)

Step 2: Substitute (2) along with (3) into Eq. (1), and collect all the same terms together,
then the left-hand side of Eq. (1) is converted into a polynomial in U = U(X1,X2, . . . ,Xn) and
its various partial derivatives. Equating each coefficient of this polynomial to zero, yields a set
of over-determined differential equations for A, B and Xi (i = 1, 2, . . . , n).
Step 3: Solve the system of over-determined differential equations obtained in Step 2 for A, B
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and Xi (i = 1, 2, . . . , n) by using Maple or Mathematica.
Step 4: Substituting A, B and Xi (i = 1, 2, . . . , n) and the solutions of (3) into (2), we have

more solutions of the variable coefficient nonlinear evolution equation (1).

3 Exact solutions of the generalized mKdV equation with vari-

able coefficients

Now let us consider the generalized mKdV equation with variable coefficients as follows

ut + (h1(t) + h2(t)x)ux + h3(t)u2ux + h4(t)uxxx + h5(t)u = 0, (4)

where hi(t) (i = 1, 2, 3, 4, 5) are arbitrary functions of t. Eq. (4) is a quite important equation in
physics field, and the mKdV equation and the cylindrical mKdV equation are its special cases
[10].

At first, let

u = A + BU(X,T ), (5)

where A = A(x, t), B = B(x, t), X = X(x, t) and T = T (x, t) are the functions to be determined
later, U(X,T ) is required to satisfy the following combined KdV-mKdV equation

UT + αUUX + βU2UX + γUXXX = 0, (6)

where α, β and γ are arbitrary constants.
Substituting (5) along with (6) into Eq. (4), we get

−γ3Bh4(t)T 3
x ∂9

XU + F̃ (U,UX , UXX , . . . ) = 0, (7)

where F̃ is the complexity function of U and independent of ∂9
XU . Eq. (7) means

Tx = 0 ⇒ T = T (t). (8)

Using (8), Eq. (7) can be reduced the following equation

K1 + K2UX + K3U
2 + K4UUX + K5U

2UX + K6UXXX + K7U + K8UXX + K9U
3 = 0, (9)

where

K1 = Ah5(t) + At + (h1(t) + xh2(t) + A2h3(t))Ax + h4(t)Axxx,

K2 = BXt + (Bh1(t) + xBh2(t) + A2Bh3(t) + 3h4(t)Bxx)Xx

+3h4(t)BxXxx + Bh4(t)Xxxx,

K3 = B2h3(t)Ax + 2ABh3(t)Bx, K4 = 2AB2h3(t)Xx − αBTt,

K5 = B3h3(t)Xx − βBTt, K6 = Bh4(t)X3
x − γBTt,

K7 = Bh5(t) + Bt + 2ABh3(t)Ax + (h1(t) + xh2(t) + A2h3(t))Bx + h4(t)Bxxx,

K8 = 3h4(t)BxX2
x + 3Bh4(t)XxXxx, K9 = B2h3(t)Bx.
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By setting

Ki = 0 (i = 1, 2, . . . , 9) (10)

and solving the corresponding partial differential equations, we have

A = αpe−
� t h5(t)dt, B = 2βpe−

� t h5(t)dt, (11)

X = ke−
� t h2(t)dtx − k

∫ t

h1(t)e−
� t h2(t)dtdt

−kα2p2

∫ t

h3(t)e−
� t[h2(t)+2h5(t)]dtdt, (12)

T = 4βkp2

∫ t

h3(t)e−
� t[h2(t)+2h5(t)]dtdt, (13)

with the condition

h4(t) =
4βγp2

k2
h3(t)e2

� t[h2(t)−h5(t)]dt, (14)

where p and k are arbitrary constants.
Therefore, by (5), (6) and (11)–(14), we obtain:

Theorem 1. If U = U(X,T ) is a solution of the combined KdV-mKdV equation (6), then

u(x, t) = pe−
� t h5(t)dt

(
α + 2βU(X,T )

)
, (15)

where X and T are decided by (12) and (13) respectively, is a solution of Eq. (4) under the
constraint (14).

Now we use Theorem 1 to obtain exact solutions of Eq. (4). Since Eq. (6) have been
studied by many authors of Refs. [11-17], it is easy to find the exact solutions of Eq. (6). In
Refs. [11-17], authors have successfully constructed a series of explicit exact solutions of Eq. (6)
by using homogeneous balance method, unified algebraic method, sub-ODE method, modified
mapping method and Jacobi elliptic function expansion method. Substituting these solutions
into Eq. (15), we can simultaneously obtain more new exact solutions of the generalized mKdV
equation with variable coefficients.

For example, substituting the four Jacobi elliptic function solutions of Eq. (6) introduced in
[16] as u(x, t) under the transformation {u, t, x} → {U,T,X} into Eq. (15), we can obtain the
corresponding exact solutions of Eq. (4) as follows:

u1(x, t)=αpe−
� t h5(t)dt

[
1 +

2
(
1 − l2

)( − 3 + l2 + 2l2m2
)
dn[ξ1,m]( − 5l − lm2 + 2l3 + 4l3m2

)(
cn[ξ1,m] + l dn[ξ1,m]

)]
,

ξ1=±
√(

1 − l2
)( − 3 + l2(1 + 2m2)

)
α2

/(
2l2(5 + m2 − 2l2(1 + 2m2))2βγ

)
×

[
X +

( − T + T l2
)( − 3 + l2 + 2l2m2

)( − 3 + m2 + 2l2 + 4l2m2
)
α2

2l2
(
5 + m2 − 2l2(1 + 2m2)

)2
β

]
+ ξ0; (16)
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u2(x, t)=αpe−
� t h5(t)dt

[
1 +

2
( − 1 + l2

)( − 3 + l2(1 + 2m2)
)
cn[ξ2,m]( − 6 + 3l2 + 3l2m2

)(
cn[ξ2,m] + l dn[ξ2,m]

)]
,

ξ2=±
√(

l2 − l4
)( − 3 + l2(1 + 2m2)

)
α2/

(
18(−2 + l2(1 + m2))2βγ

)
×

[
X −

( − T + T l2
)( − 6 + l2(1 + m2)

)( − 3 + l2(1 + 2m2)
)
α2

18
( − 2 + l2(1 + m2)

)2
β

]
+ ξ0; (17)

u3(x, t)=αpe−
� t h5(t)dt

[
1 − 4

(
1 + l4m2 + l4m4 − l2 + 2l2m2

)
sn[ξ3,m](

4 − 3l2 + 4l2m2
)(

sn[ξ3,m] + l dn[ξ3,m]
) ]

,

ξ3=±
√

l2
( − 1 + l2(1 − 2m2) + l4(m2 − m4)

)
α2/

(
(4 + l2(−3 + 4m2))2βγ

)
×

[
X −

( − 4T + T l2
)(

1 + l4m2(−1 + m2) + l2(−1 + 2m2)
)
α2(

4 + l2(−3 + 4m2)
)2

β

]
+ ξ0; (18)

u4(x, t)=αpe−
� t h5(t)dt

[
1 − 4

(
1 − l2m2(l2 − l2m2 − 2) − l2

)
dn[ξ4,m]( − 1 + 4m2(l − l3 + l3m2)

)(
sn[ξ4,m] + l dn[ξ4,m]

)]
,

ξ4=±
√( − 1 + l2(1 − 2m2) + l4(m2 − m4)

)
α2/

(
l2(1 + 4(−1 + l2)m2 − 4l2m4)2βγ

)
×

[
X +

(
1 + 4l2m2(−1 + m2)

)(
1 − l2m2(l2 − l2m2 − 2) − l2

)
Tα2

l2
(
1 − 4m2(1 − l2 + l2m2)

)2
β

]
+ ξ0; (19)

where X and T are decided by (12) and (13) respectively, α, β, γ, p, k, l and ξ0 are arbitrary
constants, m is the modulus of the Jacobi elliptic functions (0 ≤ m ≤ 1).

When the modulus m → 1 and m → 0, the above solutions (16)–(19) are degenerated to the
corresponding solitary wave solutions and triangular function solutions.
Remark 1. When α = 0, then Eq. (6) becomes the mKdV equation

UT + βU2UX + γUXXX = 0 (20)

which arises in many different fields, such as shallow water model, plasma science, biophysics
and so on. Jacobi elliptic function solutions, solitary wave solutions and trigonometric function
solutions of (20) can be found in [18, 19]. Substituting these solutions into (15) with α = 0, we
can also obtain new exact solutions of (4).
Remark 2. The generalized mKdV equation with variable coefficients is fundamental in the
study of traffic flow, plasma physics and the propagation of weakly nonlinear long waves in a
mKdV-typed medium that is characterized by a varying dispersion and nonlinear coefficients
(please see [20-22]). It is important to note that the solutions obtained in this paper may be
useful to explain some physical phenomena including traffic flow, solitons in a relativistic warm
plasma and wave propagation in any mKdV system.
Remark 3. To our knowledge, all types of exact solutions we obtain here to Eq. (4) are not
shown in the previous literature.
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4 Conclusions

In this paper, we study exact solutions of the generalized mKdV equation with variable coeffi-
cients. The five variable coefficients of the generalized mKdV equation, which play an important
role in some complicated situations, make it very difficult for us to solve the equation. By means
of a simple direct reduction method, we find the non-auto-Bäcklund transformation between
variable coefficient nonlinear system and constant coefficient one. Then taking advantage of
the transformation and the known results for the constant coefficient nonlinear equation, the
solutions of the variable coefficient nonlinear system can be obtained. It is clearly to see that
the computation procedure is very simple. This paper shows that the direct reduction method
provides a very effective and powerful tool for solving variable coefficient nonlinear equations in
mathematical physics and engineering problems.
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