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Abstract

Gale and Shapely proposed a GS algorithm to solve stable marriage
problem. This algorithm results a man optimal / woman optimal match-
ing. In this paper, the term best optimal stable matching, preference
value and satisfactory level are defined and using it a new algorithm,
called Best Optimal Stable Matching Algorithm (BOSMA), is developed
to find best optimal stable matching.
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1 Introduction

The stable marriage problem (SM) is a well-known problem of matching the
elements of two sets [1]. It is called the stable marriage problem since the
standard formulation is in terms of men and women, and the matching is
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interpreted in terms of a set of marriages. Given n men and n women, where
each person expresses a strict ordering over the members of the opposite sex
[2], the problem is to match the men to the women so that there are no two
people of opposite sex who would both rather be matched with each other
than their current partners. If there are no such people, all the marriages are
said to be stable. Gale and Shapley proved that it is always possible to find
a matching that makes all marriages stable, and provided a polynomial time
algorithm which can be used to find one of two extreme stable marriages, the
so-called man-optimal or woman-optimal solutions [3]. In the man-optimal
stable matching, each man is matched with his best possible partner, while
each woman gets her worst possible, among all stable matching [4]. Next, an
algorithm is introduced to find best optimal stable matching, using preference
value, based on satisfactory level and which is best among the man and woman
optimal matching.

2 Related Definitions

In order to describe the new algorithm to find the best matching using assign-
ment technique, we need to introduce the following definitions.

2.1 Definition:Preference value

In a SM instance, each member is assigned with a value,on the basis of the
order of preference with respect to man/woman.This value is called Preference
value.

2.2 Definition: Men‘s and Women‘s Preference value

The preference value assigned to each woman with respect to a man‘s prefer-
ence list is called men‘s preference value and the preference value assigned to
each man with respect to woman‘s preference list is called women‘s preference
value. For an instance consider an SM involving n men and n women, each of
whom prefer all n members of the opposite sex in the strict order of preference.
In each man‘s preference list, each woman finds preference value in which first
woman gets preference value n

n
, second womann−1

n
, third woman n−2

n
and so

on, the nth woman gets preference value 1
n
. Similarly in each woman‘s prefer-

ence list, each man finds preference value where the first man gets preference
value n

n
second mann−1

n
, third man n−2

n
and so on, the nth man gets preference

value 1
n
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2.3 Definition:Men’s preference value matrix (PMM)

Matrix Representation of Men’s preference values form a n x n matrix,there row
represents men and column represent women and it is denoted as PMM=[wij],
where wij is the preference value of jth woman with respect to ith man and it

is equal to n−(j−1)
n

.

2.4 Definition: Women‘s preference value matrix (PMW )

Women‘s preference value matrix is similar to that of Men‘s preference value
matrix except that the rows are represented by women and columns are repre-
sented by men and it is denoted PMW=[mij ],where mij is the preference value

of jth man with respect to ith woman and it is equal to n−(j−1)
n

.

Note:
1. The preference value of any individual in n × n matching is maximum 1,
minimum 1

n
.

2. Preference value 1 indicates the highest satisfactory level, whereas 1
n

indicates the least possible satisfaction level of individual.
3. In both PMM and PMW ,the row total should be equal to n+1

2
.

2.5 Definition: Satisfactory value matrix (SMM/W )

The satisfactory value matrix with respect to men SMM is defined by sum
of PMM and (PMW )T . The satisfactory value matrix with respect to women
SMW is defined by sum of (PMM)T and PMW .

Note:
1. SMM and SMW are transposing of each other.
2. To find best matching, we can use either SMM or SMW .

2.6 Definition:Satisfactory level

For a given matching, satisfactory level for man / woman is the ratio of sum
of the satisfactory value of all men / women and sum of satisfactory value of
all men and women.
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2.7 Definition:Best optimal stable matching

In the stable matching, the lower value among the men‘s satisfactory level and
women‘s satisfactory level is considered as the Best Optimal Stable Matching.

Example: 2.1
An SM instance with three men m1 ,m2 ,m3 and three women w1 , w2 ,w3 is
considered here.The preference lists of men and women are given below in the
order of preference.

m1:w2 w3 w1 w1: m1 m2 m3

m2: w1 w2 w3 w2: m1 m3 m2

m3: w2 w1 w3 w3: m2 m1 m3

The preference value of w2, w3, w1 with respect to m1 is 3
3
,2
3

and 1
3

respec-
tively, preference value of w1,w2, w3 with respect to m2 is 3

3
,2
3

and 1
3

respectively
and preference value of w2, w1, w3 with respect to m3 is 3

3
,2
3

and 1
3

respectively.

Now the men’s preference value matrix is

w1 w2 w3

PMM =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3

3
3

2
3

3
3

2
3

1
3

2
3

3
3

1
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

m1

m2

m3

Now the women’s preference value matrix is

m1 m2 m3

PMW =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
3

2
3

1
3

3
3

1
3

2
3

2
3

3
3

1
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

w1

w2

w3

The satisfactory value matrix is,

w1 w2 w3
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SMM =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
3

6
3

4
3

5
3

3
3

4
3

3
3

5
3

2
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

m1

m2

m3

m1 m2 m3

SMW =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
3

5
3

3
3

6
3

3
3

5
3

4
3

4
3

2
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

w1

w2

w3

It is observed that
w1 w2 w3

SMM =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
3

6
3

4
3

5
3

3
3

4
3

3
3

5
3

2
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

m1

m2

m3

= SMW T

3 Best Optimal Stable Matching Algorithm(BOSMA)

1. Get number of men (m) or women (w), say n

2. Get the preference lists of all men and women

3. Assign preference value for each wj with respect to each mi, according to
men’s preference list and construct PMM

4. Assign preference value for each mi with respect to each wj, according to
women’s preference list and construct PMW
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5. Form a satisfactory value matrix SMM/W ,adding PMM to the transpose
of PMW (or PMW and transpose of PMM)

6. Write the row/column maximum for each row/column at the right/bottom
of the matrix SMM/W .

7. Encircle the cell, where the corresponding row maximum and column max-
imum meet.

8. If there is a tie between cells, then select the cell on the basis of the order
of Preference.

9. Write the matching corresponding to the encircled cells.

10. Write a new matrix by eliminating the corresponding row and column and
repeat step 6. Only if the matrix exists.

The above stated algorithm is applied in five different sets of preference lists
of men and women.
An SM instance with three men m1 ,m2 ,m3 and three women w1 , w2 ,w3 is
considered to find best optimal stable matching with maximum satisfactory
level using the given algorithm.

Case:1(The man optimal and woman optimal matching are same)

m1:w2 w3 w1 w1: m1 m2 m3

m2: w1 w2 w3 w2: m1 m3 m2

m3: w2 w1 w3 w3: m2 m1 m3

The man-optimal stable matching by GS algorithm for the above problem
is (m1,w2) ,(m2,w1) and (m3,w3) and thier satisfactory levels with respect
to men and women are 53.85% and 46.15%. Similarly the Woman-optimal
stable matching by GS algorithm for the above problem is (m1,w2) ,(m2,w1)
and (m3,w3) and thier satisfactory levels with respect to men and women are
53.85% and 46.15%.
The best optimal stable matching by the above mentioned algorithm is (m1,w2)
,(m2,w1) and (m3,w3).
Case:2(All men (man optimal) and women (woman optimal) are matched to
thier first choices)
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m1:w1 w3 w2 w1: m3 m1 m2

m2: w2 w1 w3 w2: m1 m2 m3

m3: w3 w2 w1 w3: m2 m3 m1

Man-Optimal Woman-Optimal Best Optimal
Stable Matching

Matching (M.S.) (W.S.) Matching (M.S.) (W.S.) Matching
(m1,w1) (m1,w2) (m1,w1)
(m2,w2) 60% 40% (m2,w3) 25% 75% (m2,w2)
(m3,w3) (m3,w1) (m3,w3)

M.S-Men‘s Satisfactory Level W.S-Women‘s Satisfactory Level

The difference between men‘s and women‘s satisfactory level is less in man
optimal matching compared to woman optimal matching. So man optimal
matching is the best optimal matching, which is given by the algorithm.

Case:3(One man (man optimal) and one woman (woman optimal) are matched
to the second and the rest to thier first choices)

m1:w1 w3 w2 w1: m1 m2 m3

m2: w1 w2 w3 w2: m1 m3 m2

m3: w3 w1 w2 w3: m2 m1 m3

Man-Optimal Woman-Optimal Best Optimal
Stable Matching

Matching (M.S.) (W.S.) Matching (M.S.) (W.S.) Matching
(m1,w1) (m1,w1) (m1,w1)
(m2,w2) 61.5% 38.5% (m2,w3) 38.5% 61.5% (m2,w2)
(m3,w3) (m3,w2) (m3,w3)

M.S-Men‘s Satisfactory Level W.S-Women‘s Satisfactory Level

Case:4(One man to first and other men (man optimal) to second choices
and all women (woman optimal)are matched to their first choices)

m1:w2 w3 w1 w1: m2 m1 m3
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m2: w2 w3 w1 w2: m3 m1 m2

m3: w3 w1 w2 w3: m1 m2 m3

Man-Optimal Woman-Optimal Best Optimal
Stable Matching

Matching (M.S.) (W.S.) Matching (M.S.) (W.S.) Matching
(m1,w2) (m1,w3) (m1,w2)
(m2,w3) 58.3% 41.7% (m2,w1) 30.8% 69.2% (m2,w3)
(m3,w1) (m3,w2) (m3,w1)

M.S-Men‘s Satisfactory Level W.S-Women‘s Satisfactory Level

Case:5(All men (man optimal) and all women (woman optimal) are not
matched to thier first choices)

m1:w2 w3 w1 w1: m1 m2 m3

m2: w2 w3 w1 w2: m3 m1 m2

m3: w3 w1 w2 w3: m1 m2 m3

Man-Optimal Woman-Optimal Best Optimal
Stable Matching

Matching (M.S.) (W.S.) Matching (M.S.) (W.S.) Matching
(m1,w2) (m1,w3) (m1,w2)
(m2,w3) 58.3% 41.7% (m2,w1) 33.3% 66.7% (m2,w3)
(m3,w1) (m3,w2) (m3,w1)

M.S-Men‘s Satisfactory Level W.S-Women‘s Satisfactory Level

Conclusion:
The matching obtained by Gale-Shapley algorithm is man-optimal, that is,
the matching is preferable for men but unpreferable for women, (or, if we ex-
change the role of men and women, the resulting matching is woman-optimal).
The BOSMA gives Maximum possible satisfaction for both men and women.
That is, if we increase the satisfactory level of men, by changing the match-
ing, automatically the satisfactory level of women will decrease.The above dis-
cussed algorithm is capable of giving the best of two optimal matchings(Man-
optimal and Woman-optimal),without knowing man optimal and woman opti-
mal matching and its satisfactory levels.So this algorithm is the most suitable
one to find best optimal stable matching,
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