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Abstract

In a recent paper [2], it was shown that people’s behavior in simple
two-person economic games can be quantitatively explained by using
Fehr-Schmidt fairness utility function, i.e., by assuming that a person
chooses a strategy for which the following quantity attains the largest
possible value:

x1 − α · max(x2 − x1, 0) − β · max(x1 − x2, 0),

where x1 is this person’s monetary gain and x2 is the gain of the other
player. The Fehr-Schmidt utility function has an intuitive explanation,
as an approximate expression that captures such feelings as envy and
guilt.

In [3], it was shown that for an arbitrary number of agents, the corre-
sponding Fehr-Schmidt utility function can be derived from reasonable
assumptions such as monotonicity, additivity, etc. In this paper, we
show that for the case of two players, already simple invariance require-
ments uniquely determine this function.
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1 Formulation of the Problem

Need for fairness utility functions. When a person selects an alternative,
this person selects one with the largest value of the utility u. For example, if
these alternatives correspond to different monetary gains, the person selects
the alternative that brings him/her the largest gain x. In this simple situation,
the utility is a monotonically increasing function of the gain.

In situations in which a person’s selection affects other people, usually, the
person takes into account not only his/her own momentary gain, but also the
gains/losses incurred on others by this selection. In other words, the utility u1

of Person 1 depends not only the monetary gain x1 of this person, but also on
monetary gains x2, . . . of others. It is reasonable to describe this situation by
the value of the individual monetary gain that, for the 1st person, is equivalent
to the situation when this person gets x1 and the other get x2, . . . This value
depends on the gains x1, x2, . . . : x = U(x1, x2, . . . for some function U .

In practice, people usually try to avoid harming others – i.e., try to be fair.
Because of this, the corresponding function U(x1, x2, . . .) is sometimes called
a fairness utility function; this is the term that we will use in this paper.

In this paper, we consider the simplest case of two participants. For this
case, the fairness utility function has the form x = U(x1, x2).

Fehr-Schmidt utility: a popular fairness utility function. One of
the most widely used fairness utility functions was proposed by E. Fehr and
K. M. Schmidt [1].

This fairness utility function has the following motivation. We start with
the situation u = x1 when there is no other participant, and try to take into
account how participants react to the winnings or losses of others.

One possible reaction is envy, when a person feels bad if the other par-
ticipant earns more than him/her – and the more the other person gets, the
worse the feeling. This feeling is absent when x2 ≤ x1, i.e., when x2 − x1 ≤ 0,
and increases as the difference x2 − x1 increases. In the first approximation,
it is therefore reasonable to assume that the negative utility caused by envy is
proportional to max(x2 −x1, 0). If we denote the coefficient of proportionality
by α, we thus conclude that the resulting fairness utility function takes the
form

x = x1 − α · max(x2 − x1, 0).

The next natural reaction is guilt. Because of guilt, a person feels bad if the
other participant earns less than him/her – and the less the other person gets,
the worse the feeling. This feeling is absent when x1 ≤ x2, i.e., when x1−x2 ≤
0, and increases as the difference x1−x2 increases. In the first approximation, it
is reasonable to assume that the negative utility caused by guilt is proportional
to max(x1−x2, 0). If we denote the coefficient of proportionality by β, we thus
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conclude that the resulting fairness utility function takes the form

x = x1 − α · max(x2 − x1, 0) − β · max(x1 − x2, 0). (1)

This fairness utility function is known as the Fehr-Schmidt utility function.

Fehr-Schmidt utility functions is successful beyond its intuitive ori-
gin. At first glance, the above expression (1) is based on many assumptions:

• that envy is exactly proportional to max(x2 − x1, 0),

• that guilt is exactly proportional to max(x1 − x2, 0),

• that several contributions can be combined into a single fairness utility
function by a simple linear combination, and,

• most importantly, that the effect of other possible emotions can be ig-
nored – that human decisions can be described as a simple combination
of envy and guilt.

One would therefore expect that the expression (1) is very approximate, and
that a more complex expression may be needed if we want to go from quali-
tative to quantitative explanations of human behavior. However, surprisingly,
the original expression (1) already leads to very good quantitative explanations
and predictions. For example, this expression explains the human behavior in
two-player economic games; see, e.g., [2].

Natural idea: Fehr-Schmidt utility function can be derived from fun-
damental assumptions. The surprising quantitative success of the Fehr-
Schmidt utility function indicates that the expression (1) can be derived from
fundamental assumptions, without the need to design approximate models for
envy, guilt, etc.

Known result. In a recent paper [3], it was indeed shown that for an arbi-
trary number of agents, the corresponding Fehr-Schmidt utility function can
be derived from reasonable assumptions such as monotonicity, additivity, etc.

What we do in this paper. In this paper, we show that for the case
of two players, already simple and natural invariance requirements uniquely
determine this function.

Comment. Crudely speaking, this means that some assumptions from [3] can
be dropped if we only have two individuals.



3710 M. Koshelev

2 Motivations for the Invariance Requirements

Fairness utility function: an informal definition. Our idea is to analyze
natural properties of fairness utility functions U(x1, x2), and to show that these
properties lead to the Fehr-Schmidt expression (1). In order to begin formu-
lating these properties, let us recall the meaning of a fariness utility function.
Specifically, the value x = U(x1, x2) can be defined as the monetary amount
for which, to the first person, the following two situations are equivalent:

• the original situation, in which the first person gets the amount x1 and
the second person gets the amount x2, and

• the ideal situation, in which both persons get exactly the same amount
u.

Because of this definition, when x1 = x2, we have U(x, x) = x.
Thus, by a fairness utility function, we understand a function U(x1, x2) for

which
U(x, x) = x (2)

for all x.

Scale-invariance: a natural requirement on fairness utility functions.
We would like to formulate a general formula for the fairness utility function.
Human behavior does not change if we simply change the monetary units,
e.g., if we count monetary rewards in euros instead of dollars. Thus, it is
reasonable to require that the expression for the general fairness utility function
not change if we change the monetary unit.

Let us assume that we originally had the values x1 and x2, and the resulting
utility of the first person was

x = U(x1, x2). (3)

In mathematical terms, if we replace the original monetary unit with the one
which is λ times smaller, then the numerical values of all the rewards get
multiplied by λ. For example, if we replace dollars with cents, where λ = 100,
then we need to multiply each dollar amount by 100 to get the amount in
cents. Thus, in the new monetary units, the first person gains the amount
x′

1 = λ · x1, the second person gains the amount x′
2 = λ · x2, and so, for the

first person, the equivalent gain is

x′ = U(x′
1, x

′
2) = U(λ · x1, λ · x2). (4)

Our requirement is that this is the same amount as x = U(x1, x2) – but
expressed in different units. In other words, our requirement is that x′ = λ ·x.
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Substituting expressions (3) and (4) into this formula, we conclude that

U(λ · x1, λ · x2) = λ · U(x1, x2) (5)

for all λ > 0, x1, and x2.
In measurement terms, the use of different units means the use of different

scales. In these terms, the property (5) can be called scale-invariance.

Shift-invariance: another natural requirement on fairness utility func-
tions. Our definition of a fairness utility function deals with one-time gains.
However, in reality, each person experiences multiple monetary gains and
losses. Let us therefore consider this situation in a wider perspective.

Let us assume that initially, both persons receive the same amount a. Next,
the first person makes a decision, as a result of which he or she gets the amount
x1 and the second person gets the amount x2. In this description, the first
person initially gains the monetary amount a and, at the second stage, his/her
utility is equivalent to a monetary gain of x = U(x1, x2). By definition of the
fairness utility function – this is equivalent to this person gaining an additional
monetary amount x. Thus, to the first person, the two-stage sequence is
equivalent to him/her gaining the amount

a + x = a + U(x1, x2). (6)

The first person does not necessarily have to wait until he/she gets the
amount a to make a decision. This person can make a decision right away.
In this case, all the monetary amounts a and xi are distributed after the
decision. In other words, based on the decision, the first person gets the
amount x′

1 = a + x1, while the second person gets the amount x′
2 = a + x2. In

this interpretation, the utility of this two-stage situation for the first person is
equal to

U(x′
1, x

′
2) = U(a + x1, a + x2). (7)

However, these are two ways of representing the same situation. The utility
should not depend on how we represent the situation. In other words, it is
reasonable to require that the expressions (6) and (7) coincide, i.e., that

U(a + x1, a + x2) = a + U(x1, x2) (8)

for all a, x1, and x2.
In mathematical terms, the transformation x → a + x is a shift by a. In

these terms, the property (8) can be called shift-invariance.

Comment. The arguments similar to this one – based on enclosing the static
situation into a multi-stage (dynamic) social interaction – are known as argu-
ments of dynamic consistency.
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3 Main Result

Discussion. Scale-invariance and shift-invariance sound like reasonable prop-
erties. In particular, it is easy to check that the Fehr-Schmidt utility function
satisfies these properties.

At first glance, it may seem that we can probably add many other properties
like this. It turns out that this first-glance impression is wrong: it turns out
that the above invariance properties (5) and (8) already uniquely determine
the desired Fehr-Schmidt utility function:

Main result. If a fairness utility function U(x1, x2) is scale- and shift-
invariant, then it has the form (1) for some α and β.

Proof of the main result. Let us first consider the case when x1 < x2. In
this case, shift-invariance (8) with a = −x1 implies that

U(x1, x2) − x1 = U(0, x2 − x1), (9)

where x2 − x1 > 0. Therefore, we have

U(x1, x2) = x1 + U(0, x2 − x1). (10)

Now, scale-invariance (5), with λ = x2 − x1, implies that

U(0, x2 − x1) = (x2 − x1) · U(0, 1). (11)

Substituting expression (11) into formula (10), we conclude that for x1 < x2,
we have

U(x1, x2) = x1 + (x2 − x1) · U(0, 1). (12)

Similarly, when x2 < x1, shift-invariance (8) with a = −x2 implies that

U(x1, x2) − x2 = U(x1 − x2, 0), (13)

where x1 − x2 > 0. Therefore, we have

U(x1, x2) = x2 + U(x1 − x2, 0). (14)

Now, scale-invariance (5), with λ = x1 − x2, implies that

U(x1 − x2, 0) = (x1 − x2) · U(1, 0). (15)

Substituting expression (15) into formula (14), we conclude that for x1 > x2,
we have

U(x1, x2) = x2 + (x1 − x2) · U(1, 0). (16)

Finally, when x1 = x2, then, by definition of the fairness utility function,
we have U(x1, x1) = x1.

So, we arrive at the following conclusion:
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• when x1 < x2, we have U(x1, x2) = x1 + (x2 − x1) · U(0, 1);

• when x2 < x1, we have U(x1, x2) = x2 + (x1 − x2) · U(1, 0); and

• when x1 = x2, we have U(x1, x1) = x1.

One can easily check that this is exactly the formula (1), with α = −U(0, 1)
and β = −U(1, 0). The statement is proven.

Comment. It is worth mentioning that in the original Fehr-Schmidt formula,
we assume that α > 0 and β > 0, because these parameters describe negative
emotions: envy and guilt. In our derivation, the corresponding values α =
−U(0, 1) and β = −U(1, 0) are not necessarily positive: whatever real values
α and β (possibly negative) we take, the resulting expression (1) is still scale-
and shift-invariant. These negative values can also be interpreted.

For example, the case α < 0 can be interpreted as a masochistic feeling:
the more x2 prevails over x1, the better the first player feels. Similarly, the
case β < 0 can be interpreted as hatred: the smaller the second person gets,
the better the first person feels.

For more than two participants, invariance is not sufficient. For
several players, Fehr-Schmidt utility function has the form

x = x1 − α · 1

n − 1
·

n∑
i=2

max(xi − x1, 0) − β · 1

n − 1
·

n∑
i=2

max(x1 − xi, 0). (17)

This function is still shift- and scaling-invariant. However, in contrast to the
case n = 2, it is no longer the only shift- and scaling-invariant function: e.g.,
for every k > 0, the function

x = x1 − α ·
(

1

n − 1
·

n∑
i=2

max(xi − x1, 0)k

)1/k

−

β ·
(

1

n − 1
·

n∑
i=2

max(x1 − xi, 0)k

)1/k

(18)

is also shift- and scaling-invariant. In this case, to justify Fehr-Schmidt fairness
utility function, we do need all the requirements from [3].
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