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Abstract 
                  
In this paper, Bernstein Polynomials are used as a basis to solve volterra’s model 
for population growth of a species within a closed system. This model is a 
nonlinear integro-differential equation where the integral term represents the 
effect of toxin. Using the prescribed method the solution of this problem is 
reducing to a system of algebraic equations. The results demonstrate the 
applicability and accuracy of the technique. 
 
 
 
Keywords: Bernstein polynomial, Integro differential equation, Galerkin method 
 



 

3404                                                                           B. M. Pandya and D. C. Joshi 

 
 
 

1. Introduction 
 

Integro differential equations find useful in a wide range of application fields such 
as Computer graphics, Image processing, Biological problems and financial 
problems. Therefore, their numerical solutions are very useful to analyse the 
problems related to various fields.  

Nonlinear integro differential equations are solved by some techniques such as 
perturbation methods [1, 2, 3, 4, 5, 6, 7, 8], non-perturbation methods, Adomian 
decomposition, homotopy analysis method and numerical methods.  
 
1.1 Volterra’s population model: 
 
Volterra's model for the population growth of a species within a closed system is 
given in [9, 10, 11] as 
                                                                      

               (1)                                   
 
Where a>0  is the birth rate coefficient, b>0 is the crowding coefficient and c>0 is 
the toxicity coefficient. The coefficient c indicates the essential behaviour of the 
population evolution before its level falls to zero in the long term. p0 is the initial 
population and  )denotes the population at time . This model is a first-
order integro ordinary differential equation where the term  represents 
the effect of toxin accumulation on the species. We apply scale time and 
population by introducing the non-dimensional variables 
 

 
 
to obtain the non-dimensional problem 
 

            (2)            
  
Where u(t) is the scaled population of identical individuals at time t and k=c/ab is 
a prescribed non-dimensional parameter. Solution of equation (2) was handled, 
also, by other techniques [9, 10, 11]. 
In [9], the singular perturbation method for Volterra's population model is 
considered. This author scaled out the parameters of eq.1 as much as possible and 
considered four different ways to do this. He considered two cases k=c/ab small 
and k=c/ab large. It is shown in [9] that for the case k , where populations are  
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weakly sensitive to toxins, a rapid rise occurs along the logistic curve that will 
reach a peak and then is followed by a slow exponential decay. And, for large k, 
where populations are strongly sensitive to toxins, the solutions are proportional 
to  
In [10], several numerical algorithms namely Euler method, modified Euler 
method, classical fourth-order Runge-Kutta method and Runge-Kutta-Fehlberg 
method for the solution of Eq. (2) are obtained. 
In [11], the series solution method and the decomposition method are 
implemented independently to Eq. (2) and to a related nonlinear ordinary 
differential equation. Furthermore, the Pad´e approximations are used in the 
analysis to capture the essential behaviour of the populations u(t) of identical 
individuals and approximation of umax and the exact value of umax for different k 
were compared. 
In [12], Adomian decomposition method and Sinc-Galerkin method were 
compared for the solution of some mathematical population growth models. 
Bernstein polynomials are piecewise polynomials they are differentiable and 
integrable, and defined on an interval to form a complete basis over the finite 
interval. Moreover, these polynomials are positive and their sum is unity. Few 
authors have attempted to solve differential equations using Bernstein 
polynomials in terms of finite series solutions [13,14]. 
Solution of differential equation using Bernstein polynomials takes advantage of 
the continuity and unity partition properties of the basis set, which provides 
greater flexibility in which to impose boundary conditions at the end points of the 
interval. We present the solution of Population equation by converting it in to 
ordinary differential equations and then represent solution of ordinary differential 
equation as linear combinations of Bernstein polynomials  
where ci are determined using the Galerkin method and B(t) is called a polynomial 
in Bernstein form. 
In Section 2 we give a short introduction of Bernstein polynomials. In section 3 
we derive a matrix formulation by using the technique of Galerkin method for 
solving volterra’s population equation. All the computations are performed using 
MATLAB  7. 
 

2. Bernstein polynomials 
 

A Bernstein polynomial is a polynomial in the Bernstein form, which is a 
linear combination of Bernstein basis polynomials. 
The Bernstein basis polynomials of degree n are defined by  

                           (3) 
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Note that each of these n+1 polynomials having degree n satisfies the following 
properties: 

(i)  
(ii)  
(iii)  
(iv)  
(v)  
(vi) ) [15,16] 

 
3. Solving Volterra’s population model 
 
We first convert Volterra's population model equation 2 to an equivalent nonlinear 
ordinary differential equation. 
 Let          (4) 
This leads to 

               (5)
 Inserting eq.(4) and eq.(5) into eq. (2) yields the nonlinear differential equation 
as following. 

                                                                  (6)                 
with the initial conditions 
y(0)=0                 (7)                  
y’(0)=u0               (8)              
that obtained by using eq.(4) and eq.(5), respectively. 
To approximate the solution of eq. (6)  
Let             (9)                  
Where the coefficient of the expansion and n is denotes the degree of Bernstein 
polynomial.  
Here we solve equation (6) using 5th, 6th and 7th degree of Bernstein polynomials. 
First let us find Solution of equation (6) by considering 5th degree Bernstein 
polynomials. 
So    (10)                
By substituting (9) into the nonlinear ordinary differential equation (6) 
k        (11)                 
Using Galerkin method with small simplification and from the variational 
property with respect to the coefficient, we obtain  
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          (12)                                  
 
Simplifying Equation (12) and applying both initial condition (7) and (8) u0 = 0.1 
and neglecting the nonlinear term as the dependence of  on the summation of 
the unknown coefficients cj manifest the nonlinearity of the problem.  
we get matrix form of the equation 

 
[-A+E+D]C = G                      (13)           

 
where   

  
  

=  
 
By solving equation (13), taking k=0.02 we get value of unknown coefficient ci of 
equation (9) substituting these values in (9), we get the approximate solution y(t) 
and thus u(t). 
 
 
Table (1) gives the Comparison of numerical value with the exact value calculated  
in [10] as 
 

  

 
 
 

Table.1 
 
 

K Order of Bernstein 
poly 

Presented Method Approximate method 

0.02 5 0.92342699 0.92342717 
 6 0.92342713  
 7 0.92342715  
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Figure 1 shows the result of the Solution of voterra’s population model 
using 5th degree Bernstein polynomial  
 
 

Fig.1

 
 
 
The figure shows that the rapid growth along the logistic curve that will reach a 
peak, then followed by the slow exponential decay where u(t)  
 
 
4. Conclusion 
 
We have derived the algorithm for solving the volterra’s population integro 
differential equation numerically by converting it into the nonlinear ordinary 
differential equation. We have obtained the solution of the unknown function by 
the well-known method of Galerkin using Bernstein polynomials as trial 
functions. We have verified the results with the approximate method. It is 
observed that the error between exact and approximate solutions of the prescribed 
examples using 6th degree Bernstein polynomial is less than that of 5th degree 
Bernstein polynomial and that of 4th degree Bernstein polynomial. So it confirms 
that if we increase the number of degrees of the Bernstein polynomial than we get 
more accurate results.  
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