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Abstract
Survey implementation is one of the common methods of data collec-

tion. To determine precision of survey results, it is necessary to estimate
total survey variance, that is both sampling and nonsampling variances.
Measurement error is a main part of nonsampling error.

In this paper, interval estimation for mean of real values is studied
under some circumstances. In this order, maximum likelihood estima-
tor of measurement variance is considered and asymptotic variance of
measurement variance estimator is obtained. Furthermore, asymptotic
confidence interval for population mean of real values is obtained based
on asymptotic properties of maximum likelihood estimators.

Mathematics Subject Classification: 62D05

Keywords: Measurement Error, Total Variance, Maximum Likelihood
Estimation, Accuracy, Asymptotic Variance, Measurement Variance

1 Introduction

Successful planning and decision making requires statistical information with
high quality. precision is a main concept related to data accuracy. To evaluate
accuracy of survey results, it is necessary to estimate total survey error, that
is both sampling and nonsampling errors. Wolter [5] has mentioned diverse
methods of sampling variance estimation in complex surveys. Groves [4] has
studied nonsampling errors.

Measurement error is a main part of nonsampling error. To quantify this
source of error, a model of measurement error may be applied. In this purpose
many researches are carried out and there are two mainly types of measurement
error models in the literature: census bureau model and ANOVA model. In
this article, ANOVA method is considered for modeling of measurement error.
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2 Measurement Error Model

Successful planning requires statistical information with high quality. Accu-
racy is one of the important components of data quality. To estimate data
accuracy, total survey error including sampling error and nonsampling error
should be determined. Wolter [5] studied sampling error and Groves [4] inves-
tigated nonsampling error in surveys.

Precision is an essential part of data accuracy. To estimate precision of
survey results, total survey variance should be determined. Measurement error
is an unavoidable part of nonsampling error. It is defined as the difference
between true value and observed value. Then modeling of measurement error
can be applied to quantify the error.

Biemer and Trewin [3] considered a general model for measurement error.
Based on their notation, U = {1, 2, . . . , N} is a label set for the target pop-
ulation containing N units and S = {1, 2, . . . , n} denotes the label of sample
units so that n = mI. It is assumed that S is partitioned into I assignments
of m = n/I units. Si is the set of units assigned to the ith operator and dij is
the error of jth unit in Si for i = {1, . . . , I} and j = {1, . . . , m}. For j ∈ Si,
it is assumed that dij is sum of two error terms, Ai and Bij, where Ai is an
operator error which is assumed to be same for all units in the ith operator
assignment and Bij is the elementary error due to respondent as well as other
sources of error including the operator. Thus, the model for ijth observation
is:

yij = μij + dij = μij + Ai + Bij

Where Ai can be considered as fixed or random and Bij as random variables.

Ayhan (2003) proposed a measurement error model in an interview-reinterview
setting.

Alimohammadi [1] proposed an approach to quantify survey precision. In
this paper, by applying asymptotic properties of maximum likelihood estima-
tors, interval estimation of mean of real values is obtained based on a typical
measurement error model.

3 Maximum Likelihood Estimation of Model

Effects

In this paper, a typical model of measurement error is considered to quantify
measurement error in surveys, as follows:

yij = μij + αi + βij (1)
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Where μij is real value and yij is the observed value of ijth respondent, βij is
effect of jth respondent that related to ith interviewer that may be considered
as containing other sources of error. Index i = 1, 2, ..., a, a is the number of
interviewers, and j = 1, 2, ..., ni, where ni is workload of ith interviewer (that
is the number of respondents assigned to each interviewer). Also Ai is effect
of ith interviewer. Both effects of model (1) are considered as random. Then
model (1) is a random effects ANOVA model.

Assume some assumptions on model (1), such as data are balanced, that is
ni = n for every i, also αi distributed as N(0, σ2

α), βij distributed as N(0, σ2
β)

and for the real values μij = μ + Mij where Mij distributed as N(0, σ2
M).

To compute measurement variance, variance of model effects α and β, that
is σ2

α and σ2
β , may be estimated. In this order, maximum likelihood (ML)

estimation method is applied. It can be shown that, Likelihood function of
model (1) is obtained as:

exp[−(1/2t)(
∑

i

∑
j(yij − m)2 − ∑

i(
σ2

α

(t+nσ2
α)

(yi. − nm)2]

(2π)N/2t(N−a)/2(t + nσ2
α)a/2

(2)

Where m is expectation of observations, t = σ2
β + σ2

M and a is the number of
interviewers.

Analytical solutions shows that ML estimators of model (1) effects by using
logarithm of relation (2) are obtained as follows:

For (1 − 1
a
)MSA ≥ MSB:

α̂
ML

=
(1 − 1/a)MSA − MSB

n
and t̂ML = MSB

If (1 − 1
a
)MSA < MSB:

α̂
ML

= 0 and t̂ML =
MSA + MSB

N

Where n is the workload of each interviewer, t = σ2
β + σ2

M , a is number of
interviewers, MSA and MSB are mean square of effects α and β respectively.

In the next section, ML estimators of measurement variance are computed
under some assumptions based on invariance property of ML estimators. Fur-
thermore, measurement variance of mean estimator based on the presented
ML estimators are computed and total variance under some assumptions is
calculated.

4 Asymptotic Estimation of Measurement Vari-

ance

In the following of this section, variance of ȳ under model (1) is called mea-
surement variance of ȳ. It is denoted by V arM(ȳ). It can be shown that
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measurement variance of ȳ (denoted by V arM(ȳ)) in simple random sampling
design is obtained as:

V arM(ȳ) =
1

N
[n σ2

α + t] (3)

Where N is the sample size, n is the workload of interviewers and t = σ2
β +σ2

M .
To compute confidence interval for mean of the real values, total variance

should be estimated. It can be shown that total variance of mean estimator ȳ
equals to sum of the sampling variance and nonsampling variance of ȳ.

Under some assumption, that is ignoring other sources of error, measure-
ment error may be considered as the only unavoidable part of nonsampling
error. Therefore, measurement error model can be applied to estimate the
measurement variance (and the other sources of nonsampling error). Under
the assumptions and considering equation (3), total survey variance for simple
random sampling design can be written as:

V arT (ȳ) = V arS(ȳ) + V arM(ȳ) =
S2

N
+

1

N
[n σ2

α + t] (4)

Where V arS(ȳ) is sampling variance where in simple random sampling design
equals to S2/N , S2 is sample variance of observations and V arM(ȳ) is mea-
surement variance of ȳ where can be estimated by applying the proposed ML
estimators of t and σ2

α in section 2.
Always in surveys, sample sizes are large. Therefore, asymptotic properties

of maximum likelihood estimators can be used to avoid difficulties that occur
because of restrictions of parameters space, for computing variance of the
model effects. Therefore, survey variance can be obtained by equation (4).

From information matrix, asymptotic dispersion matrix of ML estimators
θ̂ = (t̂, σ̂2

α)′ is computed as:

V ar
(
θ̂ML

)
=

⎡
⎣

2(t2)
a(n−1)

− 1
n

2(t2)
a(n−1)

− 1
n

2(t2)
a(n−1)

(a − 1)2(z2)
n2a2 + 2(t2)

n2a(n−1)

⎤
⎦ (5)

Where, z = t+nσ2
α. By replacing these estimators in relation (3), ML estima-

tors of measurement variance is obtained based on invariant property of the
estimators as:

V arM(ȳ) =
n2 (a − 1)

N2
[
2(z2)

n2a2
+

2(t2)

n2a(n − 1)
+

2(t2)

a(n − 1)
− 2n

1

n

2(t2)

a(n − 1)
]

=
n2 (a − 1)

N2
[
2(z2)

n2a2
+

2(t2)

a
(
1 + n

n2
)]

Where, z = t + nσ2
α. Therefore, by replacing ML estimators of t and σ2

α

in the above relation, asymptotic estimator of measurement variance can be
computed easily.



Asymptotic interval estimation for mean of real values in surveys 3289

5 Asymptotic Confidence Interval for Popula-

tion Mean of Real Values

In the previous section, survey variance under some assumption, is computed
by relations (4) and (5). Therefore, Asymptotic 100(1−α)) percent confidence
interval for mean of real values (μ̄) can be written as:

ȳ − Zα/2( ˆV ar(ȳ))1/2 < μ̄ < ȳ + Zα/2( ˆV ar(ȳ))1/2 (6)

Where ȳ is mean of sampled observations, ˆV ar(ȳ) is estimate of survey vari-
ance, where asymptotic survey variance is applied to compute as mentioned
in the previous section, and Zα is extreme value of normal distribution with
probability α. By applying equation (6), asymptotic confidence interval of μ̄
is obtained.

In this paper, a model of measurement error in surveys is considered and
asymptotic variance of measurement error model effects is computed. Then,
asymptotic measurement variance of mean estimator is obtained. Further-
more, interval estimation of mean estimator is assessed and presented based
on asymptotic variance estimators of the measurement error model.

6 Conclusion

Determining precision of survey results is important due to various applica-
tions of the results. One of the applications is to compute confidence intervals
of survey parameters. Interval estimation may be used because of some ad-
vantages of them such as ability to determine confidence level.

In this paper, estimation of measurement variance is studied. In this order,
maximum likelihood estimation method is applied. There are some difficulties
to determine covariance matrix of model components because of restrictions of
parameter space. However usually in surveys, sample sizes are large enough.
Therefore, advantages of asymptotic variance of maximum likelihood estima-
tors is applied and asymptotic variance of the supposed estimator is computed.
By considering invariance property of maximum likelihood estimators, asymp-
totic measurement variance is obtained. Then, based on the results, asymp-
totic confidence interval of mean of the population real values is calculated.
Application of the results of this paper is proposed to determine asymptotic
confidence interval and also to determine survey variance.
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